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Abstract

In data assimilation, information from sensors is used to correct the state variables of a numerical
model. This has been used to great advantage by the weather prediction community in the
context of direct numerical simulation (DNS) models. The motivation of the work described in
this paper was to extend this idea to point-vortex models, with the ultimate goal of moving to
real-time simulation of a laboratory-scale vortex-dominated planar jet. This entails extracting
and discretizing the vortex structures from velocity-field data in a computationally efficient
fashion—i.e., using as few discrete vortices as possible to model the measured flow. This paper
describes a new strategy for identifying large-scale vortex structures that augments traditional
methods with a simple computational topology technique, allowing them to find the boundaries
of the coherent structures in a manner that naturally follows the geometry of the flow. This
strategy was applied to two standard vortex-extraction methods, vorticity thresholding and
Okubo-Weiss, and tested upon velocity field data from the experimental fluid flow. The large-
scale structures found in this manner were then modelled with collections of discrete vortices,
and the effects of the grain size of the discretization and the parameters of the discrete-vortex
model were studied. The results were evaluated by comparing the velocity field induced by
the discrete vortices to that measured in the jet. These comparisons showed that the two
extraction techniques were comparable in terms of sensitivity and error, suggesting that the
computationally simpler vorticity thresholding method is more appropriate for this application.
Comparisons of different discretization strategies showed that modelling each large-scale vortex
structure with a single discrete vortex provided the best compromise between mean-squared
error and computational effort.

1 Introduction

The motivation behind the work described in this paper was to use sensor data to correct the state vari-
ables of a point-vortex model of a planar jet flow. This kind of procedure, known as data assimilation, has
been used extensively for many years by the numerical weather prediction community, but only recently in
conjunction with point-vortex models. Because both accuracy and speed are important issues in correcting
a running solver, especially if the goal is to move to real-time simulations, and because corrections are
delivered repeatedly, the type of fine-grained discretization that is typically required for convergence, such
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as [8, pp22–31] or [12], is not a good solution here. Rather, this problem demands an intelligent, easily
adaptable discretization: one that models the flow with only as many discrete vortices as are demanded by
the situation at hand, and one that is guided by the geometry of the flow and not solely by an arbitrary
grid. The solutions described in this paper are based on two classic vortex extraction methods: vorticity
thresholding and the Okubo-Weiss criterion. A computational topology technique[26, 27, 28] was incorpo-
rated into these methods, allowing them to find the vortex boundaries in a principled manner that follows
the smoothness properties of the flow. These techniques were evaluated in the context of particle-image
velocimetry (PIV) data from a planar air jet, using three different strategies for distributing discrete vortices
to match the characteristics of each large-scale vortex. The results proved to be effective for the purposes
of data assimilation into a point-vortex model[29].

Extracting vortex positions and strengths from velocity field data is important for a variety of reasons.
Vortices are surprisingly hard to define, however, and experimental data are inevitably noisy, so this is
not a trivial problem. Some of the methods that have been developed to work around these challenges
identify vortices and distinguish them from other types of coherent structures; others simply discretize the
vorticity field. The work of Jeong & Hussain[17] provides a cornerstone for much of the debate in the fluids
literature about this topic, along with a useful definition that decomposes the velocity gradient tensor ∇~v
into symmetric (S) and anti-symmetric (Ω) parts:

Ω =
1

2
[(5~u) − (5~u)T ]

S =
1

2
[(5~u) + (5~u)T ]

Ω is an effective measurement of vorticity in an incompressible flow. Thus, searching for regions in which
the norm of Ω dominates the norm of S can be an effective technique for identifying vortices; this is the
Q-criterion of [16]. The Okubo-Weiss method[20, 35] is a two-dimensional version of the Q-criterion that
identifies regions where the squared rate of rotation, |Ω|2, dominates the squared rate of strain, |S|2. In
these regions, the flow behavior is classified as elliptic in nature; outside them, the fluid motion is hyperbolic.
It is worth mentioning that Haller’s method [13] also identifies elliptical regions and is invariant under any
type of coordinate change. Haller’s method sprinkles passive tracers throughout the flow, defining vortices
as regions where all tracer trajectories remain on elliptic paths. This careful distinction between elliptic
and hyperbolic properties is important if one wants to distinguish vortices from other vorticity-bearing
structures such as shear layers, but that level of effort is not warranted in the application treated here,
where the goal is simply to discretize the vorticity field. A variety of other approaches use ∇~v in different
ways; [1] and [6], for instance, take its imaginary eigenvalues as evidence of local swirling motion. Some
vortex-extraction research attempts to distinguish vortices from other structures that have high vorticity,
such as shear layers (e.g., [23, 34]). Other methods use the geometry of the flow velocity directly, searching
for foci and centers in streamline patterns[19]; minima in local-angle gradients[23]; spanwise-aligned regions
that are highly correlated[30]; connecting regions where the velocities are in opposite directions[34]; and
regions where the finite-time Lyapunov exponents of the flow suggest the presence of so-called Lagrangian
coherent structures[33]; among others. Many groups have worked out ways to fit velocity data to various
analytical forms, such as wavelets[5, 9, 32] or orthogonal and Fourier decompositions[10, 21, 24], and then
use those decompositions to find the vortices. Other groups use predictor-corrector methods[2] or even
neural nets[18] to find coherent structures in velocity data.

The problem treated in this paper involves a planar flow, and the goal is to compute the positions and
strengths of a set of discrete vortices whose induced velocity fields match the measured flow. In contrast
to some of the methods mentioned above, there is no need to distinguish between vortices and shear layers.
The goal is simply to discretize the vorticity field, and in a manner that can easily be adapted to the
precision requirements of different modeling situations.
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(a) (b)

Figure 1: A planar air jet: (a) Sketch of the experimental apparatus. (b) Side view of the jet flow with
16.83Hz forcing. Re ≈ 93.

2 Methods

2.1 Apparatus

A sketch of the experiment is presented in Figure 1(a). Filtered air entered the base of a plenum, whose
internal cross-section was 400mm by 15mm, and was passed through three flow treatment screens of 1mm
mesh spacing with 0.2mm diameter wire. A cubic spline contraction of area ratio 6 to 1 formed the top of
the plenum. Flow emerged from an exit slit 400mm long and 2.5±0.01mm wide, giving an aspect ratio of
160:1. The velocity profile at the jet exit was parabolic, and developed into a plane symmetric Bickley jet
within a few nozzle widths downstream[22]. The peak jet velocity was 1.36m/s, corresponding to a Reynolds
number of 93 based on the nozzle half-width. The downstream direction is referred to as x, transverse as y
and spanwise as z. The system was highly sensitive to mechanical vibrations and motion of the ambient air.
To minimize these effects, the entire experiment stood on vibration control mounts and was semi-enclosed
by a 1m3 plexiglass box. The resulting jet had a turbulence intensity, in the absence of any forcing, of less
than 0.5%[22].

For the study presented here, a single external loudspeaker was used to excite the antisymmetric mode
of the jet. This was accomplished by driving the loudspeaker at the natural frequency of the jet (16.83Hz),
as described in [22]. A picture of the jet in its antisymmetric mode is displayed in Figure 1(b). Note that
vortices appear well-defined in this flow, making it both a good candidate for point-vortex modelling and
an ideal test case for the methods presented in this paper.

Velocity data was acquired using particle image velocimetry (PIV)[25]. The jet was seeded with a theater
fog, consisting of a water/glycerin mixture condensed into ≈1 micron diameter droplets. Illumination was
provided by a New Wave Solo PIV Nd:YAG laser at medium power. Images were captured using a TSI
camera, model PIVCAM 13-8 with 1,280 × 1,024 12-bit pixels. PIV processing was carried out with TSI
Insight software. The field of view spanned 15 to 22 jet widths in the streamwise (x) direction. Data was
acquired at 16 specific phases of the loudspeaker excitation, and 420 realizations were averaged for each
phase. The resulting velocity field of 61 × 65 vectors had a uniform grid spacing of h = 0.87mm. The
maximum speed in the velocity field analyzed in this paper was 1.16m/s. These values were used for scaling
all lengths and velocities that are reported here.
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2.2 PIV results

The left-hand column of Figure 2 presents velocity field data for the jet at four different phases in the
flow cycle, approximately 15 milliseconds apart, with 1/4 of the vectors shown. The right-hand column
of Figure 2 shows the corresponding vorticity fields, computed from the velocity field using the center
difference method, with forward and backward difference at the edges of the domain, as needed. The goal
of the methods described in this paper is to compute a distribution of discrete vortices that represent this
field.

2.3 Analysis

The methods presented here were built upon two well-known vortex extraction techniques: vorticity thresh-
olding and the Okubo-Weiss method. Both of these techniques were designed to identify regions of high
vorticity in data like the snapshots in the right-hand column of Figure 2. A computational topology tech-
nique was incorporated into each method in order to allow them to find vortex boundaries in a manner
that matches the smoothness properties of the flow. In particular, each high-vorticity region was assumed
to be a connected component, and was found by “growing” the classification outwards from a single start-
ing point. The method that combines vorticity thresholding and this notion of connectedness is covered
in Section 2.3.1; Section 2.3.2 describes how to incorporate connectedness into Okubo-Weiss. Once these
large-scale high-vorticity regions were identified, the next task was to model them with a collection of dis-
crete vortices whose induced vorticity and velocity fields model the original PIV data. The discretization
strategies used to accomplish this are described in Section 2.3.3. The evaluation process is described in
Section 2.4.

2.3.1 Connected Vorticity Thresholding

The connected-component/vorticity thresholding method (hereafter “connected vorticity thresholding”)
uses the following strategy to find large-scale vortices in gridded vorticity data:

1. Take the magnitude of the vorticity field and find its maximum value. Label this grid point (x0, y0).

2. Let M represent the set of points in a particular vortex. Initially, set M = {(x0, y0)}. Then, starting
from the point at (x0, y0), construct a “connected component” of neighboring points whose vorticity
magnitude is above a threshold T . For the purposes of this method, a point is considered connected
to four “neighbors”—one above, one below, one to the left, and one to the right: (x0, y0 +1), (x0, y0 −
1), (x0 − 1, y0), and (x0 + 1, y0). Check each of these points and add it to M if its vorticity exceeds
T . (Issues regarding the choice of T are discussed below.)

3. Repeat Step (2), recursively checking the neighbors of those neighboring points and including them in
the component if their vorticity magnitudes exceed the threshold. Terminate when no new neighbor
points meet the criterion. (This is the edge of the component.)

4. Compute the average vorticity over all points M in the connected component. Multiply this by
the area covered by those points to get an approximate circulation, or strength, for the associated
large-scale vortex structure.

5. Remove the points identified in Steps (2) and (3) from consideration and repeat the process starting
from Step (1) to find the next large-scale vortex.

The threshold parameter T in Step (2) controls how much vorticity is lumped into each vortex; it is
intended to be used by the modeler to tune the extraction process to the requirements of his or her problem.
The general challenge in isolating coherent structures with this method is to choose a T value that causes the
connected component algorithm to include as much area as possible for each structure without accidentally
grouping two distinct ones together, as described later in this paper. The results presented in Section 3 use
T = 0.14 | max(ω) − min(ω) |, where max(ω) and min(ω) are the maximum and minimum vorticity values
over all grid points in the data set. Thresholds are always arbitrary, of course, as are definitions of what
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Figure 2: Velocity and vorticity fields of the planar jet under periodic forcing. Images (a)-(d) show PIV
data at various phases of the drive period: (a) 22.5 ◦ (b) 90 ◦ (c) 202.5 ◦ and (d) 292.5 ◦. Images (e)-(h)
show the corresponding vorticity fields.
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constitutes a “distinct” vortex, and computer interpretation of images often falls far short of what expert
eyes can do. Tuning T allows a user of this method to coarsen the discretization at will and at need, in a
manner that combines the features of simple thresholding and the notion of a connected component.

2.3.2 Connected Okubo-Weiss

The Okubo-Weiss criterion[20, 35] is more complex and more computationally intensive than vorticity
thresholding—and arguably more reliable, in the sense that it is invariant in translating frames of reference
(Galilean invariance). The original Okubo-Weiss criterion defines a vortex as any region where W =
|Ω|2 − |S|2 > 0. The method presented here, termed “connected Okubo-Weiss,” modifies that approach in
two ways. First, it allows the user to specify a threshold for the inequality—e.g., to consider only points
where |Ω|2 is significantly greater than |S|2. Second, it again uses the notion of a connected component to
define the boundaries of the vortices:

1. Compute W = |Ω|2 − |S|2. Remove from consideration any grid points (a, b) for which

W(a,b) ≤ k [max(W ) − min(W )]

2. Find the grid point with the maximum positive value of W .

3. Starting from the point identified in Step (2), compute the connected component—the connected set of
grid points where W > k[max(W )−min(W )]—using the same recursive neighbor-checking algorithm
described in Step (3) of the algorithm in Section 2.3.1.

4. Compute the average vorticity for the points identified in Step (3). Multiply this by the area covered
by those points to get an approximate circulation, or strength, for the associated vortex.

5. Remove the points identified in Step (3) from consideration and repeat the process starting with Step
(2) to find the next vortex.

Like the method of Section 2.3.1, this method has a tuning parameter: the cutoff k. This parameter is
used not only to filter out the points where rotation dominates strain, as in classic Okubo-Weiss, but also
to ignore points where strain & rotation rates are similar—i.e., points that fall near the sharp threshold
that is embodied in the Okubo-Weiss criterion. Setting k = 0 is equivalent to the original Okubo-Weiss
mathematics, where the smallest difference between rotation and strain defines a vortex. If instead one
wants to enforce a larger separation, one can set k to some small fraction of the range of W . Again, no
arbitrary fixed threshold is effective for all modelling problems. The results in Section 3 use k = 0.006. This
means that values in the lowest 0.6% of the observed W range in the field, where |Ω|2 is only slightly larger
than |S|2, are not considered to be conclusive evidence—one way or the other—of a vortex. Because the
mathematics behind this tuning parameter are different than the simpler notion of a vorticity threshold,
the reasoning involved in its tuning is somewhat different, as described later in this paper.

The Okubo-Weiss method has been shown to be inaccurate if the velocity gradient tensor is time-
varying[31], and there are higher-order corrections to the method for this[14, 15]. The basic version of
the criterion is used here because the additional computational cost involved in these corrections is not
justified for the problem treated in this paper. In other applications, where variations in time and space
dominate the modelling requirements, these accuracy issues may be important, warranting the inclusion of
higher-order corrections or even different extraction techniques.

2.3.3 Vortex Discretization

Any decomposition of a vorticity field into discrete vortices is an approximation—one whose accuracy
depends on the number of discrete vortices involved. And, as in any modeling problem, it involves a
tradeoff: one wants to use only as many discrete vortices as are necessary for the requirements of the
problem, distributing them such that their superposition models the larger-scale vortex structures that are
present in the flow, to within some specified accuracy. The methods described here are designed with data
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assimilation in mind: they preprocess static snapshots of the velocity field for use in correcting the state
variables of a point-vortex solver. As such, the requirements upon them are different than in applications
where perfect matching of the vorticity field is critical[3, 4]. Indeed, that kind of fine-grained discretization
could pose problems for the assimilation process, even with modern acceleration techniques[8, Appendix B],
since each discrete vortex adds at least three state variables1 to the model.

In order to assess these effects and tradeoffs, three discretization strategies were evaluated:

(i) a fine-grained method that places discrete vortices of appropriate strength at every grid
point, as is common in simulations of turbulence and mixing,

(ii) a coarse-grained distribution that places a single discrete vortex of appropriate strength at
the local maximum of vorticity of each large-scale vortex, and

(iii) a parametrized method that distributes discrete vortices of uniform strength across each
large-scale vortex under the control of a discretization parameter, as described in the fol-
lowing paragraphs.

Strategies (ii) and (iii) work with the connected components found by the methods described in Sections 2.3.1
and 2.3.2; strategy (i) works with the raw vorticity field, placing a discrete vortex at every grid point and
setting its strength equal to the circulation in the corresponding grid cell. Assigning a single discrete vortex
per connected component is straightforward; strategy (ii) does this using the locations and strengths found
in Steps (1) and (4) of the method that computed the component. The parametrized discretization strategy
(iii) distributes uniform-strength discrete vortices across each connected component, as described in the
steps below. The strength quantum γ0 used in this procedure is determined by the strength Γmin of the
weakest vortex in the flow, via a quantization parameter q: γo = Γmin/q.

1. Find the maximum magnitude of the circulation in the connected component.

2. If there is not already a discrete vortex at the location of the maximum found in Step (1)—i.e., if this
is the first time that the algorithm has examined this point—place one there, choosing the sign to
match the sign of the circulation. If there is, find the closest uncovered point (by Euclidean distance)
and place the discrete vortex there.

3. Subtract the quantum of this discrete vortex from the circulation at the location in Step (2) and
repeat from Step (1).

The parameter q controls the grain of the discretization in the obvious way. The results in Section 3 use
q = 2, for instance, which assigns two discrete vortices to the weakest large-scale vortex. The use of uniform
strength vortices is in accordance with early random-walk vortex techniques[11], but is in contrast to modern
blob methods[8]. Though this approach does not model the flow as accurately as these modern methods,
it has some important advantages from the standpoint of the goals of this paper. Using a fixed quantum
for vortex strength reduces the computational complexity of the model, which is key in a speed-limited
application like data assimilation. Also, dividing the circulation among several discrete vortices allows the
model to track vortex core deformation more effectively.

2.4 Evaluation

To evaluate how accurately a given collection of discrete vortices represents the true flow dynamics, the
velocity field induced by that collection of discrete vortices was calculated and compared to the original PIV
velocity field. The velocity field was reconstructed in the usual way, using Biot-Savart. The approximate
diameter of viscous core of the vortices in Figure 2 is 10 times the grid spacing. To avoid the large un-
physical velocities that the singularity in the point-vortex model would produce in this situation, a blob
model[7] with simple solid-body rotation in the core was used to reconstruct the velocity fields. There are
many more-sophisticated models with better convergence that apply in this situation; the choice here was
again motivated by the need for speed that arises in a real-time data-assimilation application. For the

1
xy position and strength
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Figure 3: Vortex extraction: (a) reproduces the vorticity field from Figure 2(g). Images (b) and (c) show
the large-scale vortex structures found in that data set by the connected vorticity thresholding method
of Section 2.3.1 with T = 0.14 and the connected Okubo-Weiss method of Section 2.3.2 with k = 0.006,
respectively. The color scale in (b) and (c) distinguishes different vortices; the small white square inside
each indicates the associated vorticity maximum.

results presented in Section 3, the velocity at each grid point was calculated by summing the velocities
induced there by each discrete vortex, computed using the blob model equations. The square of pointwise
difference between this field and the PIV field was then calculated and averaged across all grid points. The
optimal core radius rc—i.e., the rc that minimized the mean-squared error between measured and induced
velocity fields—was found individually for each vortex configuration. The overall circulation of the induced
field was also calculated.

3 Results & Discussion

3.1 Extraction

Figure 3 shows the results of applying the connected vorticity thresholding and connected Okubo-Weiss
methods described in Section 2.3 to one of the vorticity fields from Figure 2, with T = 0.14 and k = 0.006,
respectively. These parameter values were chosen to maximize the amount of circulation enclosed by each
large-scale vortex without causing “bridges” to form between adjacent ones, and to capture comparable
amounts of circulation, so that the two methods could be evaluated against one another. Both methods
successfully identify regions of the flow where the vorticity is high, though their determination of the
boundaries are somewhat different. The dip in vorticity on the right side of vortex in the middle of the
image, for instance, gets resolved as an indentation by connected vorticity thresholding but as an enclosed
hole by connected Okubo-Weiss. The total positive and negative circulations of the measured flow, calculated
from the vorticity data shown in Figure 3(a), were 0.0563 and -0.0584, respectively, in normalized units2.
The connected components in Figure 3(b) and (c) capture only part of that amount, of course, since they
only include the high-vorticity regions. The large-scale vortex structures found by connected vorticity
thresholding capture 67% of the overall positive circulation and 69% of the negative circulation; those
extracted by connected Okubo-Weiss capture 67% and 71%, respectively. The thresholds T and k, which
these methods use to define the edge of a vortex, will obviously affect these numbers. Lower values for
either parameter will increase the size of the connected components and the amount of the total circulation
that they capture, but may also create bridges between neighboring structures. The mathematics behind
the tuning process is slightly different in the two cases. Both are ratiometric, but they involve different
scales: simple vorticity magnitude in the case of T and the difference between the magnitudes of the rate of

2Lengths and velocities are scaled as described at the end of Section 2.1.
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Figure 4: Evaluation of fine-grained vortex discretization: flow fields. The image in (a) reproduces the
velocity field from Figure 2(c). The image in (b) shows the velocity field induced by a configuration of blob
vortices with one at every grid point of Figure 2(g) and a vortex core radius rc = 0.6h.

rotation and the rate of strain in the case of k. Changing the T parameter in connected vorticity thresholding
and the k parameter in connected Okubo-Weiss will thus have slightly different effects because the latter
discriminates between different kinds of vorticity-bearing structures while the former simply reacts to the
magnitude of ω. In the case of Figure 3, this led to the formation of bridges between like-signed vortices in
(b) and unlike-signed vortices in (c).

3.2 Discretization

As described in Section 2.3.3, three different strategies were evaluated for distributing discrete vortices to
match these flows: a fine-grained method (i) that placed discrete vortices of appropriate strength at every
grid point, a coarse method (ii) that used a single discrete vortex to model each large-scale vortex, and a
parametrized method (iii) that distributed a variable number of uniform-strength discrete vortices across
each large-scale vortex. Each strategy was evaluated by comparing the induced velocity field of the vortex
configuration to the PIV data.

Figure 4(b) shows the velocity field for strategy (i) applied to the vorticity field of Figure 2(g), with
the true velocity field reproduced alongside for easy comparison. Recall that strategy (i) calculates the
circulation in each grid cell, placing a discrete vortex with the corresponding strength at every grid point.
The velocity field induced by this configuration of vortices was calculated using the blob model. The core
radius (rc) value was optimized by minimizing the mean-squared error between measured and reproduced
fields, as shown in Figure 5. The optimal rc value for this discretization was found to be on the order of
the grid spacing (rc/h = 0.6), a result that is consistent with the underlying mathematics. To the eye, the
induced field in Figure 4(b) is a fairly good match to the measured flow in part (a). The vortices and the
large-scale mean flow of the jet are similar, though there are some discrepancies within three grid rows of
the boundaries because of edge effects3. These edge effects cause a 1% loss of circulation between parts (a)
and (b) of the Figure. The mean-squared error between the two fields is 0.0094 m2/s2, which is 0.7% of the
square of the maximum velocity in the field.

Figure 6 shows the velocity fields produced by the coarse-grained discretization—strategy (ii)—of the
connected components in Figure 3. Part (a) of the figure again shows the PIV data for comparison. Parts
(b) and (c) show the velocity fields that are induced by single discrete vortices placed at the high-|ω| seed
point of each connected component found by vorticity thresholding and Okubo-Weiss in that PIV data,
respectively. These fields were again computed via the blob model with the vortex core radius value that

3i.e., the effects of the vortex structures that are outside the field of observation, which factor into the velocities of Figure 4(a)
but not Figure 4(b).
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Figure 5: Mean-squared error in induced velocity field of fine-grained vortex discretization as a function of
rc, expressed as a percentage of the square of the maximum velocity.
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Figure 6: Evaluation of coarse-grained vortex discretization: flow fields. The image in (a) reproduces
the velocity field from Figure 2(c). Images (b) and (c) are the velocity fields induced by coarse-grained
discretizations of Figures 3(b) and (c), respectively: i.e., a single equivalent-strength blob vortex placed
in each connected component. rc was chosen to minimize the mean-squared error for each case, yielding
rc = 5h in (b) and rc = 5.8h in (c).
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Figure 7: Parametrized vortex discretization: the image in (a) reproduces the vorticity field from Figure 2(g).
The grey-scale regions in (b) and (c) show the vortices found in that data set by connected vorticity
thresholding and connected Okubo-Weiss, respectively, as in Figure 3. The small white squares inside each
of these connected components indicate where the discretization strategy on page 7 placed discrete vortices:
23 in (b) and 46 in (c). The strength quantum chosen for these vortices was chosen to be half of the strength
of the weakest vortex in each case (i.e., q = 2).

minimized the mean-squared error between measured and induced fields: rc = 5h for connected vorticity
thresholding and rc = 5.8h for connected Okubo-Weiss. If the extraction and model were perfect, of
course, the fields in Figures 6(b) and (c) would be identical to the original velocity field in (a). While both
configurations do indeed capture the basic structure of the flow, the induced fields show some error in the
upstream regions, where the original vortices are elongated and thus less well-described by the blob model.
This disparity is not surprising; reducing the vorticity field of a real-world flow to five discrete vortices is a
radical approximation—and one that completely distorts the vorticity distribution by forcing the cores to
be circular. The mean-squared errors between the induced fields of Figure 6(b) and (c) and the measured
field of (a) were 25% and 21%, respectively. These value are of course significantly larger than the error in
the fine-grained discretization of Figure 4(b), where the field was modelled by almost 800 times as many
vortices.

Increasing the fidelity of the modelling approximation—using better models of each vortex element,
increasing the number of discrete vortices, and/or tailoring their strengths and positions to the flow—will
generally improve its accuracy, but at a computational cost that can be prohibitive in a data-assimilation
application, where correction frequency and hence data-processing speed are critical. The parametrized
approach described in Section 2.3.3—strategy (iii) on page 7—is designed to allow the discretization process
to be tuned to fit these requirements. Figure 7 shows how this strategy discretizes the large-scale vortices of
Figures 3(b) and (c) with a q value of two (i.e., a vortex strength quantum equal to half of the strength of the
weakest vortex in the field). The numbers of discrete vortices used to discretize each connected component
reflect the corresponding vortex strengths: {2, 4, 7, 8, 2} small vortices in Figure 7(b), from top to bottom,
and {6, 10, 14, 14, 2} in (c). To evaluate these results, the induced velocity fields were computed for the
vortex configurations of Figure 7(b) and (c), again using the blob model with rc chosen to minimize the
mean-squared error in each case, then compared to the PIV velocity field. Visually, these induced fields are
indistinguishable from Figures 6(b) and (c) and so are not shown. The mean-squared differences between
these fields and the measured field were 25% and 19%, respectively. rc = 0.5h minimized the mean-squared
error in both cases; the effects of changing rc and q are shown in Figure 8. Overall, the Okubo-Weiss
results are slightly better, and there is some improvement in both methods with increasing q, though not
as much as one might expect. This is discussed further below. Note that the error values with q = 1
are slightly worse than the coarse discretization results of Figure 6, even though the q = 1 discretization
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(a) (b)

Figure 8: Effects of quantization parameter q and vortex core radius rc upon mean-squared error of results,
expressed in %: (a) connected vorticity thresholding (b) connected Okubo-Weiss.

models the flow with more than twice as many vortices4. These additional vortices, though, are clustered
around the peak vorticity location and primarily within the core radius, which effectively increases the
core radius. At q = 6, where the discretization contains 69 and 141 vortices for vorticity thresholding and
Okubo-Weiss, respectively, the mean-squared error of the parametrized discretization falls below that of the
coarse discretization for both methods.

3.3 Discussion

A full comparison of the two extraction methods across all discretization strategies yields some interesting
insights. In terms of the accuracy of the reconstructed velocity fields, there is little difference between con-
nected vorticity thresholding and connected Okubo-Weiss, in either coarse or parametrized discretizations.
The mean-squared error and percentage of circulation captured by each are comparable. For this flow,
then, simple vorticity thresholding is just as good as the much more computationally expensive Okubo-
Weiss method at extracting regions of high vorticity if both are augmented with connectedness techniques
from computational topology to find the boundaries of those regions.

Comparing discretization strategies is also interesting—and somewhat surprising at first glance, in that
using a finer-grained discretization (viz., higher q) did not significantly improve the accuracy of the re-
constructed field—for either extraction method. Recall that increasing the discretization parameter (q)
in strategy (iii) reduces the size of the discrete vortices that are used to model each large-scale vortex.
Clustering additional vortices of uniform value around the local vorticity peaks, however, serves only to
diffuse the impact of the vortex on the velocity field—in effect, merely increasing rc. Note that this is not
equivalent, in the limit of large q, to the discretization of strategy (i), which places one discrete vortex at
each grid point, with strength computed to match the local vorticity. Because that strategy distributes
vortices throughout the flow, rather than clustering them near the peaks of the large-scale vortices, and be-
cause it tailors their strengths to the data in each region, it does provide increased resolution—particularly
in terms of capturing the large-scale flow and the less-regular vortex structures. In terms of accuracy at
one instant in time, then, it does not seem worth the effort to quantize the vorticity via uniform-strength

411 and 23 vortices for the large-scale structures found by vorticity thresholding and Okubo-Weiss, respectively, compared
to five vortices for the coarse discretization.
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vortices clustered around the peak of large-scale vortex. A finer discretization will of course allow a model
to track the deformation of the cores more effectively; this is discussed in the following section. For the
purposes of crafting a traditional model that converges quickly and tracks the flow accurately over time, the
traditional full gridded approach is better. For the purposes of data assimilation, however, the requirements
are completely different: the measurement and correction dynamics dominate the data-assimilation process,
and the preprocessing step must balance speed and accuracy. The methods described here are designed to
do exactly that, in an explicit way, via the T , k, and q parameters in the methods in Sections 2.3.1, 2.3.2,
and 2.3.3.

4 Conclusion

The vortex extraction and discretization techniques described in this paper were developed for use in data
assimilation algorithms, which use information from sensors to correct the state variables of a numerical
solver while it runs. As such, speed is critical, careful attention to convergence is not necessary, and
there is no need to distinguish between vortices and other kinds of vorticity-bearing structures like shear
layers. Rather, this application demands a fast, easily adaptable extraction/discretization strategy that
models the flow with as few or as many discrete vortices as are demanded by the situation at hand. The
methods described in this paper accomplish this by augmenting classic vortex-extraction methods with a
simple computational topology technique, defining a single vortex by searching for a connected component
of high vorticity. Each of these large-scale structures is then modeled using a collection of uniform-strength
discrete vortices distributed around its vorticity peak. These extraction and discretization methods have
tuning parameters that allow a user to tailor their actions to the requirements of a particular problem. The
threshold parameters T and k control how much vorticity is lumped into each large-scale structure, while
the discretization parameter q specifies the strength of the discrete vortices that are used to model each of
those structures.

The findings in the previous sections show that the connected vorticity thresholding and connected
Okubo-Weiss methods are comparably effective in extracting the large-scale vortex structures in a flow. As
the corresponding threshold parameters are varied, each method captures different amounts of the total
vorticity of the field, causing the structures to shrink or grow. The results presented here use values for
these parameters that maximize the circulation captured without causing “bridging” between neighboring
structures. At these values, the circulation captured by the two methods was similar, as was the mean-
squared error between the measured and induced flows. In view of the greater computational complexity of
Okubo-Weiss, then, simple vorticity thresholding is preferable for the purposes of data assimilation in the
flow considered here. More-complex flows may pose different challenges, of course, and the methods here
will likely not scale to fully turbulent flows—though they may apply to their smaller scales.

In terms of discretization strategies, the coarse approach appears to provide the best compromise between
accuracy and computational complexity. The series of experiments reported in the previous section used
between five and 141 vortices to discretize the five large-scale vortex structures, exploring a range of 1 < q <
6 for the parametrized strategy (iii) and comparing it to the coarse strategy (ii). The latter had lower mean-
squared error than all but the finest of the parametrized discretizations (q = 6, which uses 69 and 141 discrete
vortices, respectively, to model the large-scale vortices found by vorticity thresholding and Okubo-Weiss).
In other words, it is better to model each large-scale vortex with a single appropriate-strength discrete
vortex placed at its peak, rather than to cluster smaller uniform vortices near that peak—up to a point.
This suggests that the coarse discretization strategy is better suited for a data-assimilation application, as
it provides the best combination of low error and low computational complexity of the methods studied
here.

In general, a finer-grained discretization produces a more-realistic vorticity distribution, but the results
here are not consistent with that generalization. This is likely at least partially a consequence of the
clustered nature of the distribution used in strategy (iii). The obvious next steps in the future-work
plan for this project are to distribute the discrete vortices more realistically across the large-scale vortex
structures and/or use non-uniform strengths. This would of course add computational complexity, though,
and without full testing in the context of a data-assimilation system, it is difficult to estimate the impact
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of these modifications.

A finer-grained discretization also has implications for running the model, as it allows that model to
advect the vorticity more accurately over time. Here, too, accuracy/complexity tradeoffs must be considered.
The standard discretization approach in the fluids literature is to place one discrete vortex at each grid point
in the vorticity field and make the grid as dense as feasible. This is one end of the modeling spectrum, where
the grain of the approximation is very fine and the model contains a large number of state variables. If one
is interested in speed, however, this may not be desirable. The fine-grained discretization of Figure 4(b)
has roughly three million state variables5, which makes it run tens of thousands times more slowly than
the parametrized discretization of Figure 7 and a factor of ≈ 200000 more slowly than the coarse-grained
discretization of Figure 6. The discretization strategy described in this paper allows one to optimize between
accuracy and computational cost for a given application, choosing the appropriate point on the modelling
spectrum via the q parameter in the algorithm on page 7.
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