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Abstract

Although neural networks often achieve impressive learning and generalization performance, their internal workings are typicaly al but
impossible to decipher. This characteristic of the networks, their opacity, is one of the disadvantages of connectionism compared to more
traditional, rule-oriented approaches to artificial intelligence. Without a thorough understanding of the network behavior, confidence in a
system’ sresultsis lowered, and the transfer of learned knowledge to other processing systems — including humans — is precluded. Methods
that address the opacity problem by casting network weights in symbolic terms are commonly referred to as rule extraction techniques. This
work describes a principled approach to symbolic rule extraction from standard multilayer feedforward networks based on the notion of
weight templates, parameterized regions of weight space corresponding to specific symbolic expressions. With an appropriate choice of
representation, we show how template parameters may be efficiently identified and instantiated to yield the optima match to the actual
weights of a unit. Depending on the requirements of the application domain, the approach can accommodate n-ary disunctions and
conjunctions with O(k) complexity, simple n-of-m expressions with O(k?) complexity, or more general classes of recursive n-of-m expres-
sionswith O(k“*?) complexity, wherek is the number of inputsto an unit and L the recursion level of the expression class. Compared to other
approaches in the literature, our method of rule extraction offers benefits in simplicity, computational performance, and overall flexibility.
Simulation results on avariety of problems demonstrate the application of our procedures as well as the strengths and the weaknesses of our

general approach. © 1999 Published by Elsevier Science Ltd. All rights reserved.
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1. Rule extraction

Although neural networks often achieve impressive
learning and generalization performance, their internal
workingsaretypically all but impossible to decipher. Unlike
their rule-based counterparts, they cannot explain their deci-
sions. Networks are often described as opaque; one cannot
easily look inside them to ascertain how they produce their
results (Minsky, 1991). Although this characteristic may
contribute to some of the mystique associated with connec-
tionist systems, it is a serious problem in many situations.
Thisarticle is concerned with a specific approach for attack-
ing the opacity problem in neural networks, an approach that
provides visibility into a network’s operation by casting its
weights in the form of symbolic rules. Our approach gives
rise to several procedures for performing what is commonly
termed rule extraction.

Why is connectionist rule extraction important? Consider
a network whose units use the conventional inner product
activation and sigmoidal output functions with a[—1, +1]
range, as is common in feedforward networks trained by

back propagation (Fig. 1). Although networks of these
units have been successfully used to learn many interesting
tasks, in most cases it is difficult to explain the behavior of
the trained system by inspecting the weights. As a simple
example of this situation, consider the following vector of
16 weights plus a bias. (We will adopt the convention that
the bias is the last element of the vector.)

w = —0.38 0.73 1.88 —4.36 —0.63 0.43 —0.89 —0.77
1.18 —1.221.99 —0.84 0.01 0.38 0.64 —0.32 1.84.

These weights represent the knowledge embedded in a
trained 16-0-1 sigmoidal network. (The notation ‘16-0-1'
indicates that there are 16 input units, no hidden units,
and a single output unit.) This particular network was
trained to predict the political party affiliation (Democrat
or Republican) for members of the US House of Represen-
tatives based on their voting history on 16 key issues. The
network performsitstask very well — over 95% accuracy on
both training and test data — but exactly how doesit reach its
answers? One way to produce an explanation of the network
behavior isto fal back on the activation equation shown in
Fig. 1. However, this approach leads to a mathematical
description that does not much distill the raw information
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Fig. 1. Sigmoidal unit.

of the weights. An alternative approach is to describe the
behavior of the network at ahigher level, alevel where most
of the mathematical information is abstracted away. For
example, we might envision a purely symbolic explanation
that related the party affiliation by some sort of if-then rule
such as the following:

If (voted for health care hill or voted against capital
gains tax reduction bill) then (affiliation is Demo-
cratic).

Symbolic extractions of this sort are valuable for severa
reasons. Compared to numbers, symbols are easier for
people to understand. Human understanding is critical if
one wishes to build confidence in a network’s performance
among people. This is particularly so in mission-critical
applications, where the consequences of falure are so
great that opague, black-box systems are not perceived as
trustworthy. Human understanding is also important if we
wish to transfer the learning of a network to a person. This
might be the case if a network was used as an expert assis-
tant to provide input to a human decision maker. Symbolic
rules are al so required should one wish to transfer the learn-
ing of a network to an expert system that uses rules as the
fundamental unit of knowledge. This situation might ariseif
the network was being used as part of the knowledge engi-
neering phase of an expert system project.

Symbolic rules hide the detail and thus provide an effi-
cient base for subsequent levels of reasoning. The hiding of

Table 1

Unit output for al input patterns

Inputs Net input  Output

Iy P I3 (A Actua Thresholded at 0
-1 -1 -1 -1 -3 —0.906 -1
-1 -1 -1 +1 3 0.906 +1
-1 -1 +1 -1 -9 —1.000 -1
-1 -1 +1 +1 -3 —0.906 -1
-1 +1 -1 -1 -3 —0.906 -1
-1 +1 -1 +1 3 0.906 +1
-1 +1 +1 -1 -9 —1.000 -1
-1 +1 +1 +1 -3 —0.906 -1
+1 -1 -1 -1 3 0.906 +1
+1 -1 -1 +1 9 1.000 +1
+1 -1 +1 -1 -3 —0.906 -1
+1 -1 +1 +1 3 0.906 +1
+1 +1 -1 -1 3 0.906 +1
+1 +1 -1 +1 9 1.000 +1
+1 +1 +1 -1 -3 —0.906 -1
+1 +1 +1 +1 3 0.906 +1

detail often results in a certain loss of precision, but thisis
usually an acceptable trade off. One might even conjecture
that the loss of precision brought about by rule extraction
from neura networks might actually improve performance
in some domains, because the rules help suppress noise and
provide constraints that restrict generalization.

Connectionist rule extraction is aso valuable because it
provides a link between neural networks and traditional,
symbolic approaches to artificia intelligence (Al). This is
important because of a growing realization among research-
ersthat Al isan eclectic endeavor, one that must draw upon
both connectionist and symbolic approaches to make signif-
icant progress. By showing how neural networks may be
interpreted in symbolic terms, connectionist rule extraction
makes a contribution toward bridging the gap between the
two paradigms. Effective use of rule extraction and other
hybrid models may well show the space between connec-
tionist and symbolic Al to be a continuum rather than atrue
gap.

Connectionist rule extraction is thus a topic worthy of
investigation. Nevertheless we are not the first to reach
this conclusion; methods for anayzing connectionist
networks using various sorts of rules have aready been
proposed by many researchers. We discuss some of these
methods later. For now, we simply state that none of the
existing methods are so universally applicable as to elim-
inate the need for additional work in this area.

2. A template-based approach to rule extraction

Any method that attempts a symbolic reformulation of
network behavior must first choose a language of descrip-
tion. The language of description used in thiswork is based
on n-of-m expressions. An n-of-m expression consists of a
list of mterms and a value n such that 1 = n < m. The
overall expression istrue when at least n of the mterms are
true. An example of an n-of-m expression stated using logi-
cal variables is the mgjority voter function

X =2of (A B,C). D

Asameans of symbolic description, n-of-m expressions are
interesting because they are capable of describing behaviors
intermediate to standard Boolean OR (n= 1) and AND (n=
m) functions. These intermediate behaviors are quite power-
ful, asthey reflect alimited form of two-level Boolean logic.
To seewhy thisistrue, note that Eq. (1) is equivalent to the
logic expression

OR[AND(A, B), AND(B, C), AND(A, C)].

Later, we illustrate even more general behaviors that result
from taking a recursive view of these expressions. In addi-
tion to the descriptive power they afford, n-of-m expressions
are amenabl e to human comprehension, and n-of-m expres-
sions are apractical choice for use with sigmoidal units due
to the monotonic output function of such units.
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To see how a set of connectionist weights may be refor-
mulated as a symbolic n-of-m expression, consider a four-
input sigmoidal unit. Suppose that after training the unit’s
weights (and bias) are represented by the vector:

w=60—-660.

Assuming that four —1/+1 inputs|,—1, are applied to these
weights, what symbolic function does this unit compute?
Treating —1 inputs and outputs as the Boolean state false,
and +1 inputs and outputs as the Boolean state true, Table 1
suggests that the unit computes a nearly exact version of the
n-of-m expression, 2 of (I4,13,14). (The overbar notation is
used to indicate negation of aterm.)

In this example we can befairly certain that no other n-of-
m expression better describes the function being computed
by the unit. In general, however, the correspondence
between weights and symbolic expressions is less clear,
and a principled way of exploring many possible symbolic
interpretations is required. Essentially we must mount a
search over the n-of-m expression space, comparing the
actual weights to each possible expression using some simi-
larity to metric. To manage the search space, we introduce
the notion of a weight template to represent each n-of-m
expression under consideration. Following McMillan
(1992), we define a weight template as a parameterized
region of the weight space that corresponds to a given
symbolic expression. Each weight template is parameter-
ized to reflect invariances in the symbolic input—output
behavior of sigmoidal units. The template that describes
the expression given earlier is:

t=p0-pp0

Aslong asthe parameter p is positive, the symbolic inter-
pretation of the unit's behavior (obtained by treating the
sigmoidal units as a binary threshold unit, as in Table 1)
is independent of the actual value. The parameter p thus
alows many sets of actual weights to map onto the same
weight template. In this example, setting p to six causes the
actual weights to match the template exactly. As exact
matches are rare for real problems, in general we need to
compute the degree of fit between the actual weightsand the
candidate templates. Once the template that best fits the
actual weights has been identified, we have extracted a
rule, because each template is associated with a unique n-
of-m expression.

The procedure for rule extraction that we have sketched —
and will elaborate in Section 3 — requiresonly theweightsin
atrained network and not the training data. Instead of eval-
uating the candidate rules on the basis of weight differences,
one might consider evaluating them on the basis of output
differences over the training set. However, by emphasizing
the training data, such a procedure might fail to model the
regularities that the network haslearned, thus compromising
generalization performance.

3. The algorithm in detail

Having presented an overview of our approach to the
connectionist rule extraction, we now describe our extrac-
tion methods in detail. We begin by characterizing the
general form of templates for n-of-m expressions, and
then elaborate a three-step extraction process. We also
discuss severa interesting variations on the basic extraction
algorithm that demonstrates the generality of our approach.

3.1. Weight templates for n-of-m expressions

To illustrate how weight templates can be used to repre-
sent n-of-m expressions, consider a generalized weight
vector for a four-input sigmoidal unit:

W=W; Wy, Wz W b.
Now consider the following two template vectors:

t;=0pO0pp

t,b=p-pp0—-2p

These templates are parameterized by the variable p, stipu-
lated to be positive. Given a large positive value of p (say
5.0) and an input vector | whose components are approxi-
mately —1 and +1, t; describes the symbolic expression 1
of (I,,1,), andt, describes the symbolic expression 3 of
(11,15, 13). We can use truth tables (e.g. Table 1) to confirm
that t; and t, really do represent the aforementioned expres-
sions, but how can we generate the weight template for a
given symbolic expression? For sigmoidal units with —1/
+1 inputs, a general prescription for forming an n-of-m
template is as follows:

1. set each of the weight values associated with the minputs
of interest to =+ p, choosing +p for each positive
(normal) term, —p for each negated term;

2. set dl other weight values to zero;

3. et the bias value to (1+m—2n)p.

This prescription coversthe expressionswherel = m= k
and 1 = n = m. For completeness, it is useful to describe
templates for two additional expressions. one for a constant
true expression and one for a constant false expression. To
be consistent with the general form of n-of-m templates,
these constant expression templates have zero vauesin all
weight positions except the bias position, where a true
template has the value +p and a false template has the
value —p.

Now that we have specified how weight templ ates may be
generated for symbolic expressions within our language of
description, we are ready to explore the process of using
weight templates to find the optimal or the best-fitting
expression for a given set of weights. Optimal is defined
as the expression corresponding to a vaid template, t*,
having the parameter p*, such that the Euclidean distance

d = [t —w? 2)
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is minimized. Finding an optimal expression involves three
steps. Firgt, a set of candidate templates is identified. For
efficiency, an informed selection algorithm allows the set of
candidate templates to be much smaller than the set of all
possible n-of-m expressions. Second, each candidate
template’'s parameters are then instantiated with optimal
values. Third, theinstantiated template best fitting the actual
weights is chosen as the basis for symbolic interpretation.
We discuss these three steps in turn.

3.2. Establishing candidate templates for a given unit

Given an actual weight vector for a unit with k inputs
(k+1 elements when the bias is counted), the total number
of n-of-m expressions that can be associated with that
weight vector is:

k m (k kK
! n;l n:12 (m) mZ::lW (k—my!m! ©
For k = 10, T is 393660, and for k = 20, T is more than
46 hillion. One reason why T is so large is because it
accounts for (using the exponential term) all possible
combinations of positive and negated terms. The other
reason is because it accounts for (using the factoria
terms) al possible subsets of m terms among the k inputs.
As we explain next, these high-complexity terms can be
eliminated, yielding avalue for T that is only quadratic in k.

3.2.1. Pruning the search space using the signs of the actual
weights

To show how the signs of the actual weights may be used
to reduce the required number of templates, we must refer to
our optimality measure, Eq. (2). Any template whose jth
element, t;, has sign opposite to the jth element of the weight
vector, w;, will yield a larger distance measure than any
other template whose t; has the same sign as w;. Thus, we
can use the sign of the actual weight to determine a single
logical sense (positive or negated) for each term. We can
similarly use the sign of the actual bias to reduce the range
of the values of n for which n-of-mtemplates must be gener-
ated. The results are quite simple: for each j, a positive term
is considered for the corresponding input only if the actual
weight is positive and a negated term is considered for the
corresponding input only if the actual weight is negative.
With regard to the bias, only n-of-mtemplates for which the
sign of the template bias value agrees with the sign of the
actual biasvalue are considered. (For thismethod atemplate
bias value of 0 is considered both positive and negative.)
Theorem 1 in Appendix A shows that this procedure is
valid, i.e. it will not rule out the optimal template.

Asan example of the implications of this sort of pruning,
consider the following weight vector:

w=-40153.

If we are interested in generating templates whose terms
involve I, and I3, then there are eight possible templates of

this form, as shown in the following equations:

tt=-p0-p0 —p
tp=-p0-pO0p
t3=—-pO0p0 —p
t2=—p0poO0p

ts=p 0 —p 0 —p,

te=p0 -pOp
t7=p0pO0 —p,
ts=pO0OpO0p

Theorem 1 proves that of these eight templates, we need to
consider only t,, which represents the expression 1 of (I, 13)
When instantiated with its optimal value of p, this template
is guaranteed to have a smaller distance to w than any of the
other aforementioned templates.

3.2.2. Pruning the search space using the magnitudes of the
actual weights

The factorial termsin Eq. (3) reflect the fact that there are
in general many possible groups of mterms among a set of k
inputs, even when the logical sense of each term isfixed in
accordance with Theorem 1. Fortunately we need not gener-
ate weight templates for each possible grouping of mterms.
Theorem 2in Appendix A showsthat for agiven choice of n
and m, we need only consider one template, the one whose
m terms correspond to the m highest absolute value actual
weights.

For an example of the implications of Theorem 2, we
return to the weight vector:

w=-40153

If we are considering templates for 1-of-2 expressions, then
taking into account the results of Theorem 1, there are six
possible templates of this form:

t1=—pp00P
t,=—pO0pO0p,

ts=—p0O0pHp

t,=0ppO0p
ts=0pO0pp
te=00ppp

Theorem 2 proves that of these six templates, we need to
generate only one, t;, which represents the expression 1 of
(I3, 14), and when instantiated with its optimal value of p, it
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Table 2
Enumeration of candidate templates for example weight vector

Expressiontype  Candidate template p* Instantiated template Distance from w Extraction error
Constant 0 0 0 0 p 3.00 0.00 000 000 000 300 420 80.8%
1-of-1 0 0 0 p 0 5.00 0.00 000 000 500 000 260 51.0%
1-of-2 -p 0 0 p p 400 —4.00 000 0.00 400 400 3.0 5.9%
1-of-3 -p 0 p p 2p 229 —-229 000 229 229 458 144 28.2%
2—of-3 -p 0 p p 0 333 —-333 000 333 333 000 177 34.7%
1-of-4 -p p p p 3p 146  —1.46 146 146 146 438 232 45.5%
2—of-4 -p p p p p 260 —2.60 260 260 260 260 172 33.7%

is guaranteed to have a smaller distance to w than any of the
other aforementioned templ ates.

The consequence of Theorems 1 and 2 is that the number
of n-of-m templates required for a unit with k inputs is
reduced to a polynomial function of k, i.e.

["2"] .

k L2 1., 1
T= 1:[—k2+—k+—J. 4
,; .; 4" 2" 4

This number is a dramatic reduction over the original value
of T[Eq. (3)]. Valuesfor T for k= 10 and 20 are now 30 and
110, respectively. Thus, an efficient and exhaustive search
can be performed through the space of the possible n-of-m
expressions.

3.3. Instantiating template parameters

Having described the process of establishing candidate
templates, we proceed to the second step of the rule inter-
pretation algorithm: instantiating a weight template-select-
ing the value of the parameter p, call it p* that minimizesd
in Eqg. (2) for a given template t. As d is quadratic in p, a
unique minimum exists. The general solution for any n-of-m
template is given by the following equation:

k+1
Zl Wil
x — 1=
p - K+1 s (5)
>
i=1

where u; € {—1,0, 1} depending on whether t; is —p, 0, or
+p, respectively, and index k+1 corresponds to the bias
term and u,.; = m—2n+1. When t is consistent with the
result of Theorem 1 (i.e. when each non-zero u; agrees in
sign with the corresponding w;), p* will always be positive.

Applying Eq. (5) to the example vectors for w and t3 in
Section 3.2.2 yields p* = 4.0, which can be seen by inspec-
tion to be the best choice. The minimal distance d for this
instantiated template is then 3.0.

3.4. Finding the best-fitting template
The third step in interpreting the algorithm is identifying

the best-fitting template. To do this, the distance between
each instantiated template and the actual weight vector is

computed [Eq. (2)], and the minimum-distance template, t*,
isselected. We can uset* as part of arudimentary check on
the validity of the extraction process, via the extraction
error

Eextraction = 100% X T2 (6)

This quantity measures how close the original weightsareto
the nearest symbolic rule. When the nearest symbolic ruleis
till relatively far from the actual weights, it suggests that
the unit in question is not computing a symbolic function, or
is computing a symbolic function beyond the ability of the
present algorithm to model. We can also examine the value
of p* used in t*. Small values of p* trandate into activation
changes below a unit’s full dynamic range, compromising
the assumption of Boolean outputs propagating to subse-
quent inputs. Thus, Egacion @nd p* serve as diagnostics on
the likely quality of the extracted rule.

3.5. Algorithm summary

The development of the preceding sections is summar-
ized in the following algorithm. Here and elsewhere in this
article, sign(x) istaken as +1 for x = 0, —1 otherwise.

G ven an actual wei ght vector

W= [W V5. . W W1l
For m=1tok

For n=1tom
If (sign(l+m-2n) == si gn(W,,1)) OR
1+m-2n==0) {

1. Initialize tenplate coefficient
vector utoall 0’s.

2. Set thetenpl at e wei ght coeffici ents
corresponding to the m highest
absol ute value weights in w (not
including w.,,) to the sign of the
correspondi ng wei ght i nw.

3. Set the tenplate bias coeffici ent
Ugsqa to1+m=2n.

4. Solvefor p* using Eq. (5).
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Output unit

Hidden unit 42

Input units

Fig. 2. 2-1-1 network for the xor problem.

5. Conpute t by nultiplying each
el enent of u by p*.

6. Conpute the distance d = ||t —w|’.

7. Savet, p*, anddif disthe n ni num
found so far.

Return t he n-of -mcondi tion correspondi ng
tothetenplatew thmnimal d.

3.6. A simple example

We present an example of the complete interpretation
process for the weight vector

w=-40153.

Table 2 shows the seven templates generated by the algo-
rithm. The distances in the table indicate that the best
template is

tl-Of-Z = _4 O 0 4 4

For the purpose of interpreting, this unit may be said to be
computing afunction fairly closeto the symbolic expression
1 of (I3, 14). The extraction error, Eegracion, 1S oW at 5.9%,
and p* = 4 indicates essentialy the Boolean behavior.
Construction of a truth table offers further confirmation
that the aforementioned expression is a valid interpretation
of this unit’s behavior under binary inputs.

3.7. Variations on the basic algorithm

In this section we explore several variations on the basic
rule interpretation algorithm. The variationstreated here are
by no means an exhaustive set, but they do servetoillustrate
the basic flexibility inherent in our approach to the connec-
tionist rule extraction.

3.7.1. Grouped-input representations
The derivation of our basic algorithm presumed that the
inputs to a network independent of each other. In problems

where the inputs possess some structure, we can utilize this
structure to constrain rule extraction. A common exampl e of
structure is the grouped-input encoding, where instead of k
independent inputs, we have g groups of h inputs each, such
that each group codes a local (1 of h) representation of a
given input feature.! To see how the interpretation algo-
rithm can be informed by this type of input structure,
consider the following weight vector, which has g = 2
groups of h = 3 aternatives.

W = Wiq WioWi3Wo1 W W, b.

Each element isindexed by its group and its position within
the group. It can be seen that for any of the values g,
j €{4,...,d}, the following weight vector is an activation
invariant of w for any —1/+1 inputs adhering to the encod-
ing scheme described earlier.

Wl :W11+C1 W12+C1 W13+Cl W21+02 W22+C2
Wy +C, b+(h—2)(ci+0y).

A convenient way of accounting for thisinvariance isto add
unknown values for the ¢'s to the candidate weight
templates. Thus, a 1-of-2 template might appear as follows:

t=c¢ Cc+p Cc C+tp C C, ptHCitC.

Instead of asingle parameter p, the template now hasg+1 =
3 parameters requiring instantiation. Fortunately, even with
the added template parameters, the expression for the Eucli-
dean distance between a template and an actual weight
vector [Eq. (2)] describes a simple hyperparabolic surface,
and thus the parameters yielding the minimum distance can
be found by differentiating and solving a set of g+1 linear
equations in g+1 variables.

3.7.2. Augmented n-of-m expressions

Although the n-of-m expressions treated so far are quite
powerful, we have observed an interesting class of symbolic
behaviors exhibited by single units that cannot be described
using n-of-m expressions. The simplest example of thistype
of behavior may be seen in the single hidden-unit xor
network described by Rumelhart et al. (1986), reproduced
in Fig. 2. In thisfigure, the numbers inside the circles repre-
sent unit bias values. Given that this network was trained
using 0/1 inputs, a simple analysis shows that the hidden
unit H has learned the expression AND (I3, 1,), and the
output unit O has learned the expression

AND [OR (I, 1), H],

which may also be written as

2 of [1of (Iy,1,),H].

This expression can be viewed as a nested or recursive form

of n-of-m expression, where at least one of the m terms is

! The analysis here is easily extended to cases where each group has its
own value of h.
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itself an n-of-m expression. Arbitrary recursive expressions
such as 1of [20f (I3,1513), 20f (I4,15,1¢)] cannot be
computed by a single sigmoidal unit, because such expres-
sions are not generally linearly separable. However, at least
one significant subclass of recursive n-of-m expressions is
linearly separable. Here, we develop a description of this
subclass and show how templates for such expressions may
included in our rule extraction methodology.

The subclass of linearly separable recursive n-of-m
expressions of interest consists of the following two forms:

OR (Cn-of-m7 Al’ AZ? St Aq)7

AND (Cn-of-ma Al’ AZa fen Aq)’

where C,, . IS an arbitrary n-of-m expression, 1 = n = m,
and the A,,i € {1,....q}, are simple terms. We call these
forms augmented n-of-m expressions because they extend
simple n-of-m expressions with additional disuncts or
conjuncts.

In considering how weight templates reflecting these
forms may be generated, recall that templates for simple
n-of-m expressions have a fundamental scaling parameter
p for the m non-zero weights and a bias multiplier on p that
isafunction of n and m. The templates are set up such that
when the given expression is minimally satisfied, the net
input of the unit is p, and when the expression is minimally
violated, the net input is —p. To achieve a similar behavior
with an augmented n-of-mtemplate, an additional multiplier
on p is required for the q non-zero template weights asso-
ciated with the additional terms A;. This is because each of
those weights must affect the net input as much asthe entire
inner C,..m expression. (A single active additional disjunct
makes the entire augmented OR forms true, while a single
inactive additional conjunct makes the entire augmented
AND form false.) Templates for augmented n-of-m expres-
sions should thus have the following structure:

1. mof the template weightsis set to = p, where p stands
for a positive quantity.

2. g of thetemplate weightsisset to = Kgp, whereK;isa
positive integer constant.

3. The rest of the template weights are set to 0.

4. The template bhias is set to Kyp, where K, is an integer
constant.

Appropriate values for the multipliers K, and K, may be
derived by considering certain boundary conditions for
each type of the augmented expression. For the OR type,
the unit must be active when n of the mtermsin C,. ., are
true and none of the g terms A; are true. The unit must also
be active when none of the mtermsin C,,.., are true and one
of the g terms A, istrue. The unit must be inactive when n-1
of the mtermsin C,.., are true and none of the g terms A,
aretrue. When —1/+ 1 inputs are used, these conditions may
be expressed as:

(@2n—m)p—gKyp+Kyp > 0,

—mp-+(2—)Kgp+Kpp > O,

[2(n—l)—m]p—qqu+ Kep < 0.

Equating the left-hand sides of these conditions to p, p, and
—p, respectively, gives the solutions for K, and K, as
follows:

Kq=n, @

Kp = m+1+n(g—2). 8

These solutions are appealing because they are consistent
with those for simple n-of-m expressions, as can be seen by
setting q = 0, where the value for K, then reverts to
m+1—2n, as we would expect. A different sort of degener-
acy occurswhenn= 1. Now Kyis1l andKyis(m+q)— 1, so
the overall expression looks like a ssimple disunction of
m+q terms.

Similar boundary conditions may be established for the
AND type. In this case the relevant conditions become:

(2n—m)p+qqu+ Kep > 0,
[2(n—=1)—m]p+gKyp+Kpp < O,

mp+[2(q—1)—q]qu+ Kep < 0.

When the left-hand sides of these conditions are equated to
p,— p and —p, respectively, the solutions are:

Kq=m+1-n, 9

Kp = (m+1)(1—q)+n(g—2). (10)

These solutions also give K, = m+1-2nwhenq= 0.
The other degeneracy for this type of expression occurs
when n = m. In this situation K is 1, Ky is 1—(m+q), and
the overall expression looks like a simple conjunction of
m+q terms. The existence of these specia cases for both
the augmented types reflects the fact that the augmented n-
of-m expressions generalize simple n-of-m expressions in
the same way the simple n-of-m expressions generalize
pure disunctions and conjunctions. Although it is possible
that other template forms exist to model the augmented n-
of-mexpressions, the simulations detailed in Section 5 show
that single units readily evolve weights consistent with the
templates described here.

3.7.2.1. Combinatorics As 1=n=m, the condition
Kq > 1 holds for the non-degenerate cases of both the OR
and AND augmented types. This means that the g template
weights associated with the additional disjunctsor conjuncts
will always be greater in magnitude than the m weights
associated with C,, ... Note aso that for the OR type the
relationship K, > 0 holds, while for the AND type the
relationship K, < 0 holds. Together these observations
allow us to eliminate many possible candidate templates
based on the sign of the bias and the absolute values of
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the actual weights we are matching against. Theincremental
number of templates that must be generated to account for
augmented n-of-m expressions is then given by:

k=1m-1k-m

TS S 1= SK- Ik ik

m=2 n=1 g=1 6 2 3

When added to T [Eq. (4)], the total number of templates
required is:

1 1, 5 1
=|zk>=>k“+=-k+=> |
Taug [6k3 LB 4J
Although this figure is O(k) worse than for simple n-of-m
expressions, it is still polynomial in k and is quite
manageable for many problems.

3.7.2.2. Algorithm summary A procedure for including
templates for augmented n-of-m expressions in the
extraction process is as follows. This procedure is for
illustrative purposes, and is not meant to suggest the most
efficient implementation.

G ven an act ual vect or

W= [W V5. W W1l

Fi ndt he best si npl e n- of - mt enpl at e usi ng
the procedure described earlier; save
this tenpl ate’s val ue of dfor conpari son
as fol l ous.

wei ght

For m=2tok-1

I'f Wy, ispositive

Let ng =2
Let no=m
Let type=OR

Elseif w1 iSs negative

Let n =1
Let no =m-1
Let type = AND

For n=ny ton,,
For g=1tok—m

1. Initialize tenplate coefficient
vector utoall 0’ s.

2. Set the tenplate weight coeffi-
cients correspondi ngtotheqhigh-
est absol ut e val ue wei ght s i nw(not
including w.,) toKgsignw), using
KyfromEq. (7) (for type= OR) or Eq.
(9) (for type= AND).

3. Set the tenplate weight coeffi-
cients corresponding to the next m
hi ghest absol ute val ue wei ghts to
si gn(w).

4. Set the tenplate bias coeffici ent

Ueyp1 to K, from Eg. (8) for
(type=OR) or Eq. (10) (for
type = AND) .

5. Solve for p*.

6. Conpute t by nmultiplying each
el ement of u by p*.

7. Conpute the distance d=||t —w].

8. Savet, p*, anddif disthemni num
found so far.

Ret urnthe n-of -mcondi ti on correspond-
ingtothetenplatew th mni numd.

3.7.2.3. Other augmented forms The subclass of linearly
separable recursive n-of-mexpressions discussed previously
can be extended by noting that the augmented n-of-m
expressions can themselves play the role of an inner
Choof-m €xpression. That is we can nest the OR and AND
augmented forms once again, by arriving at level-2
augmented expressions of the following forms:

AND [OR (Cn—of—mv Al! AZ’ SRR Aq)’ 817 BZ’ e Br],

OR [AND (Cn*Of*rTb Al’ A29 L) Aq)5 Bl’ B25 (RN Br],

where the B;, i € {1...r}, are additiona simple terms.
Nesting of this sort can be repeated indefinitely, resulting
in level-L augmented expressions. The complexity of rule
extraction for alevel-L expression is O(k"*2). Each level of
nesting requires the introduction of another multiplier (for
another group of non-zero weights) in the weight templates
that model expressions of that nesting level. Thusfor higher
levels of nesting, units must evolve weight groups whose
values span very large ranges. We omit a further discussion
on template generation for these nested forms asthey are not
used in any of our simulations. (Given the weight ranges
required for a single unit to implement these complex
expressions, in practice it seems more likely that a
network will distribute responsibility for them across units
in different layers.)

3.7.3. Extraction algorithm for 0/1 inputs

Our development of the extraction algorithm has
presumed units with —1/+1 inputs. Extraction can also be
performed with 0/1 inputs. The overall processdiffersalittle
from that of —1/+1 inputs, but there is a significant differ-
ence in the number of candidate templates required for the
0/1 case.

For the —1/+1 representation, Theorems 1 and 2 proved
that the signs and magnitudes of the actual weights and bias
could be applied to select the single best template for each
possible combination of n and mvalues. Thisresult is possi-
ble because the template definitions allow the sign of each
template weight (including the bias) to be chosen indepen-
dently. The difficulty with templatesfor 0/1 inputsisthat the
choice of bias is coupled to the choice of which m
template weights to make non-zero. As a result, the total
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number of n-of-m templates that must be considered for a
unit with k inputs is given by the following equation:

1

k m m 3 ) 2

which is O(k) worse than Eq. (4), the expression for the
number of potential templates with —1/+1 inputs.

4, Related work

Having laid down the basic principles underlying our
template-based symbolic interpretation of non-linear
connectionist units, we describe alternative rule extraction
techniques in the literature that make the most contact with
the present work, and contrast our approach with these alter-
natives.

4.1. McMillan

The RuleNet system of McMillan (1992) and McMillan
et a. (1991) was developed to demonstrate the merits of
connectionist rule learning using integrated symbolic and
subsymbolic processing. The RuleNet architecture is
closely related to the mixture-of-experts configuration
described by Jacobs et al. (1991). Although devel oped inde-
pendently, RuleNet can usefully be viewed as a speciaiza-
tion of the Jacobs configuration. This configuration features
a system of competing expert networ ks working in conjunc-
tion with a gating network. The outputs of the gating
network are normalized (Bridle, 1989) to form probabilities
that determine which expert network’s output is selected as
the overall output of the system. The error function is such
that the gating network is encouraged to divide the training
patterns into several subsets. The output mapping for each
subset is then produced by a different expert network.
McMillan used an approach like this to develop an archi-
tecture that learned condition—action rules (Holland et al.,
1986). His condition subnet plays the role of the gating
network, and the action subnet plays the role of the expert
networks. RuleNet is significant for several reasons, but we
are most interested in the rule extraction component of the
system.

McMillan performed template-based rule extraction on
both the condition and action subnets. The templates used
for the action subnet were highly specialized to the Rule-
Net’s learning task and are not directly comparable to those
discussed in the present work. Templates for the condition
subnet, however, are directly comparable, and McMillan's
extraction of conditions is the focus of this commentary.
Abstracting the exact nature of the conditions learned by
RuleNet, the templates treated by McMillan fall into three
general types. simple, binary disunctive, and binary
conjunctive. In the language of n-of-m expressions, these
types are described as 1-of-1, 1-of-2, and 2-of-2, respec-
tively. Our method would generate three candidate

templates for these types, whereas McMillan's method
required atotal of g (where g is the number of input groups
as described in Section 3.7.1), a substantial difference in
search efficiency.

As RuleNet was designed to explore more than just
connectionist rule extraction, it is not surprising that the
generality and efficiency of the extraction techniques was
not the focus. Nevertheless, McMillan’s work with RuleNet
must be credited as laying down the basic ideas behind
template-based rule extraction.

4.2. Towell

Towell (1991) and Towell and Shavlik (1991) have
attempted to combine the merits of explanation-based learn-
ing and empirical (inductive) learning. To carry out alearn-
ing task using Towell’s hybrid approach requires both an
initial domain theory—a set of rules—for the task and a set
of labeled training examples. These items are used in a
three-step learning process centered around Knowledge-
Based Artificial Neural Networks, or KBANNSs. The first
step transforms the a priori domain knowledge into a struc-
tured initial connectionist network. The second step trains
the network using the labeled training examples. The final
step is rule extraction, whereby the weights of the trained
network are converted into a set of rules. As with McMil-
lan’ swork, we are most concerned here with the rule extrac-
tion step.

Towell’s network training method works to ensure that
the assumption of Boolean activation behavior is satisfied.
Rule extraction is then performed on each unit to determine
the conditions causing that unit to become strongly active.
These conditions are expressed using avariant of the n-of-m
formalism used in this work. Towell’s first step is to itera-
tively cluster the unit's weights, excluding the bias, into
groups. The procedure then checks each training pattern
against each weight group and eliminates weight groups
that do not affect the classification of any pattern. The
next step is to train the network biases only, other weights
being frozen,; this step helps maintain Boolean unit behavior
in the modified network. Finaly, rules are extracted by
searching for input combinations that activate the unit. In
the best case, these rules can be stated strictly in symbolic
terms, i.e. without using numeric quantities. The following
example, adapted from Towell and Shavlik (1991), illus-
trates the results for a single unit in such a case:

w=62 1260 1.0 1.0 6.0 1.2 —-10.9,

where the rule extracted is O = 2 of (I4, 13, lg).

In this example, conversion of the rule from numeric to
symbolic form was possible because of the fact that after
group elimination the unit had only one group of weights.
When more than one group remains, Towell typically leaves
the rule in numeric form, rather than enumerating all the
conditions that cause the unit to become active. Even by
using n-of-m expressions, such an enumeration is
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problematic because of the combinations involved in the
activation equation. An example of a rule extracted from
the part of a network trained on the promoter recognition
task from molecular biology is:

Minus35 = —10 < +5.0nt(@ — 37'--T-G--A")
+3.1nt(@ — 37*---GT---")
+ 1.9nt(@ — 37*-—--C-CT’)
+ 15nt(@ — 37 ---C—-A-)
~ 1.5n(@ — 37*-----GC')

—19nt(@ — 37'--CAW---),

where nt() returns the number of true terms, @-37 locates
the terms on the DNA strand, and ‘-’ indicates a do not-
care term.

This rule is considerably more complicated than a basic
n-of-m expression and is not a complete description of cases
under which the Minus35 condition is true. In Towell's
Prolog-like formulation, disunctive conditions are indi-
cated by separate rule enumerations. The aforementioned
rule describes only one of the four disjuncts relevant to
the Minus35 condition. Nevertheless, rules of this sort are
much simpler than the complete networks from which they
are extracted and were found to be useful in the domains
studied by Towell and his collaborators.

Towell's use of an iterative clustering step stands in
contrast to our use of templ ate-based procedures specialized
for dividing weights into a fixed number of groups. one
group of value 0 and one group of value = p for simple
n-of-mtemplates, additional non-zero groups for augmented
n-of-m templates. Our simpler method appears to be more
efficient, but Towell’s extraction algorithm is more general
inthat it can accommodate situations by clustering resultsin
numerous groups of non-zero weights.

However, there are disadvantages associated with
Towell’s method. The primary disadvantage is that the
rules produced by his method are in genera not completely
symbolic. Although numeric expressions were convenient
for the domains Towell studied, in applications where oneis
only interested in symbolic interpretations such expressions
might be seen as providing too much detail, and be difficult
for people to interpret and reason about. Sometimes one
wants to determine the nearest symbolic interpretation of
unit behavior rather than to extract the most precise math-
ematical description. Our method offers a simpler paradigm
for doing this.

In summary, Towell' s approach is capable of more expres-
sive descriptions of unit behavior and is therefore more
generd. The trade off is that the descriptions are more
complex, and less comprehensible, than the purely symbolic
ones provided by our method. The two approaches represent
two different points on the complexity—expressiveness curve,

and each approach will have applications where it is most
appropriate. Thus we conclude that both methods have their
place in rule extraction tool kits.

4.3. Other research

Other methods for the connectionist rule extraction have
been suggested by Fu (1989, 1991) and Hayashi (1990).
Towell (1991) aso describes several aternatives to the n-
of-m method described earlier. The work of Gallant (1988)
was an important early example of integrating connectioni st
and rule-based approaches. Other examples of integrated
approaches include Dolan and Smolensky (1989), Tour-
etzky and Hinton (1998) and Sun (1991). Hybrid Al systems
have become quite popular in the recent years, and several
such systems are discussed in Dinsmore (1992).

Although explicit rule extraction isthe focus of thiswork,
there are other ways to combat the problem of network
opacity. These include visualization techniques such as
those described by Hinton (1989), and statistical approaches
such as hierarchical cluster analysis (Sejnowski and Rosen-
berg, 1987). Other approaches that can be used to facilitate
network description include those described in Mozer and
Smolensky (1988) and Nowlan and Hinton (1991).

5. Simulations

We performed six sets of simulation experiments that
were designed to test the effectiveness of our method of
rule extraction. The simulations range from small-scale
problems for which we know the solution in advance and
can verify whether theinterpretation procedure producesthe
correct outcome, to larger-scale problems from the Univer-
sity of California at Irvine machine learning repository.

5.1. Random functions

Extraction performance was first tested using random n-
of-m functions known to be learnable by a single sigmoidal
unit. We tested 100 simple n-of-m functions of 10 Boolean
variables in groups of 10 using a 10-0-10 feedforward
network. An example of one of these groups of functions
is shown as follows:

fy = 20f (I5,110)

f,=10f (I

fa=60f (Iy,1, 13,0415, 1g 110)
fa=20f (I,15,13,04, 15,16, 17,15, Tg, T10)
fs = 50f (I4,15,17,05, 19, 110)

fo=70f (I, 13,75,17, 15,79, T10)

f; = 1o0f (I3,1¢)
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Table 3
Summary of extraction performance on random functions

Problem Network topology p* Extraction error

Mean Standard deviation Mean (%) Standard deviation (%)
Random n-of-m functions 10-0-10 5.20 0.19 0.01 0.01
Random augmented n-of-m 10-0-1 4.54 0.32 0.01 0.01

functions

f8 = 70f (Il,lz,|3,|4,|5,|6,|7,|8,|10)
fg = 40f (Il’|2’|3’|4’|59|6’|8’|95|10)

flO =1of (|2, |4, |_8’ |_9)

The network was trained by back propagation on the
standard squared-differences error function (Rumelhart et
al., 1986) using the complete set of 2% = 1024 patterns
for each function. Training was stopped when outputs for
all patterns were within 0.05 of their target —1/+1 values,
and testing was performed by reinjecting the extracted rules
and thresholding outputs at 0. In all simulations the network
learned al the functions and the extracted rules matched the
target functions exactly. The extracted rules therefore
correctly mapped 100% of the patterns. Table 3 summarizes
the extraction performance in terms of the two measures p*
and Eggraion- The high mean p* and low mean extraction
error indicate that the weight configurations taken on by the
network closely match those described by the weight
templates, further confirming the accuracy of the extraction
process. The statistics reported in Table 3 are the ensemble
values obtained by replicating the experiment 10 times with
different initial weights but with the same 100 target func-
tions. The low standard deviations for p* and Eeraction iNdi-
cate that the extraction process is consistent across both the
functions and the experimental replications.

Table 3 aso gives the results of testing 20 random
augmented n-of-m functions of 10 inputs. The functions
were strictly augmented in the sense that values of n, m,
g, and the type of expression (OR or AND) were chosen
such that none of the functions had an equivalent simple
n-of-m form. In this case the functions were tested one at
atime, over 10 replications. In all cases the extracted rules
matched the target functions exceptionally and thus

Table 4
Summary of extraction performance on simple logic functions

correctly mapped all 1024 patterns. Statistical results for
these functions are similar to those for the simple n-of-m
functions. The figures for p* and Eggaion @€ €ncouraging
because they indicate that the more complicated descrip-
tions of templates for augmented n-of-m expressions are
valid models of weight configurations taken on by actua
networks.

The experimentsin this section are admittedly simple, but
they provide evidence supporting the basic ideas behind a
template-based approach to the connectionist rule extrac-
tion. In particular, the experiments show that the informa-
tion on the weights is sufficient to extract a function
responsible for generating the training data. Extracting a
function from the training data itself is relatively easy;
extracting a function from the weightsis yet another matter.

5.2. Smple logic problems

We also tested the extraction algorithms on a simple set
of logic problems that require multilayer nets for their solu-
tion. The problems are as follows:

e the ruleplusexception problem, defined as
O = OR[AND (A,B),AND (A, B,C,D)];

e Xxor-1isthe 2-1-1 version of xor shown in Fig. 2;

e xor-2isastrictly layered (2-2-1) version of xor (Rumel-
hart et al., 1986);

e negation, also described in Rumelhart et al. (1986), is a
problem in which one of the four inputs controls if the

other inputs appear unchanged or negated at the outputs.

The xor-1 and negation problems make use of direct input—
output connections. The negation problem required the use
of a secondary error term to encourage binary hidden unit
activities and therefore alow accurate rule extraction as

Average p* Extraction error
Problem Network Hidden unit Hidden Output Hidden Output Patterns correctly
topology penalty term unit(s) unit(s) unit(s) (%) unit(s) (%) classified by rules (%)
Rule-plus-exception 4-2-1 - 272 6.15 0.8 13 100
xor-1 2-1-1 - 5.68 4.40 0.1 0.1 100
xor-2 2-2-1 - 4.34 5.68 0.4 10 100
Negation 4-3-4 Activation 5.40 517 0.2 22 100
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follows:

Eact = Nact Z (1-0p).
h

This error penalizes non-Boolean hidden activations for
symmetric (—1/+1) units; h is an index over the set of
hidden units, and o, denotes the activation of hidden unit
h. For experiments utilizing E., the regularization para-
meter n,q was initialized at 0 and gradually increased
throughout the course of the training using

Nact = 0.2(1_e*epoch/1ooo)’

where ‘epoch’ denotes the current training epoch number.

Networks for these experiments were trained using the
cross-entropy function (Hinton, 1989). Other simulation
parameters were the same as those given in the previous
section. Networks were trained on the complete pattern
space of each function; rules were then extracted and tested
against al the patterns. Table 4 summarizes the results over
10 replications of each problem with different initial
weights. In addition to the perfect classification perfor-
mance of the rules, the high values of p* and low values
of extraction error provide evidence that the extraction
process is accurate.

Symbolic solutions for these problems often come in
forms that differ from the canonical form of the function.
For example, the extracted rules for the rule-plus-exception
problem show a level of negation within the network as
follows:

H, = OR(A,B,C, D)
H, = AND (A, B)

O0=0R (HL Hy)

In genera the networks we tested make use of negation to
form equivalent solutions. The extraction process easily
captures these solutions, as long as the units conform the
assumption of approximately Boolean activation behavior.
The following three sets of rules are among some of the
equivalent forms extracted for the xor-2 problem:

Hy = AND (I1,I;) H;=OR(I1,15) Hy=AND (I3,15)
H, =OR(1,1;) Hy=O0R(l3, 1) Hy=AND (I, 1)

O = AND (HI’HZ) O = OR(Hl,Hz) O = AND (H17H2)

Shown later are the three equivalent rule sets extracted for
xor-1. Note that each solution demonstrates the use of an
augmented n-of-m expression.

H = AND (I_l’ Iz)

O = OR[AND (I,15),H]

H = OR (I_l’ Iz)
O = OR[AND (i, l,),H]
H - OR (I_l’ |_2)

O = AND [OR (I, 1,),H]

For the negation problem, we found that without the help
of Exy, the network for this problem would sometimes solve
the problem using hidden activations that were not comple-
tely Boolean, which causes the extraction process to fail.
Shown here is an example of a set of rules extracted in such
acase.

Hy = AND (4,15, 13) Extraction error = 8.4%

H, = AND [OR (I, T3), I1] Extraction error = 8.4%

Hs = AND (I4,1,) Extraction error = 0.0%

Ol =OR [AND (|_2, |_3, |4, Hls Hz, H3), Il] Extraction error = 6.7%

0, = 20f (I3, Hy, Hy) Extraction error = 12.7%

O3 = AND [OR (I, I, I3), Ay, 5] Extraction error = 6.7%

O, = OR[AND (i3, l4), Hs] Extraction error = 0.8%
The values for extraction error suggest that the rules do not
match the original weights exactly. Nevertheless, the rules
correctly account for 56 of the 64 output activities, much
better than one would expect by chance. However, the rules
correctly map only eight of the 16 total patterns. For
comparison, following is a set of correct rules extracted
from the negation network with the help of Exy:

H; = OR(Iy,1y,) Extraction error = 0.0%

H, = OR(iy,1y) Extraction error = 0.4%

Hs = AND (I, 13) Extraction error = 1.4%

O, =y Extraction error = 2.2%

O, = AND [OR (4, I5), Hs] Extraction error = 2.2%

O3 = OR[AND(I4, I3), Hs] Extraction error = 0.1%

O, = OR[AND (l4,1,),H4] Extraction error = 0.1%

Given that the negation problem consists of three separate
xor problems, we can seethat these rules describe a solution.
I, isthe inversion control bit, passing straight through to Oy,
while O,, O;, and O, implement xor functions between 1,
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Table 5
Summary of the MONK’s problems
Training set Test set
Problem Network topology ~ Hidden unit penalty term No of patterns  Performance of rules (%)  No of patterns  Performance of rules (%)
Monks-1  17-3-1 Decay 124 100 432 100
Monks-2  17-2-1 Decay 169 100 432 100
Monks-3  17-0-1 - 122 934 432 97.2

andl,, I and I3, and I, and 14, respectively. The xor solutions
are like those for xor-1 mentioned earlier.

Taken together, these simulations demonstrate the
capabilities of our algorithm when applied to multilayer
networks trained on the complete pattern space of a func-
tion. We turn next to the issue of generalization perfor-
mance.

5.3. The MONK's problems

We tested the generdization performance on the
MONK's problem, a set of three problems used to compare
avariety of symbolic and connectionist learning algorithms
(Thrun et al., 1991). These problems require binary classi-
fication over a six-attribute input space shown as follows:

X1 : head shape & {round, square, octagon}
Xo body shape & {round, square, octagon}
X3 : is smiling € {yes, no}

Xq : holding € {sword, balloon, flag}

X5 : jacket_color € {red, yellow, green, blue}

X : has tie € {yes, no}

These attributes are based on an artificial robot domain and
give rise to 432 possible robots. For each of the problems, a
subset of 432 possible robots was used to provide the train-
ing data, and the complete set was used to test the general -
ization performance. The three MONK'’s problems are:

monks-1:

(head_shape = body shape) or (jacket_color is red)
monks-2:

exactly 2 of the attributes have their first value

monks-3:

(jacket_color is green and holding is sword) or (jacket_co-
lor is not blue and body_shape is not octagon)

The monks-1 problem has 124 patterns in its training set,
monks-2 has 169, and monks-3 has 122. Training sets for
monks-1 and monks-2 contain no noise, but the training set
for monks-3 contains six patterns that are misclassified,
which amounts to approximately 5% training noise. In all
cases, the test sets are noise-free.

We tested the MONK'’s problems using a —1/+1 input

unit for each of the 17 possible attribute values. Training
continued until the outputs for all patterns were within 0.05
of their target —1/+1 values. We made use of the grouped-
input variant of our extraction algorithm described in
Section 3.7.1. A group was associated with each of the six
input attributes, having 3, 3, 2, 3, 4, and 2 weights, respec-
tively. For monks-1 and monks-2, we also applied a selective
weight decay to hidden weights, implemented using the
additional error term

Edecay = Mdecay z Z Wiz’

g i

where g is an index over weight groups and i is an index
over al the weights within a group except the maximum
absolute value weight, denoted ig™. For monks-1, we used
TNdecay = 0.1. For monks-2, we used the following schedule:

Tecay = 50(1_ e epoch/lOOO)‘

The results are summarized in Table 5. Our performance
was equal to or better than that of all of the systemstested by
Thrun et a. (1991) for the monks-1 and monks-2 problems.
Moreover, the rules extracted by our algorithm were very
concise and easy to understand, in contrast to those
produced by several other symbolic systems. (The two
connectionist systems reported in Thrun et a., 1991, were
opague, i.e. no rules were extracted.) Consider the following
output of our extraction technique for the monks-1 problem:

H, = 2 of (head_shape square, body shape square,
jacket_color not red)

H, = 2 of (head_shape not round, body_ shape
not round, jacket color red)

H; = 2 of (head_shape octagon, body_shape octagon,
jacket_color not red)

O - 20f (Hl’ H2, Hg)

Recall that the target concept for this problem is: (head
shape = body shape) or (jacket color is red). Given that
there are only three possible values for head shape and
body shape, the aforementioned rules can be seen to be a
correct expression of the concept. All the rules extracted for
this problem were simpl e variations on the set shown earlier.

Typical rules extracted for the monks-2 problem included
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Table 6
Summary of performance on the promoter recognition task
Training set Test set
Network topology No of patterns Perf. of network Perf. of rules No of patterns Perf. of network Pref. of rules
228-0-1 105 100.0% 95.9% 1 94.2% 87.6%
the following: The experiments in rule extraction described here are by no

H; = 2 of (head_shape round, body_shape round,
is_smiling yes, holding sword, jacket color red,
has _tie yes)

H, = 3 of (head shape round, body shape round,
s smiling yes, holding sword, jacket color red,
has tie yes)

O = AND (Hl, Hz)

All the rules extracted for this problem were similar in form
to these. These rules demonstrate a rather elegant use of n-
of-m expressions to describe the target concept. The rules
express the idea of ‘‘exactly 2"’ by saying, in effect, ‘‘at
least 2 but not 3."" This is as much as a human might
describe the concept.

The monks-3 problem is difficult both because of the
training noise and the nature of the underlying function.
The function is a disunction of two terms, but the terms
are such that 420 of the 432 total patterns can be account for
by the second digjunct: jacket color is not blue and body -
shape is not octagon. The other digjunct is required to map
the remaining 12 patterns. The overall function is therefore
similar in character to the rule-plus-exception problem
discussed earlier. The training set for monks-3 includes
only two of the 12 patterns mapped by the ‘exception’
digunct. This makes for a difficult learning problem even
in the absence of noise. While our networks had no difficulty
learning the training patterns using hidden units, our gener-
alization performance on the test set was poor, because the
networks had learned the noise present in the training set. In
his own experiments applying the connectionist networksto
the monks-3 problem, Thrun et al. (1991) used weight decay
to improve generalization. However, this still did not lead to
interpretabl e weight configurations. Our solution was to use
a network with no hidden units. Our network did not
perfectly learn the training patterns, but it matched Thrun’s
generalization performance of 97.2%. It did this by picking
the dominant digunct out of the training noise; the rule
extracted in every case was:

O = AND (jacket_color not blue, body shape not octagon).

The 12 patterns in the test set missed by this rule are
precisely those patterns covered by the other digunct: jack-
et_color is green and holding is sword.

The MONK' s problems provide a good testing ground for
exploring the generalization performance of our algorithm.

means an exhaustive treatment of these problems, but they
do illustrate some of the general strengths and weaknesses
of our approach. Results on the monks-1 and monks-2
problems are noteworthy because they show the power of
n-of-m rules to capture equality of feature values and to
express complex concepts such as ‘‘exactly 2'".

A weakness of our method illustrated by these problems
is the dependence on an extra error term for hidden unitsin
multilayer configurations. (A similar dependence was illu-
strated by the negation problem of the previous section.)
Weight decay was required for reliable rule extraction on
monks-1 and monks-2. When we removed the weight decay,
the network still learned the function, but the weights were
not interpretable using our procedure. Interpretation
problems also occurred when we used more hidden units.
This experience points up the main disadvantage of our
procedure: it is not effective when a network solves a
problem using weight configurations that do not match
those described by our weight templates. As demonstrated
here, judicious use of extra error terms can often steer a
network toward interpretable solutions, but in genera the
effectiveness of our procedure will be problem dependent.

5.4. Promoter recognition

The remaining three simulations address extraction
performance on real-world databases from the University
of Californiaat Irvine machine learning repository (Murphy
and Aha, 1994). The first of these is the promoter recogni-
tion task. Thistask was studied extensively by Towell and a
good explanation of the problem may be found in Towell
(2991). In brief, promoters are short DNA sequences that
mark the beginnings of genes. Identifying the locations of
genes (portions of DNA that are transcribed into proteins) is
an important goal of molecular biology research. DNA
sequences for which the promoter status is known make
up the data set for this problem. The data includes 53
promoters and 53 non-promoters, for atotal of 106 patterns.
Each of the patterns represents a DNA sequence that is 57
elements long. Each element of the sequence may take on
one of thevalues A, C, G, or T. In this problem the elements
areindexed from —50to +7, inclusive (Anindex of O isnot
used.) Thisallows subsequenceswithin the overall sequence
to be described using a convenient ‘ @index’ notation. For
example, the description **@-10 ‘A-TTG'"" specifies the
composition of the subsequence located between indices
—10and —14. (The'* —"" indicates an unspecified element.)

We coded each element of the sequences using a simple
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Table 7
Summary of performance on the voting record task
Training set Test set
Network topology No of patterns Perf. of network Perf. of rules No of patterns Perf. of network Pref. of rules
16-0-1 387 97.3% 96.2% 43 95.7% 95.9%
1-of-4 local representation, so there were 228 input unitsin V= Voted for adoption-of-the budget bill
our network for this task, divided into 57 natural groups of V,=  Voted for physician-fee-freeze hill
four. We achieved the best results with no additional penalty Vs = Voted for el-salvador-aid hill
terms, no hidden units, and by restricting al weights to be Ve = Voted for religious-groups-in-schools bill
positive. Training continued until al outputs were within V; = Voted for anti-satellite-test-ban bill
0.05 of their target values. We followed a leave-one-out Vg =  Voted for aid-to-nicaraguan-contras bill
cross-validation procedure: A total of 106 networks were Vo= Voted for mx-missile bill
trained, each on 105 patterns, with the remaining pattern Vio= Voted for immigration hill
in each case being used for generalization testing. Each Vi = Voted for synfuels-corporation-cutback bill
network was trained 10 times using different initial weights, Vi, = Voted for education-spending bill
so atotal of 1060 networks was tested. Vi3 = Voted for superfund-right-to-sue bill
Table 6 shows a summary of results, averaged across all Vs = Voted for crime hill
1060 simulations. It isinteresting to note that a network with Vis = Voted for duty-free-exports bill
no hidden units can learn all the patterns. As shown by the Vi = Voted for export-admin-south-africa hill

table, such a network achieves 94.2% generalization perfor-
mance without rule extraction. Rule extraction reduces the
performance to 87.6%. This figure is less than the best
performance (96%) of Towell (1991), but is nonetheless
impressive when viewed in light of the simplicity and
comprehensibility of our extracted rules. While Towell’s
results for this task included five rules like the one shown
in Section 4.2, our single rule is quite simple:

promoter = 5 of (@—45 ‘AA------- TTGA-A-----T------
T--—--AAA----C)

This rule was extracted in 515 of the 1060 simulations we
ran. A total of 28 unique rules was extracted over the course
of the 1060 simulations. Most rules possessed many termsin
common with the aforementioned 5-of-13 rule. For exam-
ple, the next most frequently occurring rule (337 times) was:

promoter 5 of (@—45 ‘AA------- TTGA-A--T-T------
T-----AA-----C')

The results for this problem are a good illustration of the
complexity and expressiveness differences between our
method and Towell’s method. Although our rule is less
expressive, it is completely symbolic and very easy to
understand.

5.5. Congressional voting records

The next task we studied was the congressional voting-
record data base in the UCI machine learning repository.
This task involved predicting the political party affiliation
(Democrat or Republican) for members of the US House of
Representatives based on 16 key votes taken during 1984.
The votes are defined as follows:

Vl =
V,

Voted for handicapped-infants bill
Voted for water-project-cost-sharing bill

The attributes of this problem map directly into aBoolean
input coding. As with the problem of the promoter, we
achieved best results with no hidden units; our network
was thus a 16-0-1 configuration. As a zero-hidden unit
network cannot quite learn &l the training patterns, training
was stopped when error seemed to reach asymptote. Gener-
alization testing was carried out using 10-fold cross valida-
tion. In this method, the data set is divided into 10 groups,
with nine used for training and the remaining group for test-
ing. Asthe experiment is performed 10 times, each group is
used once as the test set. Additionaly, the grouping itself is
repeated 10 times to eliminate dependencies on the initial
ordering of the patterns. Finaly, in our case each network
was trained and tested 10 times with different initial random
weights. Thus 100 networksweretrained and tested 10 times
each for this experiment. To make the calculation easier, a
subset of 430 of the 435 patternsin the database was used for
all the experiments here. This means that each training set
had 387 patterns and each test set had 43 patterns.

Table 7 summarizes the simulation results for this
problem. The table indicates that a very good performance
is achieved for this problem without the use of hidden units.
The average value of p* for these smulations was 1.105,
and the average value of the extraction error was 13.15%.
The rule most frequently extracted for this problem is:

Democrat = OR[5 of (V3, V7, Vg, Vig, Vi1, Vio), Val.

Thisrule indicates astrong link between the party affiliation
and the vote on physician fee freezes. In fact, an inverse
dependence on V, was exhibited in all of the 49 unique rules
extracted for this problem. Thisisnot surprising, asthe class
predictiveness values for this attribute — the probability that
the affiliation is Republican given ayes vote, and the prob-
ability that the affiliation is Democrat given a no vote — are
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Table 8
Encoding of features for the breast-cancer problem

J.A. Alexander, M.C. Mozer / Neural Networks 12 (1999) 479-498

Attribute value Inputs
I I I3 Iy Is lg I Ig lg
1 -1 -1 -1 -1 -1 -1 -1 -1 -1
2 1 -1 -1 -1 -1 -1 -1 -1 -1
3 1 1 -1 -1 -1 -1 -1 -1 -1
4 1 1 1 -1 -1 -1 -1 -1 -1
5 1 1 1 1 -1 -1 -1 -1 -1
6 1 1 1 1 1 -1 -1 -1 -1
7 1 1 1 1 1 1 -1 -1 -1
8 1 1 1 1 1 1 1 -1 -1
9 1 1 1 1 1 1 1 1 -1
10 1 1 1 1 1 1 1 1 1
0.92 and 0.99, respectively. The strength of the V, link is Additionally, using an input representation which facilitates
reflected by the fact that it stands alone as aterm inside an less-than or greater-than conditions seems like an appropri-
augmented n-of-m expression. According to the template ate bias for a diagnosis task such as this.
definitions for these expressions, it carries a weight five Applying the aforementioned encoding to each of the
times that carried by the items in the 5-of-6 term of the nine attributes for this task resultsin 81 inputs. We obtained
augmented expression. the best results by using three hidden units and by restricting
These results are noteworthy because the generalization the hidden weights to be positive. However, a penalty for
performance of the rules is virtually identical to that of the hidden unit activations or weight decay was not required.
raw network. This indicates that the extracted rules are Training continued until the training error appeared to
capturing a significant portion of the computation being asymptote. Generalization testing consisted of 10-fold
performed by the network. cross validation as described for the voting-record task,
using 630 patterns for training and 70 patterns for testing.
5.6. Breast cancer diagnosis A summary of our results on the breast-cancer diagnosis
task isgivenin Table 9. Asan example of therules extracted
Our final simulation involved the UCI repository breast for this task, consider the following:
cancer (data base courtesy by Dr. William H. Wolberg; see _ . . .
also Mangasarian and Wolberg, 1990). The goal of thistask Hl. o 4 of (th|ckne$ > 3, size > 1, adhesion > 2,
) S . . . epithelial > 5, nuclei > 3, chromatin > 1, normal > 2,
isto determ| ne |f. atumor is benl_gn or mallgnant_based on mitoses > 1)
thefollqwmg .attr|bute£: clump thlckngss, unlformlty of cell H, — 3 of (thickness > 6, size > 1, shape > 1,
size, uniformity of cell shape, margina adhesion, single o .
o . i . epithelial > 1, nuclei > 8, normal > 9)
epithelial cell size, bare nuclei, bland chromatin, normal O = AND (Hy, Hy)
nucleoli, and mitoses. In the UCI data base, each of these LT
attributes is nominally coded with integer values between 1 These rules were extracted with p* values of approxi-
and 10 inclusive. Instead of using a standard local represen- mately 1.8, 3.6, and 2.8, respectively. They account for
tation for each attribute, we used a thermometer coding 674 (or 96%) of the 700 total patterns. In approximately
(Table 8). This coding is advantageous because it alows 20% of the simulations, including this run, H did not figure
less-than or greater-than conditions for an attribute to be into the overall rule. No single set of rules dominated for
detected with a single weight in the attribute group. For this problem, but many of the rules extracted over different
example, for the network to learn the condition training sets differed only dightly in their use of terms
clump thickness > 6, it merely has to develop a positive involving the various attributes. For example, instead of
weight associated with input number 6. (Under a purely specifying thickness > 3, arule might specify thickness > 4.
local representation, this would require four weights, one As with the voting-record task, these results are signifi-
for each of inputs 6-9.) This property is consistent with the cant because the generalization performance of the rulesis
template selection method based on input groupings. very close to that of the raw network, indicating that the
Table 9
Summary of performance on the breast-cancer diagnosis task
Training set Test set
Network topology No of patterns Perf. of network Perf. of rules No of patterns Perf. of network Pref. of rules
81-3-1 630 98.5% 96.3% 70 95.8% 95.2%
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rule-based description is capturing most of the computation
being performed by the network.

5.7. Discussion of simulation results

We have presented a collection of simulations performed
using our template-based rule extraction algorithms. The
domainsincluded: randomly-generated n-of-mand augmen-
ted n-of-m functions, ssimple logic problems, a set of learn-
ing benchmarks known as the MONK’ s problems, and three
problems from the UCI machine learning repository.
Together these problems represent a good range of learning
tasks. For each problem, we gave examples of the kinds of
rules extracted and discussed conditions under which the
extracted rules provided an accurate description of network
behavior.

Several conclusions can be reached from the results of
our simulations. The algorithms appear to be very effective
on single-layer networks. This is not surprising, as these
networks must make use of Boolean activations at the
outputs in order to solve the classification problems. The
algorithms also seem effective on highly constrained multi-
layer networks (e.g. networks that have an appropriate
number of hidden units and that make use of appropriate
secondary error terms). Our approach breaks down in multi-
layer networks when the hidden units do not take on
Boolean activations. This problem aside, the simulations
demonstrate the feasibility of our approach to connectionist
rule extraction, and provide compelling evidence that our
approach can be used to interpret and understand the beha-
vior of a neural network.

6. Conclusion and future directions

This article has presented a genera approach for extract-
ing various types of n-of-m symbolic rules from trained
networks of sigmoidal units, assuming approximately
Boolean activation behavior. Our approach makes several
contributions to the study of neural network interpretation
and rule extraction. First, we have made a principled exten-
sion to the template-based approach of McMillan, giving it a
more rigorous mathematical treatment. Second, we have
demonstrated the flexibility of our genera approach by
showing how the basic extraction algorithm may be adapted
to the particular needs of an application domain. Third, we
have compared our method of rule extraction to that
presented by Towell, concluding that the two methods
embody different choices in the trade off between complex-
ity and expressiveness. The symbolic rules produced by our
method are less expressive but aso considerably less
complex than the mixed symbolic and numeric rules
produced by Towell’'s method. Simulations conducted
with our algorithms demonstrated their overall usefulness
as well as the general strengths and weaknesses of our
approach.

The simulations reported in thiswork used rule extraction

after training error reached asymptote. One promising possi-
bility that we did not explore is the idea of extracting rules
during training, and then reinjecting them back into the
network for further training. McMillan (1992) reported the
use of such an iterative extraction technique and determined
that this method slightly improved the ultimate generaliza-
tion performance of his system. The appeal of extracting and
reinjecting rules during training is that the extraction opera-
tion provides away of taking a step (through weight space)
not based on the gradient of the error function. It thus hasthe
potential of altering the network’s path through weight
space as well as its eventual destination. If extraction/rein-
jectionisperformed at the right times during training, it may
help constrain a network, biasing it toward solutions that are
for the most part symbolic. Determining exactly when to
perform the extractions in such a scheme would be a subject
for further investigation. One could extract at some uniform
interval during training based on epoch counts. Another
approach would be to extract based on how the value of
the error function was changing during training. Y et another
idea would be to perform an extraction fairly regularly, but
only reinject the extracted rulesif criteriafor p* and Eggraction
were met.

Jordan (1998) has suggested that the sigmoid belief
networks of Neal (1991) may offer a principal alternative
to introducing penalty terms when Boolean unit behavior is
desired. An interesting direction would be to apply
template-based extraction techniques to such belief
networks. Jordan has also pointed out that our weight
templates can be viewed as special cases of certain invar-
iances (syzygies) in thefield of symbolic algebra. Exploring
this relationship in detail could provide a stronger theoreti-
cal basis for weight templates, and could lead to additional
insights on their uses and limitations in connectionist
systems.

We began this article with a discussion of opacity in the
connectionist networks. In al likelihood, no one solution
exists to this challenging problem, but template-based tech-
nigques provide a broad set of tools that can be tailored to a
task domain. Advances are clearly being made in analyzing
the behavior of networks through rule extraction. An impor-
tant contribution of our work has been to show that rule-
extraction techniques are approaching alevel of sophistica
tion, where they will be useful in interpreting the behavior
of networks on challenging, real-world problems.
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Appendix A

This appendix presents the two theorems referred in the
body of the article. These theorems allow for large regions
of the search space of n-of-m expressions to be pruned from
further consideration based on simple attributes of the actual
weight vector being interpreted. The theorems areimportant
because they show that this pruning is mathematically justi-
fied rather than being based on a heuristic.

A.l. Theorem 1

This Theorem demonstrates how knowledge of the signs
of the actua weights may be applied to the extraction
process to reduce the number of templates that must gener-
ated.

Begin with an actual weight vector w and two generalized
n-of-m templatest and s:

W =W; Wy ... WieWg1,
t= tl t2 tk tk+1’

S=S $...5 Sci1-

In this notation, items subscripted with ‘k+1" indicate bias
values. Let each of the weightsin t be represented as t; =
u;p, where p is by definition positive. For t to beavalid n-of-
m template, m of the u; values (i < k+1) must be = 1 and
k—m of the u; values must be 0. In addition, u,,; must be
equal to m+1—2n. For each of the non-zero u;, let u; =
sign(w).

Similarly, let each of the weights in s be represented by
s = vip, where each of the m non-zero v; values (including
the bias value vy, ,) are such that either v, = u; or v; = —u;.
Let j bean index over the caseswherev; = —u;, and let these
cases number at least one. Then t and s are identical except
that some of the non-zero weightsin s have the opposite sign
of their counterpartsin t.

The conjecture is that once the templates t and s are
instantiated with values of p, t will always be closer to w
than s. In mathematical terms, this relationship is expressed
as

2 2
[t=w[” < [ls—wl|".
To show that this is indeed the case, note that

k+1 k+1

lt=wl? =d = > up-wp® = (sign(w)|u[p—w)?,
i=1 i=1

and

k+1

ls—wl? = ds= > (vip-w)?
i=1

k+1
= > (Sgnwp)vilp—w)>+4p > vl |-
i=1 j

The distances d; and ds can be minimized by setting their
derivatives with respect to p to zero. This yields the
following optimal values of p:

_ > iy i | |
="

>
i=1

k+1
Zl Wi [Ivi[ =23 [ [[v4]
_ = J
s k+1

> v
i=1

When these values of p, and ps are substituted into d, and d,
respectively, the difference between d, and d; reduces to

o{ i) (5 il S gl
k+1

>
i=1

ds—d; =

As the weights indexed by j aways form a subset of the
complete set of k+1 weights, the difference ds—d is always
positive,” meaning that t is always closer tow than iss. The
Theorem is complete. Note also that the aforementioned
equation for p; guarantees a positive value, as required by
the template definitions.

A.2. Theorem 2

This Theorem demonstrates how knowledge of the
magnitudes of the actual weights may be applied to the
extraction process to further reduce the number of candidate
templates.

Begin with an actual weight vector w and two generalized
n-of-mtemplatest and s:

W = Wy Wo... W W1,
t= tl tz...tk tk+lv

S=S1 ... K1

Asin Theorem 1, items subscripted with ‘k+ 1’ indicate bias
values. Let theweightsint and s be represented by t; = up
and § = v|p, respectively. In accordance with Theorem 1,
the signs of any non-zero u; and v, are equal to the signs of
the corresponding w;. Let the mnon-zero u, (I < k+1)int
correspond to the m highest absol ute value actual weightsin
w, and let the m non-zero v, in s correspond to any other set
of weights in w. Also in accordance with Theorem 1, let
Ugr1 = Vip1 = M+1-2n for some value n such that
SIgN(Ug+ 1) = SIgN(Vicy 1) = SIgN(Wicy1). Templates t and s

2 Note that when all the weightsin s are inverted from their counterparts
int (i.e. j spansthe complete set of m+1 weights), the difference ds—d is
zero. Thisis not surprising, asin that case ps = —p;, and when thisvalue is
substituted into s the templates s and t become identical.
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thus reflect the same values of n and m, and they are both
consistent with the results of Theorem 1. They differ in that
their m terms involve different sets of inputs.

For convenience in what follows, we use four subscripts
to index over subsets of the k+1 elementsin w,t, and s

i indexes over the m+1 non-zero weightsin t;
j indexes over the m+1 non-zero weightsin s,
i* indexes over the k—m zero weightsin t;
j* indexes over the k—m zero weightsin s.

In this scheme i and i* together include all the k+1
elements, asdo j and j* together.

The claim we wish to prove is that once the templates t
and s are instantiated with the values of p, the following
relationship is guaranteed:

Jt—wl* < lls—w>

To show that this relationship holds, we follow a similar
course of action as in Theorem 1. The distances d; and ds
are given as.

k+1 ) k+1 5
d= > @p—w)® = (ulp—|w]?

=1 =1

and

k+1 k+1

ds= > vp—w)’ = > (vilp—|wi)?>
=1 =1

Using the subscripts described earlier, optimal values of p
fort and s are:

> wi ]
i
pt - ZUIZ s
i
> Iy
_
pS_ ZVIZ .
i

Ast and s reflect the same values of n and m, we can make
the following simplification:

D=>u=>Vv
i j
The values of d; and d are then
do =D (ulp—wih?+ > wi,
i i*
ds =D (vilp—w >+ > wf.
j i

When p; and ps are substituted into d; and ds, respectively,

the difference between d; and d, reduces to

2 2
(z|wi||ui|) —(z|w,-||vi|)
d—d = J :

D

This difference is always positive, by the following reason-
ing: The subscriptsi and j index the same number of non-
zero weights (m+1 in each case). For each non-zero weight
indexed by i or j, |u;| = |vj|. By definition the sum of the |w;|
values exceeds that of the |w;| values. The difference of the
sguares of these sumsisthen positive, and D isalso positive.
Thus, ds is always greater than d, and the claim is proven.

References

Bridle, J. S. (1989). Probabilistic interpretation of feedforward classifica-
tion network outputs, with relationships to statistical pattern recogni-
tion. In F. Fogelman-Soulie & J. Herault (Eds.), Neuro-computing:
algorithms, architectures and applications, (pp. 227). Berlin: Springer.

Dinsmore, J. (Ed.) (1992). The symbolic and connectionist paradigms:
closing the gap. Hillsdale, NJ: Erlbaum (Lawrence).

Dolan, C. P., & Smolensky, P. (1989). Tensor product production system: a
modular architecture and representation. Connection Science, 1, 53—68.

Fu, L. M. (1989). Integration of neura heuristics into knowledge-based
inference. Connection Science, 1, 325-340.

Fu, L.M. (1991). Rule learning by searching on adapted nets. Proceedings
of the Ninth National Conference on Artificial Intelligence (pp. 590—
595).

Gallant, S. 1. (1988). Connectionist expert systems. Communications of the
ACM, 31, 152-169.

Hayashi, Y. (1990). A neura expert system with automated extraction of
fuzzy if-then rules and its application to medical diagnosis. In R. P.
Lippmann & J. E. Moody & D. S. Touretzky (Eds.), (pp. 578). Advances
inneural information processing systems, 3. San Mateo, CA: Kaufmann
(Morgan).

Hinton, G. E. (1989). Connectionist learning procedures. Artificial Intelli-
gence, 40, 185-234.

Holland, J. H., Holyoak, K. J., Nisbett, R. E., & Thagard, P. R. (1986).
Induction: processes of inference, learning, and discovery. Cambridge,
MA: MIT Press.

Jacobs, R. A., Jordan, M. I, Nowlan, S. J., & Hinton, G. E. (1991). Adap-
tive mixtures of local experts. Neural Computation, 3, 79-87.

Jordan, M.1. (1998). Personal communication.

Mangasarian, O. L., & Wolberg, W. H. (1990). Cancer diagnosisvialinear
programming. SIAM News, 23 (5), 18.

McMillan, C., Mozer, M. C., & Smolensky, P. (1991). Rule induction
through integrated symbolic and subsymbolic processing. In J. E.
Moody & S. J. Hanson & R. P. Lippmann (Eds.), (pp. 969). Advances
inneural information processing systems, 4. San Mateo, CA: Kaufmann
(Morgan).

McMillan, C. (1992). Ruleinduction in a neural network through integrated
symbolic and subsymbolic processing. Unpublished Ph.D. Thesis.
Department of Computer Science, University of Colorado, Boulder,
CoO.

Minsky, M. (1991). Logical versus analogical or symbolic versus connec-
tionist or neat versus scruffy. Al Magazine, Summer 1991, pp. 35-51.

Mozer, M. C., & Smolensky, P. (1988). Skeletonization: atechnique for
trimming the fat from a network via relevance assessment. In D. S.
Touretzky (Ed.), (pp. 107). Advancesin neural information processing
Systems, 1. San Mateo, CA: Kaufmann (Morgan).

Murphy, P.M., Aha, D.W. (1994). UCI repository of machine learning
databases. [Machine-readable data repository.] Irvine, CA: Univer-
sity of California, Department of Information and Computer



498

Science. Monks data courtesy of Sebastian Thrun, promoters data
courtesy of M. Noordewier, J. Shavlik, congressional voting data
courtesy of Jeff Schlimmer, breast cancer data courtesy of Dr
William H. Wolberg.

Neal, R. (1991). Unpublished doctoral dissertation.

Nowlan, S. J., & Hinton, G. E. (1991). Adaptive soft weight tying using
gaussian mixtures. In J. E. Moody & S. J. Hanson & R. P. Lippmann
(Eds.), (pp. 993). Advancesin neural information processing systems, 4.
San Mateo, CA: Kaufmann (Morgan).

Rumelhart, D. E., Hinton, G. E., & Williams, R. J. (1986). Learning internal
representations by error propagation. In D. E. Rumelhart & J. L.
McClelland & the PDP Research Group (Eds.), (pp. 318). Parallel
distributed processing: explorations in the microstructure of cognition,
1. Cambridge, MA: MIT Press Foundations.

Sejnowski, T. J., & Rosenberg, C. R. (1987). Parallel networks that learn to
pronounce English text. Complex Systems, 1, 145-168.

J.A. Alexander, M.C. Mozer / Neural Networks 12 (1999) 479-498

Sun, R. (1991). Connectionist models of rule-based reasoning. Proceedings
of the Thirteenth Annual Conference of the Cognitive Science Society.
Hilsdale, NJ: Erlbaum (Laurence) pp. 437—442.

Thrun, S.B. and 23 other authors (1991). The MONK'’s problems — a
performance comparison of different learning algorithms. Technical
Report CS-CMU-91-197. Carnegie Mellon University, Pittsburgh, PA.

Touretzky, D. S, & Hinton, G. E. (1998). A distributed connectionist
production system. Cognitive Science, 12, 423-466.

Towell, G. (1991). Symbolic knowledge and neura networks: Insertion,
refinement and extraction. Ph.D. Thesis. Department of Computer
Science, University of Wisconsion, Madison, WI.

Towell, G., & Shavlik, J. W. (1991). Interpretation of artificial neura
networks: mapping knowledge-based neural networks into rules. In J.
E. Moody & S.J. Hanson & R. P. Lippmann (Eds.), (pp. 977). Advances
in neural information processing systems, 4. San Mateo, CA: Kaufmann

(Morgan).



