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theory GradualTyping = Main + LaTeXsugar + OptionalSugar:

datatype base-ty
= IntT (int)
| BoolT (bool)

datatype ty
= Arrow ty ty (infixl — 60)
| BaseT base-ty (-)
| UnknownT (?)

datatype const

= IntC int (-)

| BoolC bool  (-)

| Suce (succ)
| Prev (prev)
| IsZero (iszero)

datatype expr

= Var nat (- [101] 100)
| Const const (- [101] 100)
| Lam nat ty expr (X -:-. - [53,58,563] 52)

| App expr expr (- - [563,53] 52)
| Cast ty expr  ((-) - [53,63] 52)

types env = nat = ty option

consts typeof :: const = ty

primrec
tyint: typeof (IntC n) = (BaseT IntT)
tybool: typeof (BoolC b) = (BaseT BoolT)
tysucc: typeof Succ = ((BaseT IntT) — (BaseT IntT))
typrev: typeof Prev = ((BaseT IntT) — (BaseT IntT))
tyiszero: typeof IsZero = ((BaseT IntT) — (BaseT BoolT))

syntax typeof- :: const = ty = bool (X - = - [100,100] 101)
translations typeof- ¢ T == typeof ¢ = T

consts STLC-type :: ty set
inductive STLC-type intros
STBase[intro!]: BaseT b € STLC-type
STArrowlintrol]: [ 71 € STLC-type; 72 € STLC-type | =
(t1 — 72) € STLC-type
inductive-cases STLC-arrow-inv[elim!]:
(11 — 72) € STLC-type
inductive-cases STLC-top-inv|elim!]:
? € STLC-type
consts STLC-term :: expr set



inductive STLC-term intros
STTVarlintro!]: Var x € STLC-term
STTConst[intro!]: Const ¢ € STLC-term
STTLamlintrol]: [ T € STLC-type; e € STLC-term | =
Lam z 7 e € STLC-term
STTApp[introl]: [ e1 € STLC-term; ea € STLC-term | =
(App e1 e2) € STLC-term
inductive-cases STLC-lam-inv|[elim!]:
Lam z 7 e € STLC-term
inductive-cases STLC-app-inv|elim!]:
App el e2 € STLC-term
inductive-cases STLC-down-inv|[elim!]:
Cast 7 e € STLC-term

lemma STBool: BaseT (BoolT) € STLC-type by auto
lemma STInt: BaseT (IntT) € STLC-type by auto

syntax just :: ‘a = 'a option (|-| [52] 501)
translations | 7] == Some 7

consts compatible :: (ty X ty) set
syntax compatible :: ty = ty = bool (infix ~ 51)
translations 71 ~ 72 == (71,72) € compatible
inductive compatible intros
CRefllintrol]: 7 ~ T
CFunlintro!]: [ o1 ~ T1; 02 ~ T2 | = (01 — 02) ~ (11 — T2)
CUnR|intro): 7 ~ ¢
CUnLlintrol]: 2 ~ 7
inductive-cases compat-un-l[elim!]:
¢~ T
inductive-cases compat-fun-r[elim!]:
7'~ (00— T)
inductive-cases compat-fun-I[elim!]:
(c - 71)~T1'
inductive-cases compat-fun|elim!]:
(s1 — s2) ~ (t1 — t2)
inductive-cases compat-int[elim!]:
7 ~ (BaseT IntT)
inductive-cases compat-base-1[elim!]:
BaseT b ~ 7
inductive-cases compat-base-r[elim!]:
T ~ BaseT b

lemma compatible-symmetric: 0 ~ 7 = T ~ 0
apply (induct rule: compatible.induct) by auto

lemma compatible-reflexive: T ~ T
apply (cases ) by auto

lemma compatible-not-trans:



—‘(V T1 T2T3.T1NT2/\7'2NT3—>T1NT3)
proof —
have A: BaseT IntT ~ ¢ by auto
have B: ? ~ BaseT BoolT by auto
have C: - (BaseT IntT ~ BaseT BoolT) by auto
from A B C show ?thesis by auto
qed

lemma compatible-stlc-noteq:
oc~T=0 € STLC-type N0 #1 — 7 ¢ STLC-type
apply (induct rule: compatible.induct) by auto

lemma compatible-stlc-eq:
T~7 = 7€ STLC-type A 7' € STLC-type — 7 =7’
apply (erule compatible.induct) by auto

consts gradual-typing :: (env X expr X ty) set
syntax gradual-typing :: env = expr = ty = bool (- F¢ -: - [52,52,52] 51)
translations
Pbtge:m==(T, e 7) € gradual-typing
inductive gradual-typing intros
GVarlintro!: T ¢ = |7] = T kg Varz : 1
GConstlintrol]: typeof- c 7 = T k¢ Const ¢ : T
GLamlintro!]: T'(z—0) Fg e : T =
I'tg Lamz o e: (o — )
GAppl[introl]: [TFg e1: 3T kg ex: 72 | =
I'tg (App e1 e2) : ?
GApp2[intro]: [Tt e1: (1= 7); T kg ex: o572 ~ 7] =
T'kg (App e1 e2) : 7'
GCastlintrol]: [T Fge: 0,0 ~ T ] =
I'ktg Cast T e: T

consts STLC-wt :: (env X expr X ty) set
syntax STLC-wt :: env = expr = ty = bool (- - -:-[52,562,52] 51)
translations
Pt e:T==(T,e 7)€ STLC-wt
inductive STLC-wt intros
STVarlintrol]: I'(z) = |7] = T+ Varz: 7
STConstlintrol]: typeof- c 7 = I' F_, Const ¢ : T
STLam[introl]: T'(z—o) b e:7=TF_, (Azi0. €): (0 — 7)
STApplintro!]: [T F_ e1: (0 = 7); T FL e2:0] =
I'F_ Appeies: T

lemma gradual-complete-stlc: ' -, e : 7 =T Fge: T
proof (induct rule: STLC-wt.induct)
fix I'::env and 7 and z
assume I' z = |7 thus I' F¢ Var z : 7 by auto
next
fix I':env and 7 ¢ assume typeof- ¢ 7 thus ' ¢ Const ¢ : 7 by auto
next



fix I"::env and o0 and 7 and e and z
assume ['(z—0) Fg e : T
thus ' ¢ Lam z o e : (0 — 7) by auto

next
fix I'::env and 71 and 71’ and el and e2
assume g el : (11 - 71')and T'Fg e2 @ 71
thus I' F¢ App el e2 : 71’ by auto

qed

lemma constant-stic: typeof ¢ € STLC-type by (cases c, auto)

lemma gradual-soundness-stlc-:
I'Fge:T—
e € STLC-term N YV z 7.7 z = |7| — 7 € STLC-type) —
'k, e:7m AT € STLC-type
(isTFge:7T= ?PT eT)
proof (induct rule: gradual-typing.induct)
fix I':env and 7 and z
assume I' z = |7] thus ?P ' (Var z) 7 by auto
next
fix I':env and 7 and ¢ assume typeof- ¢ T
thus ?P T (Const ¢) T
using constant-stlc by auto
next
fix I'::env and o and 7 and e and z
assume [H: ?P (['(z—0)) e T
show ?P T (A z:0. ¢) (60 — 7)
apply (rule impl) apply (erule conjE)+
proof —
assume L2: Lam z 0 e € STLC-term
and G:V z 7.l z = |7] — 7 € STLC-type
from L2 have E: e € STLC-term by auto
from L2 have S: o0 € STLC-type by auto
from G S have G2:V y 7. (I'(z—0)) y = |7] — 7 € STLC-type by auto
from £ G2 IH
have STLC-wt (I'(z — o)) e 7 A 7 € STLC-type by blast
with S
show (I', Lam z o e, 0 — 1) € STLC-wt
A (0 — 7) € STLC-type by auto
qged
next
fix I'::env and 72 el and e2
assume [H: ?P T el ¢
thus ?P T (App el e2) ? by auto
next
fix 77/ 72el €2
assume [HI1: ?PT el (1 — 1)
and [H2: P T e2 72
and T2T: 72 ~ T
show ?P T' (App el e2) 7'



apply (rule impI) apply (erule conjE)+
proof —
assume A: App el e2 € STLC-term
and G:Vz 7.z = |7] — 7 € STLC-type
from A have el € STLC-term by auto
with G IH! have Ei: (T, el, 7 — 7') € STLC-wt
A (1 — 7') € STLC-type by blast
from A have e2 € STLC-term by auto
with G IH2 have E2: (T, e2, 72) € STLC-wt
A 172 € STLC-type by blast
from E1 have tst: 7 € STLC-type by auto
from E2 have t2st: 72 € STLC-type by auto
from T2T tst t2st T2T have tt: 7 = 72 using compatible-stic-eq by blast
from tt E1 E2
show (T, App el e2, 7') € STLC-wt
A 7' e STLC-type
by blast
qed
next
fixI'oTe
show ?P I' (Cast 7 e) T by auto
qged
lemma gradual-soundness-stlc:
[Trge:7;ee€ STLC-term; (VY z 7.1z = |7| — 7 € STLC-type) |
= I'Fo e:7 AT € STLC-type
using gradual-soundness-stlc- apply simp done

theorem equiv-stic:
e € STLC-term —> empty Fg e : T =empty -_, e: T
apply auto
using gradual-soundness-stic apply blast
using gradual-complete-stlc apply blast
done

consts compile :: (env X expr X expr X ty) set

syntax compile :: env = expr = expr = ty = bool (- - = -:-[52,52,52,52] 51)
translations
F'kFe=e :7==(T,e, e, 7) € compile

inductive compile intros
CVarlintrol|: T o = |7| =Tk Varz = Varz : 7
CConstlintrol]: typeof- ¢ 7 = I' + Const ¢ = Const ¢ : T
CLam[intro]: T(z—0o) e = e’ : 7 =
'tLamzoe= Lamzoe :(c —7T)
CAppl[introl]: [T+ e1 = e1: 2T F e = e
T (App e1 e2) = (App (Cast (12 — ?2) e'1) e'2) : ?
CApp2[introl]: [T+ e1 = e : (1 — 7');
FThex=es T To# 170 ~T ]| =
Ik (App e1 e2) = (App €1 (Cast 7 €'3)) : 7'
CApp3lintrol]: [T+ e1 = et : (1 — 77);
F'_62:>6/21T]]:>



’

Tk (App e1 e2) = (App e'1 ') : T
CCastlintro]: [TFe=¢e' 10,0 ~7] =
'k Cast T e= Cast T e : 7
inductive-cases compile-var-inv|[elim!]:
'Vare=e:7
inductive-cases compile-const-inv[elim!]:
'k Constc=e:T
inductive-cases compile-lam-inv[elim!]:
F'FLamzoe=ce':7
inductive-cases compile-app-inv|elim!]:
THAppele2=ce:T

theorem complete-stic: '+ e: 7= 1T'Fe=e:7T
proof (induct rule: STLC-wt.induct)

fix I':env and 7 and z

assume I' z = |7] thus I' - Var z = Var z : 7 by auto
next

fix I':env and 7 and ¢ assume typeof- ¢ T

thus I' + Const ¢ = Const ¢ : 7 by auto
next

fix ':env and ¢ and 7 and e and z

assume (I'(z—0), e, e, T) € compile

thus (I', Lam z o e, Lam z o e, (0 — 7)) € compile by auto
next

fix I'::env and 71 and 71’ and el and e2

assume (T, el, el, (11 — 71')) € compile

and (T, e2, e2, 71) € compile

thus (', App el e2, App el €2, 71') € compile by auto

qed

lemma soundness-stlc-:
'Fe=e:7=
e € STLC-term N (¥ z 7.1 z = |7] — 7 € STLC-type) —
e=¢ AT F_ e:7ANTe STLC-type
(isThte=e:7T= ?PTee' 1)
proof (induct rule: compile.induct)
fix I'i:env and 7 and z
assume I' z = |7] thus P ' (Var z) (Var ) 7 by auto
next
fix I':env and 7 and ¢ assume typeof- ¢ T
thus ?P I (Const ¢) (Const ¢) T
using constant-stlc by auto
next
fix I'::env and o and 7 and ¢ and ¢’ and z
assume [H: ?P (I'(z—0o)) ee' T
show ?PT (A z:i0. ¢) (A z:0.€') (0 — 7T)
apply (rule impI) apply (erule conjE)+
proof —
assume L2: Lam z o e € STLC-term
and G:V z 7. T z = |7| — 7 € STLC-type



from L2 have E: e € STLC-term by auto
from L2 have S: 0 € STLC-type by auto
from G S have G2:V y 7. (I'(z—0)) y = |7] — 7 € STLC-type by auto
from F G2 IH
have e = ¢’ A STLC-wt (I'(z — o)) e 7 A 7 € STLC-type by blast
with S
show Lam z 0 e = Lamz o e’ A (I, Lam z 0 e, 0 — 7) € STLC-wt
A (o — 1) € STLC-type by auto
qed
next
fix I'::env and 72 and e’! and e¢’2 and el and e2
assume [H: ?P T el el ?
thus ?P T (App el e2) (App (Cast (T2 — ?) e'l) e'2) ? by auto
next
fix 77/ 72e'1e'2el e2
assume [HI1: P T el e'l (1 — 1)
and [H2: ?PT e2¢'2 72
and NOTT2T: 12 # 7
and T2T7: 72 ~ 1
show ?P T' (App el e2) (App e'1 (Cast T e'2)) 7’
apply (rule impI) apply (erule conjE)+
proof —
assume A: App el e2 € STLC-term
and G:Vz 7.0 2 = |7] — 7 € STLC-type
from A have el € STLC-term by auto
with G IH! have Ei: el = e'l A (T, el, 7 — 7') € STLC-wt
A (1 — 1') € STLC-type by blast
from A have e2 € STLC-term by auto
with G IH2 have E2: e2 = e¢'2 A (T, e2, 72) € STLC-wt
A 172 € STLC-type by blast
from E1 have tst: 7 € STLC-type by auto
from E2 have t2st: 72 € STLC-type by auto
from T2T tst t2st T2T have tt: 7 = 72 using compatible-stic-eq by blast
with NOTT2T have Fualse by simp
thus App el e2 = App e'1 (Cast 7 e’2) A (T, App el e2, 7') € STLC-wt
A 7' € STLC-type by simp
qged
next
fixT 77’ el ey e1 e
assume [HI: ?P T ey e’y (1 — 1)
and [H2: 2P T es e's T
thus ?P T (App e1 e2) (App e'1 e'2) 7/ by blast
next
fix'oTee
show ?P I' (Cast 7 €) (Cast T ') T by auto
qged
theorem soundness-stlc:
[THe=¢€":7;e€ STLC-term; ¥V z 7. Tz = |[7] — 7 € STLC-type) |
= cec=¢ AT F_ e:7 AT € STLC-type
using soundness-stlc- apply simp done



consts welltyped :: (env X expr X ty) set
syntax welltyped :: env = expr = ty = bool (- F -: - [52,52,52] 51)
translations I' - e : 7 == (T, e, 7) € welltyped
inductive welltyped intros
WTVarlintrol]: T'(z) = |7] = T'F Varz : 7
WTConst[intro!]: typeof- c 7 = I' - Const ¢ : T
WTLam[introl]: T'(z—o)Fe:7=T*F (Az:w0.¢e): (0 = 7)
WTApplintrol]: [TFe1:(r = 7T ke 7] =
' Appes ex: 7’
WTCast[introl]: [T Fe:o;0~7]=TF Cast T e: 7T

inductive-cases welltyped-fun:
Pke:(oc—1)
inductive-cases welltyped-int:
Ik e: (BaseT IntT)
inductive-cases welltyped-bool:
'k e: (BaseT BoolT)
inductive-cases welltyped-lam-inv:
F'Mzr'e):r
inductive-cases welltyped-fun2:
Azt e): (e — 1)
inductive-cases welltyped-var-inv:
Pk (Varz):r
inductive-cases welltyped-var2:
'k (Varz): (c — 1)
inductive-cases welltyped-var3:
(A z. None) b (Var z) : (c — 1)
inductive-cases welltyped-const-inv:
'k (Constc): T
inductive-cases welltyped-app-inv:
Lk (App e1 e2) : 7
inductive-cases welltyped-cast-inv:
't (Cast Te): 7’
lemma welltyped-var-inv2: I' b (Var z) : 7 =T z = |7
apply (rule welltyped-var-inv) by auto
lemma welltyped-const-inv2: I' F (Const ¢) : 7 = typeof- ¢ T
apply (rule welltyped-const-inv) by auto
lemma welltyped-lam-inv2: T = (A zi0. e) : 7= (3 7". 7= (6 — 7))
apply (rule welltyped-lam-inv) by auto
lemma welltyped-app-inv2: T+ (App e1 e2) : 7' =
Fr7mTrer:(t—=17)ATkFexy:T)
apply (rule welltyped-app-inv) by auto
lemma welltyped-cast-inv2: T' + (Cast o e) : 7 =
@71 . Tre:mT"Ao=17AT' ~0)
apply (rule welltyped-cast-inv) by auto

lemma unique-typing[rule-format):
F're:r= V7. Tke:7—7=7)({isTre:T= ?PT erT)
apply (induct rule: welltyped.induct)



apply (rule olll) apply (rule impI)

apply (erule welltyped-var-inv) apply simp
apply (rule olll) apply (rule impI)

apply (erule welltyped-const-inv) apply simp
apply (rule alll) apply (rule impI)

apply (erule welltyped-lam-inv) apply blast
apply (rule olll') apply (rule impI)

apply (erule welltyped-app-inv)

apply (erule-tac z=7—7'a in dallE)

apply (erule-tac z=7""in allE)

apply simp
apply (rule alll) apply (rule impI)

apply (erule welltyped-cast-inv)

apply force
done

theorem compilation-sound: ' e = e’ :7=TFe': 7
proof (induct rule: compile.induct)
fix I':env and 7 and =z
assume I' z = [7|
thus (T, Var z, 7) € welltyped by auto
next
fix I':env and 7 and ¢ assume typeof- ¢ T
thus (T, Const ¢, T) € welltyped by auto
next
fix I'::env and o and 7 and ¢ and ¢’ and z
assume (I'(z—0), e, 7) € welltyped
thus (T, Lam z 0 e, 0 — T) € welltyped by auto
next
fix 1o et €2 e1 e2
assume FI1: T F ey : 2and E2: T F ey : 72
from E1 have I' + (Cast (12 — ?) e'1) : (12 — ?)
using WTCast apply auto done
with E2 show welltyped T’ (App (Cast (12 — ?) e'1) e'2) ?
using WTApp by simp
next
fixT' 77 70 e'1 €5 e1 e
assume E1: welltyped T e’y (1 — 7') and E2: welltyped T" e’s 72 and t2t: 7o ~ T
from E2 t2t have I' - Cast 7 e’s : 7 using WTCast by auto
with E1 show ' - App ey (Cast 7 e’2) : 7’/ using WTApp by simp
next
fixT 77’ el e e1 e
assume FE1: welltyped T' e'1 (1 — 7') and E2: welltyped T e’ T
from E1 E2 show I' - App e'1 e’s : 7/ using WTApp by simp
next
fixToree'
assume welltyped I' ¢’ 0 and o ~ T
thus welltyped T’ (Cast T e’) T using WTCast by simp
qged



consts mazv :: expr = nat
primrec
mazv-var: mazv (Var ) = x
mazv-lam: mazv (A z:7. e) = maz (mazv e) x
mazv-app: mazv (App e1 e2) = maz (mazv e1) (mazv ez)
mazv-const: mazv (Const ¢) = 0
mazv-cast: mazv (Cast 7 €) = mazv e

consts subst :: (expr X nat X expr) = expr

syntax subst :: nat = expr = expr = expr ([-:=-]- [100,100,100] 101)
translations
[z:=e'|e == subst(e,z,e’)

recdef (permissive) subst measure (A p. size (fst p))
svar: [z:=e](Var y) = (if y = z then e else Var y)
slam: [z:=e](\ y:7. €') =

(let z = (mazx (maz (mazv e') z) (mazv e)) + 1 in
A 2. [zi=€]([y:=Var z]e’))
sapp: [z:=e|(App e1 e2) = App ([z:=¢]e1) ([z:=¢€]e2)
sconst: [z:=e](Const ¢) = (Const c)
scast: [z:=¢€](Cast 7 ') = (Cast 7 ([z:=e]e”))

lemma subst-size[simp]:
YV zwe. sizee = n — size (subst(e, z, Var w)) = n
proof (induct rule: nat-less-induct)
fix n
assume [H: Vm<n.Vz we. size e = m — size (subst (e, z, Var w)) = m
show Vz w e. size e = n — size (subst (e, z, Var w)) = n
apply (rule alll)+ apply (rule impl)
proof —
fix z and w and e::expr assume se: size e = n
show size (subst (e, z, Var w)) = n
apply (cases e)
using se apply (simp add: svar)
using se apply (simp add: sconst)
prefer 3 using se apply (simp add: scast) using IH apply force
proof —
fixz' 7 e’
assume E: e = \ z'7. ¢’
let ?W = (maz (maz (mazv e’) ) w) + 1
from E se have Suc (size ¢’) = n by simp
with /H have
EP: Suc (size (subst(e’, z', Var ?W))) = n by auto
from se EP E have EP2:
size (subst (e', z', Var ¢W)) < Suc (size e') by auto
from EP IH have
Suc (size (subst(subst(e',z',Var ?W), z, Var w))) = n by auto
with E EP2 show size (subst (e, z, Var w)) = n
by (simp add: slam)
next
fix el e2 assume AP: e¢ = App el e2
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from AP se have (size el) < n by auto
with IH have FE1: size (subst(el,z,Var w)) = size el by auto
from AP se have (size e2) < n by auto
with [H have E2: size (subst(e2,x,Var w)) = size e2 by auto
from AP E1 E2 have size (subst (e, z, Var w)) = size e

by (simp add: sapp)

with se
show size (subst (e, z, Var w)) = n by simp
qed
qed
qed
recdef-tc subst (1) by simp
lemmas subst-simps|simp] = subst.simps|[simplified]
lemmas subst-lam[simp] = subst-simps(2)

lemma subst-lam?2:
z = (maz (maz (mazv e’) z) (mazv e)) + 1 =
[z:=e](\ y:7. €) = (A z:7. [z:=¢][y:=Var 2]e’) by simp

consts Vars :: expr = nat set
primrec
Vars (Var z) = {z}

Vars (A z:1. e) = insert z (Vars e)

Vars (App el e2) = (Vars el) U (Vars e2)
Vars (Const ¢) = {}

Vars (Cast T €) = Vars e

lemma ezpand-env|rule-format):
Pte:rT= Vzo.z¢ Varse — I'(z—0o) b e: 1)
(isTkFe:7= ?PT er)
apply (induct rule: welltyped.induct)
apply force

apply force
prefer 2 apply force

prefer 2 apply force
proof —
fix ' o 7 e z assume [H: ?P (I'(z—0)) e T

show ?P I' (A z:0. ¢) (0 — 7) apply (rule alll)+ apply (rule impl)

proof —
fix 2’ o’
assume XP: z' ¢ Vars (A z:0. €)
from XP have X: z’ # z by simp
from XP have z’ ¢ Vars e by simp
with IH have ET: I'(z—o0,z'—0c’) F e : T by blast
from X have V y. (T(z—o0,2'—0") y) = (T(z'—0c',z—0)) y)
by auto
hence I'(z—0,z'—0’) = I'(z'—0’,z—0) using ezt by blast
with ET have I'(z'—oc',z+—0c) - e : T by simp
thus I'(z' — o) = (A z:0. €) : (0 — 7) by (rule WTLam)
qged
qed

11



lemma contract-env-:
Nte:T= VTyv.I'=T(y—v)Ay¢ Varse —Tte:T)
(isT"Fe:7T= ?PT'erT)
apply (induct rule: welltyped.induct)
apply force
apply force
prefer 2 apply force
prefer 2 apply force
proof —
fixI'oTex
assume ET: welltyped (I'(z — o)) e T
and [H: 9P (I'(z — 0)) e T
show ?P T (A z:0. ¢) (60 — 7)
apply (rule alll)+ apply (rule impI) apply (erule conjE)
proof —
fixT'yv
assume G: ' =T'(y — v) and X: y ¢ Vars (A z:0. €)
from X have YE: y ¢ Vars e by simp
from X have XY: z # y by simp
have GP: I'(z — o) = I''(z—0)(y—v)
proof —
{ fix z from G XY have (I'(z — o)) z = (I''(z—~0)(y—v)) z by simp }
thus I'(z — o) = T'(z—0o)(y—v) by (rule ext)
qed
with YE IH have XE: I''(z—0) F e : T by blast
thus '+ (A z:0. €) : (0 — 7) by (rule WTLam)
qged
qed

lemma contract-env:
[T(y—v)Fe:T;y ¢ Varse] =Tke:T
apply (frule contract-env-) by blast

lemma mazv-ge-vars: ¥V z. x € Vars e — = < Suc (mazv e)

apply (induct e)

apply simp

apply simp

apply auto

apply arith

apply (erule-tac z=z in allE)
apply simp

apply arith

apply (erule-tac z=z in allE)
apply simp

apply arith

apply (erule-tac z=z in allE)
apply (erule-tac z=z in allE)
apply simp

apply arith

12



done

lemma mazv-vars: mazv e < ¢ = = ¢ Vars e
proof —
assume EX: mazve < z
have z € Vars e V z ¢ Vars e by simp
moreover { assume z € Vars e
with mazv-ge-vars have z < Suc (mazv e) by simp
with EX have Fualse by simp hence z ¢ Vars e by simp
} moreover { assume z ¢ Vars e hence z ¢ Varse . }
ultimately show z ¢ Vars e by blast
qed

lemma substitution-impl:
VIierte o
sizeze=nATl(z—o)Fe:TATFe 10—
L'k ([z:=ele) : 7
(is 2P n)
proof (induct rule: nat-less-induct)
fix n assume [H: Vm<n. 2P m
show ?P n apply (rule olll )+ apply (rule impI) apply (erule conjE)+
proof —
fixTere oz
assume N: sizee =nand ET:T(z — o) e: 7T
and EP:T'Fe': 0
show T ([z:=e'le) : T
proof (cases e)
fix y assume E: e = Vary
show T' F ([z:=e'le) : T
proof (cases © = y)
assume XY:zx =y
from XY have [z:=¢'|(Var y) = e’ by simp
with EP have SYT: T F [z:=e'|(Var y) : o by simp
from ET E XY have ST: o0 = 7 by (cases rule: welltyped.cases, auto)
from F EP ST XY show ?thesis by auto
next
assume XY:z # y
from ET E XY have GYT: I'(y) = |7]
using welltyped-var-inv|[of T'(x—0o) y 7| by auto
from GYT haveI' - (Var y) : 7 by (rule WTVar)
with XY F have YT: T + [z:=e'le : 7 by simp
from YT show ¢thesis by blast
qged
next
fix ¢ assume E: e = Const c
from ET E have CT: typeof- ¢ T using welltyped-const-inv by auto
from CT have WT: ' Const ¢ : T by auto
with F show T I ([z:=ele) : T by auto
next
fix y o’

"e' assume E: e = (A y:0”. e'’)
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from ET E have X: 3 7. (T(z—0o)(y—c")) Fe” 7' AT =(c" -7
using welltyped-lam-inv|of T(z+0c) y o'’ ¢'' 7] by blast

from X obtain 7’ where ETXY: (I'(z—0o)(y—c')) F e’ : 7’
and TST: 7 = (6" — 7') by blast

let ?W = Suc (maz (maz (mazv e’’) =) (mazv e’))

let ?M = size e’

have M: size ¢’ = ?M by simp

from E N have MN: ?M < n by simp

have mazv e’ < ?W by arith
hence WV: ?W ¢ Vars e'’ by (rule mazv-vars)
from ETXY WV have ETXYW:T(z — o,y — 0", ?Wsc') - e" : 7’
by (rule expand-env)
have I'(z — o, y — 0", 2Wis0") = T(?Wr0a" z—~0,y—0c")
proof —
{ fix z
have (T'(z — o, y — 0", ?Wis0"")) 2 = (T(?Wr0o' z—0,y—0ac"")) 2
apply auto apply arith apply arith done }
thus I'(z — o, y — 0", 2W0") = T(?W—a' x—0,y—0a'’)
by (rule ext)
qed
with ETXYW have ET2: T'(?Ww—o' x—o,y—ac'") F e” : 7’ by simp
from WTVar have WT: T'(?W—o" z—0) = Var W : ¢ by (auto, arith)
from MN IH M ET2 WT
obtain 7' where YE: I'(?Ww—0o" z—0) b [y:=Var ?W]e" : 7"
and tpptp: 7"’ = 7' by blast
have mazv e’ < ?W by arith
hence WV: ?W ¢ Vars e’ by (rule mazv-vars)
from EP WV have EP2: T'(?Wc'') + e’ : o by (rule expand-env)
let ?M2 = size ([y:=Var ?W]e”)
from E N have MN2: ?M2 < n by auto
from MN2 IH YE EP2
obtain 71 where EPPT1: T'(?Wrc") & [z:=€'|[y:=Var ¢W]e' : 71
and TITP: 71 = 7" by blast
from EPPTI1 have
LT1:T = (X 2W:io". [mi=e]ly:=Var ?W]e') : (c'"—71)
by (rule WTLam)
from E have [z:=¢'le = (A ?W:0"". [z:=¢'][y:=Var ?W]e"’) by simp
with LT1 have EST: T + ([z:=¢'le) : (6"—71) by simp
from T1TP tpptp have titp: 71 = 7' by simp
from titp TST have SPTT: (c''—71) = 7 by auto
from EST SPTT show ?thesis by blast
next
fix el e2 assume FE: e = App el e2
from ET E have AT: I'(z +— o) - App el €2 : 7 by simp
from AT obtain ¢ where EIT: TI'(z — o) el : (t — 7)
and E2T: I'(z +— o) b €2 : tby (rule welltyped-app-inv)
let M1 = size el have M1: size el = ?M1 by simp
from E N have MIN: ?M1 < n by simp
from MIN M1 IH E1T EP
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obtain 71 where F1T1: T [z:=e'lel : 71 and TI1TP: 71 = (t — 1)
by blast
let M2 = size e2 have M2: size e2 = ?M2 by simp
from E N have M2N: ?M2 < n by simp
from M2N M2 IH E2T EP have E2T2: T+ [z:=¢|e2 : t by blast
from EI1T1 TiTP E2T2 E
show I' - [z:=e']e : T using WTApp by auto
next
fix 7/ ¢/ assume E: e = Cast 7’ e”
from ET E obtain 7"° where eppt: T'(z—0o) - e’ : 7" and tpt: 7/ = 7
and tpptp: 7" ~ 7' using welltyped-cast-inv by blast
let ?M = size e’
have M: size ¢’ = ?M by simp
from E N have MN: ?M < n by simp
from MN IH M eppt EP have epptl: T' & [z:=¢’|le’’ : 7"/ by blast
from epptl tpptp E have et: T + [z:=e']e : 7/ using WTCast by auto
with tpt show ?thesis by auto
qed
qged
qed

lemma substitution:
[T(z—o)Fe:mT ke 0] =TF ([z:=ce) : 7
using substitution-impl by blast

constdefs ConstFun :: const set
ConstFun = { Succ, Prev, IsZero }
declare ConstFun-def[simp]

consts SimpleFunVal :: expr set
inductive SimpleFunVal intros
SFLamlintro!]: (A z:7. €) € SimpleFunVal
SFConst[intro!]: ¢ € ConstFun = (Const ¢) € SimpleFunVal
inductive-cases app-sfval[elim!]:
App e e’ € SimpleFunVal
inductive-cases cast-sfval[elim!]:
Cast 7 e € SimpleFunVal

consts Simple Values :: expr set
inductive SimpleValues intros
SVar[introl]: Var x € SimpleValues
SConstlintrol]: Const ¢ € SimpleValues
SLam[introl]: (A z:7. e) € SimpleValues
inductive-cases app-sval[elim!]:
App e e’ € SimpleValues
inductive-cases cast-sval[elim!]:
Cast 7 e € SimpleValues

consts FunVal :: expr set
inductive FunVal intros
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FSimple[intro!]: v € SimpleFunVal = v € FunVal
FCast[intro!]: v € SimpleFunVal = (Cast ? v) € FunVal
inductive-cases app-fval[elim!]:
App e e’ € PunVal
inductive-cases cast-fval[elim!]:
Cast T e € FunVal

consts Values :: expr set
inductive Values intros
VSimplelintrol]: v € SimpleValues = v € Values
VCastFunlintro!]: v € SimpleValues => (Cast ? v) € Values
inductive-cases app-val|elim!]:
App e e’ € Values
inductive-cases cast-val[elim!]:
Cast 7 e € Values

inductive-cases welltyped-dyn-inv: T' F e : ?

lemma canonical-form-int:
[ empty - v : BaseT IntT; v € Values | = (3 n. v = Const (IntC n))
apply (erule welltyped-int)
apply auto
apply (case-tac c¢) apply auto
done

lemma canonical-form-bool:
[ empty - v : BaseT BoolT; v € Values | => (3 b. v = Const (BoolC b))
apply (erule welltyped-bool)
apply auto
apply (case-tac c¢) apply auto
done

lemma canonical-form-fun:
[ empty b v:(r— 7'); v € Values | = v € SimpleFunVal
apply (erule welltyped-fun)
apply auto
apply (case-tac c)
apply auto
done

lemma canonical-form-dyn:
[ empty - v: 2 v € Values | = 3 v'. v = Cast 2 v’ A v’ € SimpleValues
apply (cases rule: Values.cases)
apply auto
apply (case-tac v) apply auto
apply (erule welltyped-dyn-inv) apply auto
apply (erule welltyped-dyn-inv) apply auto apply (case-tac ¢) apply auto
apply (erule welltyped-lam-inv) apply auto
done

16



— Some example values and non-values

lemma (X z:7. e) € Values by auto

lemma Cast ? (A z:7. e) € Values apply (rule VCastFun) by auto
lemma Cast (¢ — ?) (A z:7. e¢) ¢ Values by auto

lemma Cast ? (Const Succ) € Values by auto

lemma Const (IntC' n) € Values by auto

lemma Const (BoolC b) € Values by auto

lemma Cast (BaseT IntT) (Const (IntC n)) ¢ Values by auto

lemma Cast (? — ?) (Const Succ) ¢ Values by auto

lemma Cast (BaseT IntT — BaseT IntT) (Const Succ) ¢ Values by auto

datatype result
= Val expr (- 100)
| Error error (- 100)
and error
= TypeE (TypeError)
| CastE (CastError)
| KillE (KillError)

lemma typeof-succ-int: BaseT IntT = typeof Succ = False by auto
lemma typeof-prev-int: BaseT IntT = typeof Prev =—> Fulse by auto
lemma typeof-zero-int: BaseT IntT = typeof IsZero = False by auto
lemma typeof-int-fun: o—1 = typeof (IntC n) = False by auto
lemma typeof-bool-fun: o—1 = typeof (BoolC b) = False by auto

consts delta :: const = const = result (0)
primrec
delta-int: delta (IntC n) ¢ = Error TypeE
delta-bool: delta (BoolC b) ¢ = Error TypeE
delta Succ ¢ =
(case c of
IntC i = Val (Const (IntC (i + 1)))
| BoolC b = Error TypeE
| Succ = Error TypeE
| Prev = Error TypeE
| IsZero = Error TypeE)
delta Prev ¢ =
(case ¢ of
IntC i = Val (Const (IntC (i — 1)))
| BoolC b = Error TypeE
| Suce = Error TypeE
| Prev = Error TypeE
| IsZero = Error TypeE)
delta IsZero ¢ =
(case ¢ of
IntC i = Val (Const (BoolC (i = 0)))
| BoolC b = Error TypeE
| Succ = Error TypeE
| Prev = Error TypeE
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| IsZero = Error TypeE)

lemma delta-succ-int:
delta Succ (IntC n) = Val (Const (IntC' (n + 1))) by simp
lemma delta-succ-other:
=(3 n. ¢ = (IntC n)) = delta Succ ¢ = Error TypeE
apply (case-tac c)by auto
lemma delta-prev-int:
delta Prev (IntC n) = Val (Const (IntC (n — 1))) by simp
lemma delta-prev-other:
=(3 n. ¢ = (IntC n)) = delta Prev ¢ = Error TypeE
apply (case-tac c)by auto
lemma delta-zero-int:
delta IsZero (IntC n) = Val (Const (BoolC (n = 0))) by simp
lemma delta-zero-other:
=(3 n. ¢ = (IntC n)) = delta IsZero ¢ = Error TypeE
apply (case-tac c¢) by auto

consts unboz :: expr = expr
primrec
unboz (Var z) = (Var )
unboz (Const ¢) = (Const c)
unbor (A z:7. €¢) = (A z:7. €)
unboz (App e1 62) = (App e1 e2)
unboz (Cast T e) = e
consts eval :: (expr X nat X result) set
syntax eval :: expr = nat = result = bool (- —- - [50,50,50] 51)
translations e —p 7 == (e,n,r) € eval
inductive eval intros
ELam: 0 < n = (A x:7. ¢) —n Val (X z:7. €)

EApp: [ e1 —n Val (A z:7. e3); e2 —n Val ve; [z:=v2]e3 —n Val vz |
= App e1 e2 —gyc n Val v3

ECastG: [ e —n Val v; empty - unboz v : (BaseT b) |
— (Cast (BaseT b) e) — y Val (unboz v)

(Suc n

ECastU: [ e —n Valv ]
= (Cast ? ¢e) = (Suc n) Val (Cast ? (unboz v))

ECastF: [ e —n Val v; empty b unboz v : 7 — 75 (1 = 7') ~ (0 = 0);

z=mawv v + 1]
= (Cast (6—0') e) = (Suc n) Val (A z:0. (Cast o’ (App (unboz v) (Cast T

(Var 2)))))

EConst: 0 < n = Const ¢ —n Val (Const c)

EDelta: [ e1 —n Val (Const c1);
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ez —n Val (Const ¢2) |
= App e1 ez —gyuepn 0 C1 C2

FEAppP1: e1 —n Error € = App e1 e2 —gyc n Error €
EAppP2: [ e1 —n Val vi; v1 € FunVal; ez —np Error € | =
App e1 e2 —gye n Error e

EAppT: [ e1 —n Val vi; vi ¢ FunVal |
= App e1 ez — gy n Error Typel

EAppPS8: [ ex —n Val (X z:7. e3); ea —n Val va; [z:=v3]es —n Error ¢ |
= App e1 ez —gy. pn Error e

ECastE: | e —n Val v; empty b unboz v : 05 ~(c ~ 7) | =
Cast T e —gyc n Error CastE
ECastP: e —n Error e = Cast T e — gy,  Error €

EKill: e — ¢ Error KillE
EVarT: 0 < n = Var x —n Error TypeE

lemma unboz-value-is-simple: v € Values => unbox v € SimpleValues
apply (cases rule: Values.cases)
apply auto
apply (cases rule: SimpleValues.cases)
apply auto
done

lemma eval-value[rule-format]: e —n r =V e’.r = Val ¢’ — e’ € Values
apply (induct rule: eval.induct)
apply force+
apply clarify apply (erule-tac z=v in allE) apply simp apply (rule unboz-value-is-simple)
apply simp
apply clarify apply (erule-tac z=v in allE) apply simp apply (rule unboz-value-is-simple)
apply simp
apply force+
apply (case-tac c1) apply force+
apply (case-tac c2) apply force+
apply (case-tac c2) apply force+
apply (case-tac c2) apply force+
done

lemma bvalue-eval[rule-format]: [ v € SimpleValues; empty - v : 7] = (3 n. v
—n Val v)
apply (cases rule: SimpleValues.cases) apply simp
apply simp apply (erule welltyped-var-inv) apply simp
apply simp apply (rule-tac z=1 in exl) apply (rule EConst) apply arith
apply simp apply (rule-tac z=1 in ezl) apply (rule ELam) apply arith
done
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lemma value-eval[rule-format]: e € Values = (V 7. empty e : 7 — (3 n. e —p
Val €))
apply (cases rule: Values.cases)
apply simp
apply clarify apply (rule bvalue-eval) apply simp apply simp
apply clarify
apply (erule welltyped-cast-inv)
apply simp
proof (case-tac o = ?)
fixvro
assume CV: (?) v € Values and VSV: v € SimpleValues and VS: empty b v : o
and o ~ ?
and T: Y =7and S: 0 = 7
from VSV VS S have Fulse
apply simp apply (erule welltyped-dyn-inv)
apply auto apply (case-tac ¢) apply auto done
thus 3n. (?) v —n Val ({?) v) by simp
next
fixvro
assume (?) v € Values and VSV: v € SimpleValues and VS: empty F v : 0 and
c~?and ? =7and S: 0 # ?
from VSV VS obtain n where VV: v <y Val v using bvalue-eval by blast
from VV VS S have (?) v — gy n Val ((?) (unbox v)) using ECastU by blast
with VSV have (?) v —g,. n Val ((?) v) apply (cases v) by auto
thus 3In. (?) v —n Val ((?) v) by blast
qed

lemma delta-sound:
assumes V2V: v2 € Values
and E1S: el —p Val (Const c)
and VIS: empty = (Const ¢) : (1" — )
and FE2V2: €2 —p Val v2
and V2S: empty - v2 : 7’
shows 3 r. App el e2 “(Sucn) T
A((Fwvo.r=Valv Ave Values A empty - v : 7)
V (r = Error CastE) V (r = Error KillE))
proof —
from V1S have S1: 7’ = BaseT IntT
apply (rule welltyped-const-inv)
apply (case-tac c¢) apply auto done
from V2S5 S1 have V2I: empty - v2 : BaseT IntT by simp
from V2V V2I have X: (3 i. v2 = Const (IntC 1))
using canonical-form-int by auto
from X obtain i where V2: v2 = Const (IntC i) by blast
from V2 E2V2 have
E2I: e2 —n Val (Const (IntC i)) by simp
from FE1S E2I have
EI: App el e2 “(Sucn) 6 € (IntC 1)
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using EDelta by auto
from V1S EI show ?thesis
apply auto
apply (erule welltyped-const-inv)
apply (case-tac c)
apply simp+
apply (rule-tac =0 ¢ (IntC i) in exl)
using WTConst apply force
apply (rule-tac =0 ¢ (IntC 1) in exl)
using WTConst apply force
apply (rule-tac x=§ ¢ (IntC i) in exl)
using WTConst apply force
done
qed

lemma eval-sound|rule-format):
Ver.emptybe:r
— 3 re—nr
AN((Fwvo.r=Valv Ave Values A empty - v : 7)
V (r = Error CastE) V (r = Error KillE))) (is P n)
proof (induct rule: nat-less-induct)
fix n assume IH: Vm<n. P m
show ?P n
proof clarify
fix e 7 assume ET: empty - e : 7
show (3 r. e —pr
AN((Fwvo.r=Valv Ave Values A empty - v : 7)
V (r = Error CastE) V (r = Error KillE)))
proof (cases n = 0)
assume n = 0
thus ?thesis using FEKill by auto
next
assume n # 0 hence ngz: n > 0 by simp
from ET show ?thesis
proof (cases rule: welltyped.cases)
fix I' 7' z assume A: (empty, e, 7) = (T, Var z, 7')
and X:T' z = [7/]
from A X have Fualse by auto
thus ?thesis by simp
next
fix I' 7' ¢ assume A: (empty, e, 7) = (T, Const c, 7')
and typeof- ¢ T’
with ngz show ?thesis using EConst by auto
next
fixTor'e'x
assume A: (empty, e, 7) = (I, A z:0. ¢/, 0 — 1)
and ET: welltyped (I'(x — o)) e’ 7’
from A ET have LT: T + (A z:0. €') : (6 — 7') by auto
from A ET LT ngz show ?thesis using ELam by blast
next
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— Application
fix T 7" 7" el e2
assume A: (empty, e, 7) = (T, App el e2, 77)
and E1: welltyped T' el (1" — 7') and E2: welltyped T e2 7"’
from E1 A have Ela: empty & el : (7" — 7') by simp
from ngz have NN1: n — 1 < n by arith
from [/H NN! Ela obtain r1
where F1R1: el “(n - 1) rl

and R1: (3 vo.rl = Valv A v € Values A empty - v : (7" — 77))
V (rl = Error CastE) V (r1 = Error KillE) by blast
from E2 A have E2a: empty - e2 : 7'/ by simp
from /H NN1 E2a obtain r2
where FE2R2: e2 “(n - 1) r2

and R2: (3 v. r2 = Valv A v € Values A empty = v : 7'")
V (r2 = Error CastE) V (r2 = Error KillE) by blast
from R1 R2 have
(3 . r1 = Error € A € € {CastE,KillE'})
V(3 v.rl =Valv Av e Values A empty v : (1" — 77))
A ((3 e. r2 = Error € A e € {CastE,KillE})
V(3 v. 72 =Valv A v € Values A empty F v : 7))
by blast
moreover { assume X: (3 €. r1 = Error ¢ A ¢ € {CastE,KillE})
from X obtain ¢ where R1: r1 = Error ¢
and EP: ¢ € {CastE,KillE'} by blast
from A F1R1 R1 ngz have e —y, 11
using EAppPl1[of el n — 1 € e2] by auto
with R1 EP have ?thesis by auto
} moreover { assume X:
((F v. 71 =Valv A v € Values A empty = v : (7" — 1)
A ((3 e. r2 = Error e A e € {CastE,KillE})
V(3 v. 72 ="Valv A v € Values A empty b v : 7))
from X obtain v/ where
R1: 71 = Val vl and VIV: vl € Values
and VI1S: empty b vl : (7" — 7') by blast
from EIR1 R1 have EF1V1: el “(n — 1) Val v1 by simp
from V1V V1S canonical-form-fun|of v1 7" 7]
have ViF: vl € SimpleFunVal by simp
note X
moreover { assume XE: (3 €. 72 = Error € A € € {CastE,KillE})
from XFE obtain € where R2: r2 = Error €
and EP: ¢ € {CastE,KillE} by blast
from E2R2 R2 have E2F: e2 “(n - 1) Error € by simp
from E1V1 VIF E2F ngz A have e —n, Error ¢
using EAppP2[of el n — 1 vl e2] by auto
with EP have ?thesis by blast
} moreover {
assume XV: (3 v. 72 = Valv A v € Values A empty - v : 7")
from XV obtain v2 where
R2: r2 = Val v2 and V2V: v2 € Values
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and V2S: empty - v2 : 7'/ by blast
from VIF have (3 z 7 e. vl = (A z:7. e))
V (3 ¢c. v1 = Const ¢ A ¢ € ConstFun)
apply (cases rule: SimpleFunVal.cases)
by auto
moreover { assume X: (3 z 7 e. vI = (A x:7. €))
from X obtain z t1 ¢’ where vi = (\ z:t1. e’) by blast
with V1§ have Vi: vl = (A z:7". €’)
using welltyped-lam-inv by blast
from EIR1 R1 V1 have E1L: el <, _ ;) Val (A z:7". e') by simp
from E2R2 R2 have FE2V2: e2 “(n - 1) Val v2 by simp
from V1S VI have LSS: empty = (A z:7”. €¢') : ("' — 1)
by simp
from LSS have EP: empty(z—1') F e’ : 7’
apply (cases rule: welltyped.cases) by auto
from EP V2S have EPT: empty - [z:=v2]e’ : 7’
by (rule substitution)
from [H NN1 EPT obtain r3
where ESRS: [z:=v2]e’ S-S
and R3: (3 v. 18 = Valv A v € Values A empty + v : 7')
V (r8 = Error CastE V 18 = Error KillE) by blast
note R3
moreover { assume
X:(3 v.r8 = Valv A v € Values A empty - v : 7')
from X obtain v3 s3 where R3: r3 = Val v3
and V3V: v8 € Values and V3S: empty - v3 : 7’ by blast
from E3R3 R3 have E3V3: [z:=v2]e’ “(n — 1) Val v3 by simp
from FE1L E2V2 E8V3 A ngz have EV3: e —q Val v3
using EApplof el n — 1z 7" e’ e2 v2 v3] by auto
from EV3 V3V V3S A have ?thesis by blast
} moreover { assume R3: r3 = Error CastE V r3 = Error KillE
from R3 obtain ¢ where R3: 13 = Error ¢
and EPS: e € {CastE,KillE} by auto
from ESR3 RS have E3SE: [z:=v2]e’ “(n — 1) Brror e by simp
from FI1L E2V2 ESE A ngz have EE: e <y, Error e
using EAppPS3[of el n — 1z 7" e’ €2 v2] by auto
with EPS have ?thesis by blast
} ultimately have ?thesis by blast
} moreover { assume
X: (3 c. v1 = Const ¢ A ¢ € ConstFun)
from X obtain ¢ where VI: vl = Const ¢
and C: ¢ € ConstFun by blast
from EIR1 R1 V1 have Ei1C: el “(n — 1) Val (Const c) by simp
from E2R2 R2 have E2V2: e2 “(n — 1) Val v2 by simp

from V1S V1 have VIT: empty = Const ¢ : ("' — 7') by simp
from V2V E1C E2V2 VIT V2S ngz A
have ?%thesis
using delta-sound[of v2 el n — 1 c 7' 7' €2] by auto
} ultimately have ?thesis by auto
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} ultimately have ?thesis by blast
} ultimately show ?thesis by blast
next — Cast
fixTo7'e
assume A: (empty, e, 7) = (I, (1) e/, 77)
and ES: welltyped T e’ o
from A ES have ESb: empty - e’ : o by simp
from ngz have NNI1: n — 1 < n by arith
from [H NN1 ESb obtain r
where ER: e’ “m-1)T
and R: (3 vo.r= Valv A v € Values A empty - v : o)
V (r = Error CastE V r = Error KillE) by blast
note R
moreover {
assume X: (3 vo. 7= Valv A v € Values A empty F v : o)
from X obtain v ¢’ where R: r = Val v
and VV: v € Values and VS: empty - v : o’ by blast
from ER R have EV: e’ “(n — 1) Val v by simp
from VV VS obtain s2 where UVS: empty - unbox v : s2
apply (cases v) apply (cases v) apply auto
apply (erule welltyped-cast-inv) apply auto done
have %thesis
proof (cases T)
fix t1 t2 assume T: 7 = t1 — 12
show ?thesis
proof (cases s2 ~ T)
assume s2t: s2 ~ T
from s2¢t T show ?thesis
apply simp apply (erule compat-fun-r) apply simp
proof —
assume sp: (t1 — t2) = s2
from UVS sp have UVS: empty b unboz v : (t1 — t2) by simp
have SSTT: (t1 — t2) ~ (t1 — t2) by auto
let 27 = mazv v + 1
let 9L = (X 2Z:t1. (Cast t2 (App (unboz v) (Cast t1 (Var ?27)))))
from EV UVS SSTT have
CEL: (Cast (t1—12) e’) = (Suc (n — 1)) Vol ?L apply (rule ECastF')

by simp

have CS: empty(?Z—t1) - Cast t1 (Var ?2Z) : t1 by auto

have mazv v < ?Z by arith

hence ?Z ¢ Vars v by (rule mazv-vars)

hence ?Z ¢ Vars (unboz v) apply (cases v) apply auto done

with UVS have UVS2: empty(?Z—t1) b unboz v : (t1 — t2)

by (rule expand-env)

from UVS2 CS have empty(?Z—t1) - App (unboz v) (Cast t1 (Var

?7)) : t2

by (rule WTApp)
hence empty(?Z—1t1) & Cast t2 (App (unbox v) (Cast t1 (Var ?Z))) :
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t2
apply (rule WTCast) by (rule compatible-reflexive)
hence LT: empty & ?L : t1 — t2 by (rule WTLam)
from CEL LT A T ngz sp show Ir. e —pn 1 A
(Bv.r=Valv A v € Values N\ empty - v : s2)
V r = Error CastE V r = Error KillE)
by auto
next
fix 01 02
assume s1tl: o1 ~ t1 and s2t2: o2 ~ t2 and sp: s2 = 01 — 02
from UVS sp have UVS: empty - unboz v : (61 — o2) by simp
from sp T s2t have SSTT: (01 — 02) ~ (t1 — t2) by simp
let ?Z = mazv v + 1
let 2L = (X 2Z:t1. (Cast t2 (App (unboz v) (Cast o1 (Var 22)))))
from EV UVS SSTT have
CEL: (Cast (t1—1t2) e') = (Suc (n — 1)) Val ?L apply (rule ECastF)

by simp
from sit1 have CS: empty(?Z—t1) F Cast o1 (Var ?Z) : o1
apply auto using compatible-symmetric by simp
have mazv v < ?Z by arith
hence ?Z ¢ Vars v by (rule mazv-vars)
hence ?Z ¢ Vars (unboz v) apply (cases v) apply auto done
with UVS have UVS2: empty(?Z—t1) b unboz v : (01 — 02)
by (rule expand-env)
from UVS2 CS have empty(?Z—t1) = App (unbox v) (Cast o1 (Var
?7Z)) : o2
by (rule WTApp)
hence empty(?Z—1t1) F Cast t2 (App (unboz v) (Cast o1 (Var ?Z))) :
t2

by (rule WTCast)
hence LT: empty & ?L : t1 — t2 by (rule WTLam)
from CEL LT A T ngz show dr. e —n r A
(Bv.r=Valv A v € Values A\ empty - v : t1 — {2)
V r = Error CastE V r = Error KillE)
by auto
next
assume S2: s2 = ¢
with VV UVS have Fualse apply simp
apply (erule welltyped-dyn-inv)
apply (cases v) apply auto
apply (case-tac c) apply auto
apply (cases v) apply auto
apply (cases v) apply auto
done
thus dr. e —n r A
(Bv.r=Valv A v € Values A\ emply - v : t1 — {2)
V r = Error CastE vV r = Error KillE) by simp
qed
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next
assume notst: —(s2 ~ T)
from EV UVS notst have Cast T e’ “Suc (n — 1) Error CastE by (rule

ECastE)
with A ngz show ?thesis by auto
qed
next
fix b assume T: 7 = BaseT b
show ?thesis
proof (cases s2 ~ T)
assume s2t: s2 ~ T
with UVS T VV have S2: s2 = BaseT b
apply simp apply (erule compat-base-r)apply auto
apply (erule welltyped-dyn-inv) apply auto
apply (case-tac c¢) apply auto
apply (cases v) apply auto
apply (cases v) apply auto
done
from UVS S2 have UVB: empty b unbox v : BaseT b by simp
from EV T UVB have CEV: (Cast T €’) = (Suc (n — 1)) Vol (unboz v)
apply simp apply (rule ECastG) apply auto done
from VV have UVV: unbox v € Values
apply (cases v) apply auto apply (cases v) apply auto done
from CEV A T UVV UVS ngz S2 show ?thesis by auto
next
assume s2t: 0 (s2 ~ T)
from EV UVS s2t have CEE: (Cast T €) = (Suc (n — 1)) Error CastE
by (rule ECastE)
with A ngz show ?thesis by auto
qed
next
assume T: 7 = ¢
from EV have CEC: (Cast ? e = (Suc (n — 1)) Val (Cast ? (unboz v))
by (rule ECastU)
from UVS have CVT: empty b Cast ? (unboz v) : ¢ apply (rule WT'Cast)
apply auto done
from VV have CVV: Cast ? (unbox v) € Values
apply (cases v) apply auto apply (cases v) apply auto done
from T A CEC CVT CVV ngz show ?thesis by auto
qed
} moreover { assume X: (r = Error CastE V r = Error KillE)
from ER X ngz
have Cast 7 ¢’ <y, r using ECastP[of e’ n — 1] by auto
with A X have ?thesis by auto
} ultimately show ?thesis by blast
qed
qed
qed
qed

26



theorem type-safety:
assumes EET: empty - e = e’ : 7
shows (3 r. e’ —pr
AN((Fwvo.r=Valv Ave Values A empty - v : 7)
V (r = Error CastE) V (r = Error KillE)))
proof —
from EET have empty - ¢’ : 7 by (rule compilation-sound)
thus ?thesis by (rule eval-sound)
qed

end
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