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¥ Review basic r easoning about
sequences

¥ Br eak
¥ Hidden event s
¥ 3 Pr oblems
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Chain Rule

P(E1,E2,E3,E4,E5)

P(E5| E1,E2,E3,E4)P(E1,E2,E3,E4)

P(E4| E1,E2,E3)P(E1,E2,E3)

P(E3| E1,E2)P(E1,E2)

           P(E2| E1)P(E1)
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Chain Rule

Rewr it ing t hat Õs j ust
P(E1)P(E2|E1)P(E3|E1,E2)P(E4|E1,E2,E3)P(E5|E1,E2,E3,E4)

The probability of a sequence of events is just the product
of the conditional probability of each event given it Õs
predecessors (parents/causes in belief net terms).
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Mar kov Assumpt ion

¥ This is j ust  a sequence based
independence assumpt ion j ust  like
wit h belief  net s.
ÐNot  all t he pr evious event s mat t er

 P(EventN|Event1 to Event N-1)=
P(EventN|EventN-1+K to Event N-1)
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Fir st  Or der  Mar kov

P(E1)P(E2|E1)P(E3|E1,E2)P(E4|E1,E2,E3)P(E5|E1,E2,E3,E4)

P(E1)P(E2|E1)P(E3|E2)P(E4|E3)P(E5|E4)



4

Wednesday, November 15,
2006

CSCI 5582 Fall 2006 7

Mar kov Models

¥ You can view simple Mar kov assumpt ions
as ar ising f r om under lying pr obabilist ic
st at e machines.

¥ I n t he simplest  case (f ir st  or der ),
event s cor r espond t o st at es and t he
pr obabilit ies ar e gover ned by
pr obabilit ies on t he t r ansit ions in t he
machine.
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Weat her

¥ Let Õs say weÕr e t r acking t he weat her
and t her e ar e 4 possible event s (each
day, only one per  day)
ÐSun, clouds, r ain, snow
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Example

Rain

Snow

Sun

Clouds
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Example

¥ I n t his case we need a 4x4 mat r ix of
t r ansit ion pr obabilit ies.
ÐFor  example P(Rain| Cloudy) or

P(Sunny| Sunny) et c

¥ And we need a set  of  init ial
pr obabilit ies P(Rain). That Õs j ust  an
ar r ay of  4 number s.
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Example

¥ So t o get  t he pr obabilit y of  a sequence
like
ÐRain r ain r ain snow

ÐYou j ust  mar ch t hr ough t he st at e machine

ÐP(Rain)P(r ain| r ain)P(r ain| r ain)P(snow| r ain)
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Example

¥ Say t hat  I  t ell you t hat
ÐRain r ain r ain snow has happened

ÐHow would you answer
¥ What Õs the most likely thing to happen next?

ÐSay I  set  t his all up, gave you a big
hist or y of  weat her  event s, but  I  didnÕt
give you t he pr obabilit ies in t he model?
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Hidden Mar kov Models

¥ Add an out put  t o t he st at es. I .e. when
a st at e is ent er ed it  out put s a symbol.

¥ You can view t he out put s, but  not  t he
st at es dir ect ly.
ÐSt at es can out put  dif f er ent  symbols at

dif f er ent  t imes
ÐSame symbol can come f r om many

st at es.
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Hidden Mar kov Models

¥ The point
ÐThe obser vable sequence of  symbols does not

uniquely det er mine a sequence of  st at es.

¥ Can we never t heless r eason about  t he
under lying model, given t he obser vat ions.
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Hidden Mar kov Model
Assumpt ions

¥ Now weÕr e going t o make t wo
independence assumpt ions
ÐThe st at e weÕr e in depends

pr obabilist ically only on t he st at e we
wer e last  in (f ir st  or der  Mar kov
assumput ion)

ÐThe symbol weÕr e seeing only depends
pr obabilist ically on t he st at e weÕr e in
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Hidden Mar kov Models

¥ Now t he model needs
ÐThe init ial st at e pr ior s

¥ P(State i)

ÐThe t r ansit ion pr obabilit ies (as bef or e)
¥ P(State j | State k)

ÐThe out put  pr obabilit ies
¥ P(Observation i| State k)
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HMMs

¥ The j oint  pr obabilit y of  a st at e sequence X
and an obser vat ion sequence E isÉ

! 

P(X 0,X1,...Xt,E1,...Et) = P(X 0)P(E 0 |X 0) P(Xi |Xi " 1)P(Ei |Xi)
i=1

t

#
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Noisy Channel Applicat ions

¥ The hidden model r epr esent s an
or iginal signal (sequence of  wor ds,
let t er s, et c)

¥ This signal is cor r upt ed
pr obabilist ically. Use an HMM t o
r ecover  t he or iginal signal

¥ Speech, OCR, language t r anslat ion,
spelling cor r ect ion,É
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Noisy Channel Basis

DecodingÉ

Ar gmax P(st at e seq| obs) =

       P(obs |  st at e seq)P(st at e seq)

Now make 2 Fir st  Or der  Mar kov assumpt ions:

Out put s depend only on t he st at e

   Cur r ent  st at e depends only on t he pr evious
st at e

!  

P(X 0,X1,...Xt,E1,...Et) = P(X 0)P(E 0 | X 0) P(Xi | Xi " 1)P(Ei | Xi)
i=1

t

#
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Thr ee HMM Pr oblems

¥ The probability of an observation sequence given a
model
Ð For war d algor it hm
Ð Pr edict ion f alls out  f r om t his

¥ The most likely path through a model given an
observed sequence
Ð Vit er bi algor it hm
Ð Somet imes called decoding

¥ Finding the most likely model (parameters) given
an observed sequence
Ð EM Algor it hm
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Pr oblem 1

¥ What Õs t he pr obabilit y assigned t o a
given sequence of  obser vat ions given
a model
ÐP(Out put  sequence| Model)
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Pr oblem 1

¥ Solut ion:
ÐEnumer at e all t he possible pat hs t hr ough

a model and calculat e t he pr obabilit y
t hat  each pat h could have pr oduced t he
obser ved sequence.

ÐSum t hem all; t hat Õs t he pr obabilit y t hat
t his model could have pr oduced t he
obser ved out put
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Pr oblem 2

¥ This is r eally diagnosis over  again. What
st at e sequence is most  likely t o have
caused t his obser ved sequence?
Ð Argmax P(State Sequence | Observations)
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Pr oblem 2

¥ Solut ion:
ÐEnumer at e all t he pat hs t hr ough t he

model and calculat e t he pr obabilit y t hat
each pat h could have pr oduced t he
obser ved out put .

ÐPick t he pat h wit h t he highest
pr obabilit y (ar gmax)
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Pr oblem 3

¥ This t ur ns out  t o be a simple local
opt imizat ion (hill-climbing) sear ch f or
t he set  of  par amet er s (A, B, π) t hat
maximizes t he pr obabilit y of  t he
obser ved sequence.
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Pr oblems

¥ Of  cour se, t her eÕs a minor  pr oblem
wit h our  solut ions t o Pr oblems 1 and
2.
ÐTher e ar e t oo many pat hs t o enumer at e

t hem all and calculat e t heir  pr obabilit ies

ÐThe solut ion is t o use t he Mar kov
assumpt ion t o get  a dynamic
pr ogr amming solut ion t o each
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Ur n Example

¥ A genie has t wo ur ns f illed wit h r ed
and blue balls. The genie select s an
ur n and t hen dr aws a ball f r om it  (and
r eplaces it ). The genie t hen select s
eit her  t he same ur n or  t he ot her  one
and t hen select s anot her  ballÉ
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Ur n Example

Urn 1 Urn 2

.6 .7

.4

.3
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Ur ns and Balls

• Π  Ur n 1:  0.9; Ur n 2:  0.1

¥ A

¥ B

0.70.3Ur n 2

0.40.6Ur n 1

Ur n 2Ur n 1

0.60.3Blue

0.40.7Red

Ur n 2Ur n 1
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Ur ns and Balls: Pr oblem 1

¥ Let Õs assume t he input  (obser vables)
is Blue Blue Red (BBR)

¥ Since bot h ur ns cont ain
   r ed and blue balls
   any pat h t hr ough
   t his machine
   could pr oduce t his out put

Urn 1 Urn 2

.4

.3

.6 .7
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Ur ns and Balls

¥ But  t hose pat hs ar e not  equally likely
ÐWe need t he pr obabilit y of  eit her  ur n

st ar t ing t he st r ing

ÐThe pr obabilit y of  t he next  ur n given t he
f ir st  one

ÐThe pr obabilit y of  t he given ur n giving up
eit her  a r ed or  blue ball

ÐFor  each possible pat h
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Ur ns and Balls

(0.9* 0.3)* (0.4* 0.6)* (0.7* 0.4)=0.01811 2 2

(0.9* 0.3)* (0.4* 0.6)* (0.3* 0.7)=0.01361 2 1

(0.9* 0.3)* (0.6* 0.3)* (0.4* 0.4)=0.00771 1 2

(0.9* 0.3)* (0.6* 0.3)* (0.6* 0.7)=0.02041 1 1

(0.1* 0.6)* (0.7* 0.6)* (0.7* 0.4)=0.00702 2 2

(0.1* 0.6)* (0.7* 0.6)* (0.3* 0.7)=0.00522 2 1

(0.1* 0.6)* (0.3* 0.7)* (0.4* 0.4)=0.00202 1 2

(0.1* 0.6)* (0.3* 0.7)* (0.6* 0.7)=0.00522 1 1

Blue Blue Red:  We want P(this seq |  model)
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Ur ns and Balls

¥ Anot her  view of  t his

U1

U2 U2U2

U1 U1
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Ur ns and Balls: Vit er bi

¥ Pr oblem 2:  Most  likely pat h?
ÐAr gmax P(Pat h| Obser vat ions)

¥ Sweep t hr ough t he columns lef t  t o
r ight  comput ing t he par t ial pat h
pr obabilit ies
ÐKeep t r ack of  t he best  (MAX) pat h t o

each node as you go
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Ur ns and Balls

¥ Anot her  view of  t his

U1

U2 U2U2

U1 U1

0.27

0.06

0.0486

0.0126

0.0648

0.0252

Blue Blue Red
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Ur ns and Balls: For war d

¥ Pr oblem 1: Pr obabilit y of  a input
sequence given a model
ÐP(I nput s |  Model)

¥ Sweep t hr ough t he columns, lef t  t o
r ight , summing t he par t ial pat h
pr obabilit ies as you go
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Ur ns and Balls

¥ Anot her  view of  t his

U1

U2 U2U2

U1 U1

0.27

0.06

0.0486

0.0126

0.0648

0.0252

Blue Blue Red

0.0612

0.09
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Ur ns and Balls

¥ EM
ÐWhat  if  I  t old you I  lied about  t he

number s in t he model (π,A,B).

ÐCan I  get  bet t er  number s j ust  f r om t he
input  sequence?
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Ur ns and Balls

¥ Yup
ÐJ ust  count  up and pr or at e t he number  of

t imes a given t r ansit ion was t r aver sed
while pr ocessing t he input s.

ÐUse t hat  number  t o r e-est imat e t he
t r ansit ion pr obabilit y
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Ur ns and Balls

¥ But É we donÕt  know t he pat h t he input
t ook, weÕr e only guessing
ÐSo pr or at e t he count s f r om all t he

possible pat hs based on t he pat h
pr obabilit ies t he model gives you

¥ But  you said t he number s wer e wr ong
ÐDoesnÕt  mat t er ; use t he or iginal number s

t hen r eplace t he old ones wit h t he new
ones.


