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Abstract

Fastandaccuratenumericalmodelsarecritical for themod-
elling, prediction,andcontrol of �uid �o ws. Direct numer-
ical simulation(DNS) methods,thoughaccurate,are often
too slow for thesepurposes.So-calledreduced-ordermodels
arefasterbecausethey usefewer statevariablesto approxi-
matethe �o w physics. Differenttacticsareusedfor this di-
mensionalreduction. Someapproachessimply coarsenthe
numericalgrain of the approximation.Otherstake a more-
qualitative approach,decomposingthe �o w into abstract
features—coherentstructureslikevortices,for instance—and
modellingthedynamicsof thosefeatures.Regardlessof the
tacticsinvolved, the inherentapproximationsmake reduced-
order modelsinaccurate.The premiseof this paperis that
periodicallycorrectingsuchamodelwith observationsof the
�uid—a processknown asdataassimilation—canproducea
“data-adaptive” model that is both fast and accurate. This
ideahasbeenexploredin depthby thenumericalweatherpre-
diction communityin thecontext of DNS models.Thegoal
of thispaperis to exploredataassimilationin thecontext of a
modelthattreatsa�uid �o w asacollectionof vortices.There
are two challengesin assimilatingdata into sucha model:
correctiondynamicsand computationalcost. The strategy
describedheresolves both of thoseproblemsusing knowl-
edgeaboutthe�o w dynamicsto intelligentlyselectwhenand
whereto applythecorrection.

Intr oduction
Dueto thecomplexity andsensitivity of �uid �o ws,numeri-
calmodelsthataccuratelytracktheirevolutionarecurrently
too slow for many applications.Theability to modelthese
�o wsaccuratelyandquickly isof greatpracticalimportance,
however, asthey arecommonin naturalandman-madesys-
tems. Traditional approachesto numericalmodelling, re-
viewed in the next section,useso-calleddirect numerical
schemesto solve the complex partial differentialequations
that govern �o w dynamics.While thesetechniquescanbe
highly accurate,they arealsoveryslow becausethey model
the dynamicsat all points on a �ne mesh. Our approach
to solving this problem is to use a more-abstractmodel
that tracksonly thecoherentstructuresin the�o w andself-
correctsusingphysical datameasuredfrom that �o w. This
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combinationof qualitativemodellingandquantitativeobser-
vationsresultsin a data-adaptive simulationthatis bothfast
andaccurate.

Thepoint-vortex modeltracksonly thevorticesin a �o w,
ignoringall otherdynamics.In comparisonto directnumer-
ical simulationtechniques,this is a reduced-ordermodel:
its statevariablesarethepositionsandstrengthsof thevor-
ticesratherthangriddedvelocity �elds. This abstractionof
the �o w—asa collectionof interactingcoherentstructures,
ratherthanaphysicalcontinuumof velocitiesandpressures,
or agriddedapproximationthereof—hasavarietyof advan-
tages.Reasoningin termsof thevorticesin a �o w is much
simpler, andhencenumericalmodelsthatencapsulatesuch
reasoningaresigni�cantly faster. And, this abstractreason-
ing is justi�ed from a physicalstandpoint,asit is thecoher-
entregionsin a�uid �o w thatareresponsiblefor thequalita-
tive �o w behavior(Roshko 1976).Vortices,in particular, are
goodcoherentstructuresto track,as�uid physicsenablesus
to computethevelocity at any point in the�o w if we know
thepositionsandstrengthsof its vortices.Vorticesmayalso
beusefulin helpinghumansto reasonaboutturbulent�o ws
(Yip 1995). The mathematicaldetailsof the point-vortex
modelareprovidedin thenext section.

Thereis a drawbackto usingreduced-ordermodels: the
approximationsthat make themfastalsointroduceinaccu-
racies.Our solutionto this problemis to correctthemodel
variableson the �y usingdatafrom thetargetsystem.This
process,known asdataassimilation,wasdevelopedby me-
teorologistsin the 1950sfor integrating weatherobserva-
tions into numericalpredictionmodels. The thesisof our
work is that correctinga reduced-ordermodel—onethat is
basedupon qualitative featuresof the �o w—with quanti-
tative informationis a goodway to improve accuracy, and
that theresultingdata-adaptive reduced-ordermodelcanbe
both fastandaccurate.Dataassimilationpresentsits own
setof challenges,however, asit canpotentiallydestabilize
an otherwise-stablenumericalscheme.And, the computa-
tional costsof anaiveassimilationstrategy couldnegatethe
increasein speedobtainedby usinga reduced-ordermodel.
Thedata-assimilationcommunityhasexploredtheseissues
in greatdepthin regard to DNS models,but therehasbeen
almostno work on how to usedatato correctreduced-order
models,nor hasanyoneinvestigatedthe useof real datain
thiscontext, let aloneaddressedthecomputationalcostissue



in any systematicway.
In this paper, we presentan intelligent data-assimilation

strategy thatexploitsknowledgeaboutthe�o w dynamicsto
correctthepoint-vortex modelonly whennecessary. This is
in contrastto traditionaldataassimilationapproaches,which
correctthe modelwhenever observationsareavailable, ig-
norethedynamicsof theunderlyingsystem,andusestatis-
tical approachesto handlenoise.Webelieve thata thorough
graspof the dynamicsof the systemcanbe usednot only
to inform the assimilationprocess,but also to understand
thescenariosin whichnoise—aninescapablefeatureof any
realapplication—mayenhanceor destroy its bene�ts.

Many of the themesin this work arefamiliar onesto the
QRcommunity. Weareinterestedin abstractionasaway to
simplify simulation(e.g.,(Clancy & Kuipers1993)),but we
areworkingwith aspatiotemporallyextendedsystemwhose
behavior cannotbe envisionedor enumerated.In contrast
to (ky Ringo Ling & Steinberg 1993),we arenot lumping
control volumesto transformthe systeminto an ODE, nor
is our goal diagnosis,as in (Sachenbacher& Struss2001;
Struss2002; Yan 2003). To simplify our simulations,we
are using a reduced-ordermodel that tracks the coherent
structuresin a �uid. The goal in the currentpaper, how-
ever, is not to �nd or understandthosestructures(Bailey-
Kellog & Zhao 1997; Bailey-Kellog, Zhao, & Yip 1996;
Ordóñez & Zhao 2000; Nishida 1993; Yip 1995; 1997),
but simply to use data about them to correct a simula-
tion of their dynamics.Like Lundell (Lundell 1994;1995;
1996), we are building a qualitative model of a physical
�eld; the form of the model is very different, though,and
weareusingdataassimilationto improve its accuracy. Like
Zhao(Zhao1994),we areexploiting knowledgeaboutdy-
namical systemsto improve simulations; our application
area,however, is �uid dynamicsasopposedto ordinarydif-
ferentialequations,andour goal is to correctthesimulation
notunderstandthestatespace.Lastly, oneof our fundamen-
tal issuesis theintegrationof qualitativeandquantitative in-
formation,which is a prevalentresearchissuein theQR lit-
erature.In thenext few sections,wedescribethequalitative
modelwethatareworkingwith andexplainhow dataassim-
ilation canbeusedto incorporatequantitative observations.

The Point-Vortex Method
Real-world �uids problemsdo not admit analytical solu-
tions, so onehasto model themnumerically, andtheir in-
herentspatiotemporalcomplexity makesthisveryhard.The
traditional solution to this, termeddirect numericalsimu-
lation or DNS, involvesdiscretizingthe �o w quantitiesus-
ing �nite-order approximationsof time andspace. To get
the �o w detailsright in faceof this discretization,thegrids
involved may needto be very �ne, which translatesto an
extremely large statevector in a simulation of a compli-
cated�o w. Thealgorithmicmethodsusedin many codesto
addressthis issue—e.g.,sparsematrix solvers—oftenhave
sensitive numericaldynamics,makingit hardto getthemto
converge.For all of thesereasons,DNSsimulationsof even
fairly simple �uids problemsrequirehours—oreven days
or weeks—ofCPU time on powerful machineswith large
memories.

If a coarserbut still meaningful representationcould
be usedto model the dynamicsof the system,the result-
ing numericalsolver would be simpler, and hencemuch
faster, than DNS models. There are many examplesof
such reduced-orderrepresentations(Canutoet al. 1988;
Berkooz, Holmes, & Lumley 1993; Farge, Schneider, &
Kevlahan1999;Farge et al. 2003;Germanoet al. 1991;
Lesieur& Metais1996;Moin 1997;Sethian1991).Many of
theseareobtainedvia variousapproximationsto theNavier-
Stokesequationsor a coarseningof the grid employed by
the DNS models. It is importantto note that the majority
of thesesolutionsprovide abstractdescriptionsof the �o w,
but no mechanismfor modellingthe dynamicsin termsof
thesedescriptions.The point-vortex model(Sethian1991),
in contrast,is anabstractionthat is basedon thequalitative
featuresin the�o w. Thismethodis inherentlygrid-free,and
thestatevariablesaremeaningful�o w quantities—positions
andstrengthsof vortices—thatarehelpful in understanding
its dynamics.The resultis a hugereductionin thenumber
of statevariablesrequiredin thesimulation.

The point-vortex model's dynamicsare straightforward.
It tracksthe vorticesin a �o w, assumingthat that �o w is
inviscid. Vorticity is a �eld vectorquantityde�ned as the
curl of thevelocity; it representstheangularmomentumof
the �uid. A vortex is a local peakor concentrationin the
vorticity; circulationis theintegral of vorticity over anarea.
In the point-vortex model, all vorticity is idealizedas be-
ing containedatspeci�c points,whichareassumedto move
with the �o w �eld. As mentionedabove, statevariablesin
thepoint-vortex modelarethepositions(x; y) andstrengths
� of theseidealizedpoint vortices. This model's dynam-
icsarethe�uid-mechanicalanalogof pointmassesevolving
underthe mutual interactionof Newtoniangravity: a vor-
tex is treatedasgeneratinga swirling velocity �eld around
itself, andotherentities—vortices,passivetracerparticles—
move or “advect” with that velocity. Themagnitudeof the
inducedvelocity falls off as1=r2 with the distancer from
the correspondingvortex core. The point-vortex equations
usesuperpositionto combinethe effectsof multiple point
vortices.In schematicform, theequationsfor theevolution
of thestateof thei th point vortex are:
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where ~X i = (x i ; yi )T , the 2D position of the i th vortex,
and~f is avector-valuedfunctionwhosei th componentcom-
putesthedistancesjj ~X i � ~X j jj2 from thei th vortex to each
of thej others,computestheir in�uence at thatdistance(via
the1=r2 law, scaledby thestrength� j ), rotatesto the tan-
gentialdirection,anddoesa vectorsumof theresults.One
cansolve thesystem(1) with any ordinarydifferentialequa-
tion (ODE)solver.

Thepoint-vortex modelis highly idealized.That is what
makes it fast, but idealizationalso introducesinaccuracy.
Real vortices are not concentratedat a single point, and
only higherReynoldsnumber�o ws canbetreatedasinvis-
cid. More typically, vorticity is distributed throughoutthe
�o w, and it is createdand destroyed as the �o w evolves.



Nonetheless,the point-vortex method works remarkably
well (Boyland, Stremler, & Aref 2003)if the �o w is dom-
inatedby isolatedregions of high vorticity, the �uid sur-
roundingthoseregionsis basicallyirrotational,andviscos-
ity is small—assumptionsthatarevalid for many engineer-
ing �o ws. Therearemany waysto extendthepoint-vortex
modelto handlecaseswheretheseassumptionsarenotvalid
(Airapetov 1990;Basu,Narasimha,& Prabhu1995;Chava-
nis2001;Cortelezzi,Chen,& Chang1997;Funakoshi1995;
Huber& Alstrom 1993;Riccardi& Piva 2000). Theseim-
provementswill not play roles in our research,since the
solver itself is not our focus. Our goal is to �gure out how
to usedataassimilationto improve theaccuracy of theorig-
inal point-vortex algorithmandpresenta proof-of-concept
examplethatit works.

Data Assimilation Overview
In order to combatthe small- and large-scaleerrorsintro-
ducedby the point-vortex approximation,we correct the
solver with experimentalmeasurementsof the �uid under
investigation—a processknown as data assimilation(see
(Daley 1991; Tarantola1987) for an overview). Figure 1
shows a schematicof the correctionprocess,and depicts
what is typically referredto as a dataassimilationcycle.
The stepsin the processare as follows. In the �rst cy-

Figure 1: Data assimilationcycle. A numericalmodel is
usedto generatea forecastor “backgroundstate” from a
best-guessinitial condition. Dataassimilationis thenused
to combinethe backgroundstatewith the availableobser-
vations,eachweightedaccordingto its expectedaccuracy.
Theresultis an“analysisstate,” which is usedasthe initial
conditionfor thenext assimilationcycle.

cle, one must specify the initial conditionsfor the model
integration—thisis known as the initialization problemin
the dataassimilationcommunity. Once initial conditions
have beenspeci�ed, the model is run for a speci�ed time
interval (cycle length)to producea forecastor background
state.This forecaststepis representedby

x f (t i +1 ) = M i [x f (t i )] ;

whereM i is the modeldynamicsoperatorandx f (t i ) is its
statevectorattimet i . Finally, observationsof thedynamical
systemarecombinedwith this backgroundstateto produce

a new model stateknown as the analysis. Dependingon
the analysisalgorithmandthe model, it may be necessary
to apply initialization techniquesto the analysisto ensure
that it satis�escertaindynamicbalanceconditions.Thean-
alyzed/initializedstateis thenusedastheinitial conditionto
startthemodelforecastfor thenext dataassimilationcycle.

Thisseeminglysimpledataassimilationcycle is rich with
interestingandchallengingproblems.Much of theresearch
in this �eld is devoted to the analysisstep,i.e., determin-
ing whatalgorithmshouldbeusedto updatethemodelvari-
ables,basedon the availableobservations. Onenaive ap-
proachto this is to simply throw out thesimulatedvariable
valuesandreplacethemwith themeasuredones(wherethey
exist). We will referto this methodas“direct replacement.”
Therearea variety of major problemswith this. To begin
with, it can deliver a numericalshock to the solver, and
numericalalgorithmsare notoriously sensitive and prone
to diverge when subjectedto this kind of insult. Simple
control-theoreticideascan softenthis shock. The meteo-
rology communityhasbeenusingtheobviousproportional
control strategy to do so for thirty years(thoughthey term
it “Newtonian nudging” (Davies & Turner 1977)). Direct
techniqueslike thisareall verywell if thedataareplentiful,
noise-free,andan exact matchto the variablesusedin the
simulator, but thatis rarelythecasein practice,andthebulk
of the dataassimilationliteratureis devoted to techniques
for dealingwith thesparseness,noise,andheterogeneityof
realdata.

Atmosphericandoceanicassimilationsystemstypically
dealwith theseissuesby working with anobservationgrid
anda modelgrid andinterpolatingsimulatedandmeasured
databackandforth betweenthetwo in orderto performthe
correction.Thisinterpolation,in thefaceof noiseandsparse
data,is themainchallengeof dataassimilation.Early solu-
tionsusedsimplelinearmethodsto solve this problem,but
thesedid not take into accountthat noiseandsigni�cance
levels differ acrossdatasets. The next generationof data-
assimilationapproachesusedstatisticalinterpolationtech-
niquesinvolving covariancematricesto transformbetween
the two grids in a mannerthat weightsdifferent observa-
tionsappropriately(Daley 1991,chapter4). Kalman�lters,
a conceptuallyneaterbut much more computationallyex-
pensive way to solve this problem, cameinto use in this
communityin the 1990s,along with an ensemblemethod
thatusesMonteCarlotechniquesto estimatethesensitivity
of the modelto differentkinds of correctionsandthentai-
lors its actionsaccordingly(Anderson2003;Evensen1994).
Anotherelegant approachusestechniquesfrom variational
calculusto �nd themodeltrajectorythatmostclosely�ts the
observations(Dimet & Talagrand1986). Note thatnoneof
thesetechniquesuseknowledgeaboutthe dynamicsof the
systemto guidethedesignof thecorrectionstrategy. And,
no onehasthoroughlyexaminedhow the successof these
statisticalstrategiesmight dependon the stateof that sys-
tem.

All of the aforementioneddata assimilationtechniques
have beendevelopedin the context of DNS simulationsof
large-scaleatmosphericandoceanicsystems;dataassimila-
tion into point-vortex modelshasreceivedmuchlessatten-



tion. Kayo Ide et al. (Ide & Ghil 1997;Ide, Kuznetsov, &
Jones2002)have donesomeinterestingwork in this �eld.
This algorithm deducesthe vortex positionsby inverting
the velocity superpositionargumentsthat arebuilt into the
point-vortex equationsand then assimilatesthat data into
point-vortex modelsusingKalman�lters. They have tested
thisstrategy extensively in numericalsimulations.They also
developedahybrid assimilationmethodthatassimilatesdata
aboutboth the positionsand strengthsof vorticesand the
pathsthattracerparticlestakethrougha�o w. Thebasicidea
is to augmentthe point-vortex equations(1) with a set of
traceradvectionequationsthat modelthe dynamicsof par-
ticle movement(Ide,Kuznetsov, & Jones2002). The key
hereis that the fundamentallink betweenvelocity andvor-
ticity couplestheseequations,so correctionsmadeto one
will “percolate” into the other. That is, one can assimi-
latetracerparticledatainto theadvectionequationsandthe
cross-couplingterm will naturally carry thosecorrections
into thepoint-vortex equations.Ide et al. have studiedthis
approachin simulations,but it hasnotyetbeenimplemented
with experimentaldata.

Dynamics-Informed Assimilation: Methods
and Results

Our goal,andthe novelty of our work, is to develop effec-
tive strategies for timing the assimilationof data into the
point vortex model. We areusingthedynamicsof thesys-
tem to determinewhen and wheremodel correctionswill
have themostimpact,enablingus to decidewhetheror not
the computationalcostof gatheringandprocessingsystem
observationsis worth the effort. This paperpresentsa se-
riesof numericalexperimentsthatprovide a solid proof-of-
conceptdemonstrationof our strategy, which is basedon
the observation that solvers make mistakes when the spa-
tial gradientsof theequationsthatthey aresolvingarehigh.
Our ultimategoal,of course,is to applythis to a real-world
�uid �o w: a laboratoryair jet that is describedin the fol-
lowing paragraph.While this is a muchsimpler �o w that
thosethatgeophysicistswork with, it callsmany of the im-
portantquestions—noise,computationalcost,etc.—thatare
ignoredby all of theexisting assimilationwork on reduced-
ordermodels.The laboratorysettingalsodistinguishesour
work from thebulk of thedataassimilationliterature:it lets
useffectively isolate,explore,andunderstandtheassociated
researchissuesin a fashionthatis simplynotpossiblewhen
oneis working with a systemthatis ascomplex andhardto
observe—letalonecontrol—astheweather.

Themotivatingexamplefor thiswork, andthetestbedfor
thestagesthatwill follow thispaper, is aplanarair jet (Pea-
cocket al. 2004).Usingactuatorsat thebaseof thejet, we
canforcethe�o w to assumeoneof its two unstablemodes.
A pictureof thejet in its antisymmetricmodeis displayedin
Figure2(a). Vorticesarewell-de�ned in both the symmet-
ric andantisymmetricmodes,which makesthe forcedjet a
good candidatefor point-vortex modelling. We also have
a mechanismfor gatheringvelocity datafrom this �o w—
particle imagevelocimetry(PIV). A PIV systemworks as
follows: (1) aerosolparticlesinjectedinto the �uid are il-

(a) (b)

Figure2: (a) A planarair jet. Re � 70. Vorticesareclearly
visible in this photographof the jet. Our goal is to track
thesecoherentstructureswith a point-vortex model, cor-
rectedwith experimentaldatato maintainaccuracy. (b) is
a sampleof theraw velocity �eld dataobtainedfrom a par-
ticle imagevelocimetry(PIV) system.

luminatedby a laserlight sheet,(2) a camerasituatedper-
pendicularto the light sheettakes two photographsof the
�o w in quicksuccession,and(3) thephotographsarecross-
correlatedto determinedisplacementsof the aerosolparti-
cles,which canbeusedto infer thevelocity at eachparticle
position.Figure2(b)showsasamplevelocity�eld of thejet,
obtainedvia PIV. Our ultimategoal is to usethis laboratory
setupto investigatesomeof thetraditionaldataassimilation
methodsdescribedin theprevioussectionandcomparethem
with our dynamics-informedcorrectionapproach,which is
describedin therestof thissection.

As a �rst step toward this goal, we have devised a set
of numericalsimulationsthatcomprisea meaningfultestof
our approach.The basicideais commonin the numerical
computingcommunity:usea �ne-grainedsimulationasan
ansatzfor the “true” behavior of the system. In our case,
thisamountsto usingahigh-resolutionsimulationto correct
a coarserone.This effectively isolatesthedata-assimilation
researchquestionstreatedin this paperfrom the compli-
cationsof real data,and provides a controlledscenarioin
which to gainexperiencewith thesetechniques.

To make theansatzascloseaspossible,wechooseinitial
conditionsfor ourmodelthatresemblethoseobservedin the
laboratory. Figure3 displaystwo initial vortex con�gura-
tionsthatmimic thesymmetricandantisymmetricmodesof
thejet. Thevortex con�gurationdisplayedin Figure3(a) is
derivedfrom thewell-known vonKarmanvortex street.Von
Karmanproved(Lamb1945)that two in�nitely long paral-
lel rows of vorticeswill remainstableif two conditionsare
satis�ed: (1) the strengthof eachvortex is identical,with
vorticesin the left column having oppositevorticity from
thosein the right columnand(2) the spacingbetweenvor-
ticessatis�esa=b = 0:281 , wherea andb arelabelledin
Figure3(a). Clearly, in our numericalexperiments,we can-
not usean in�nitely long vortex street;but, even with a �-
nite numberof vortices,this arrangementwill resultin rel-
atively stabledynamics.In contrast,the symmetricpattern



(a) (b)

Figure3: Vortex con�gurations.Initial conditionsin (a) are
derived from the stability conditionfor a von Karmanvor-
tex street.Vorticesarespaced1 unit apartin thex-direction
anda=b= 1=0:281 � 3:6 unitsapartin they-direction. A
similar vertical spacingof 3:6 units andhorizontalspacing
of 1 unit wasusedto obtainthesymmetriccon�gurationdis-
playedin (b). In bothcases,thevorticesin the left column
have strength-1 (counter-clockwiserotation),andthosein
theright columnhave strength1 (clockwiserotation).

displayedin Figure3(b),whichcorrespondsto thesymmet-
ric modeof thejet, ishighlyunstable.Thus,thesetwovortex
con�gurationsprovide two very differentcontexts—bothof
which are physically realistic—in which to study dataas-
similationmethodologies.

Startingfrom theseinitial conditions,we �rst rana high-
resolutionpoint-vortex model simulation to representthe
“truth.” This simulation—a4th -orderRunge-Kuttasolution
of the point-vortex equations(1) with a small timestep—
providesa relatively accuratepictureof thedynamicalevo-
lution of thesystem,so it makessenseto useit asa stand-
in for theexperimentaldata. Thevortex trajectoriesin this
simulationaredepictedin Figure4(a). We thenran a sim-
ilar simulation,shown in Figure 4(b), with a much larger
timestep—onelargeenoughto causethesolutionto diverge
from thetruevalue.This is ausefulansatzfor whathappens
whenasimulationdivergesfrom reality, as�oating-point er-
ror andphysical noisehave many of the sameeffects. The
�nal stepin theevaluationof ourdata-assimilationstrategies
wasto usethe“truth” simulationto correctthe“model” one.
Eventually, of course,we will beworking with realdataas
the “truth” anda higher-resolutionmodelof the planarair
jet asthe“model.”

We �rst attempteda direct, continuousassimilationap-
proach, simply replacing the simulated variables in the
“model” runwith the“true” valuesatvariousintervals.This
is thestandard“periodic correction”approachusedin most
of the dataassimilationresearchthat was reviewed in the
previoussection.Figure5 shows a point-vortex simulation

(a)

(b)

Figure 4: Full trajectoriesof (a) “truth” and (b) “model”
simulationsstartingfrom initial conditionsin Figure 3(b).
Note that theseplots arenot to scale;we have zoomedin
on the x-rangeto make it easierto seethe interestingdy-
namics. (a) is a 200secondsimulationof Equation1 from
the initial conditionsof Figure3(a)usingRK4 anda 0.005
secondtimestep. (b) is a 200 secondsimulationwith a 1
secondtimestep.In our numericalexperiments,we usethe
more-accuratetrajectoriesfrom (a) to correctthevorticesin
(b).

correctedusing this technique.As outlinedabove, we are
usinga simulationwith a very �ne integrationtimestepas
the referenceor “true” simulation. The solid path in Fig-
ure 5(b) displaysthe full trajectory of one vortex in this
simulation. We useobservationsfrom this referencesim-
ulationto correctacoarsertimestepsimulation(represented
by the + + ++ pathin the �gure). The correctionsoccur
at the locationsindicatedby theblacksquares.Notice that
toward the beginning of the simulation,the vortex is mov-
ing quiteslowly, asindicatedby thesmalldistancebetween
+ s. Thetrajectoryis alsofairly smooth,indicatingthat the
vortex doesnotencounterlargevelocitygradientsin this re-
gion. Note that themodeltrajectorydoesnot diverge from
the “true” simulation,so the �rst two correctionsapplied



provide very little informationandwastecomputationalre-
sources.Themiddlesectionof the �gure, wherethemodel
goesastray, is also interesting. After this split occurs,the
observationthatrestoresthe+ + ++ pathto its “true” value
is information-rich.However, thesimulationhasincurreda
signi�cant errorby the time this observation is assimilated.
If we coulddetectthedivergencepoint indicatedby thecir-
cle in the �gure and apply the correctionthere,we could
greatlyimprove theaccuracy of thesimulation.

(a) (b)

Figure5: Assimilatingdatainto thepoint-vortex model:The
numericalresultsof Figure4(b) areusedto correctthevor-
ticesin thesimulationof Figure4(c). Thesolid line andthe
+ + + + + patharethe true andcorrectedtrajectories,re-
spectively; the data-assimilationschemecorrectsthe latter
to the former at the points indicatedby the black squares.
(a) displaystheresultswhenno correctionis appliedto the
+ + + + + path and (b) displaysthe resultsof periodi-
cally correctingthe“model” simulationat25sintervals.The
mean-squarederrorwas61.7in (a)and1.12in (b).

Theseobservationsled us to develop a new schemefor
timing vortex corrections,termeddynamics-informedas-
similation, that attemptsto identify dynamicallysensitive
regions.Thegoalis to correctthemodelonly whenthesys-
temdynamicsindicatethatacorrectionwill beuseful.When
themodelis highly accurate,the informationcontentin the
observationsis fairly low—i.e., theassimilatedobservations
donot impartasigni�cant changeto ourprior knowledgeof
the system. In contrast,whenthe model is failing to track
thetruedynamics,theobservationscandrasticallyimprove
thesimulation.If wecandetectwhenthemodelmightbedi-
vergingfrom reality, thenwecanintelligentlyselectwhento

correctit. Thoughthis appearsobvious,it is a dif�cult task,
aswe do not know the “true” stateof the systemin practi-
cal dataassimilationapplications.Fortunately, we do know
thatsolverstypically makemistakesin regionswhereveloc-
ity gradientsarelarge. Trackingthesegradients,then,pro-
videsinformationabouttheprobabilityof modeldivergence
at a giventime in thesimulationandis thusa usefulindica-
tor of correctionimportance.By correctingthemodelonly
when the gradientsare large, we can target regionswhere
correctionis mostbene�cial, saving thecomputationalcost
of gatheringandprocessingobservationswhenthey arenot
required.

Ourapproachis asfollows. At eachtimestep,wecompute
the componentsof the Jacobianof the velocity �eld at the
locationof eachvortex usingdivideddifferences—thatis,

J =

 @u
@x

@u
@y

@v
@x

@v
@y

!

whereu andv arethe velocitiesin the x andy directions,
respectively. TheL 1 normis thenusedto measurethesize
of thesegradients.

The ideabehinddynamics-informeddataassimilationis
to correctthe vorticesonly whenjjJ jj is high. To put this
into practice,wehadto developamethodto determinewhat
valuesshouldbeconsidered“high.” Our �rst approachwas
to run the simulationtwice: on the �rst run, we recorded
the rangeof jjJ jj for eachvortex. We thenran the experi-
mentagain, correctingthemodelwhenjjJ jj wasin thetop,
say 20%, of its rangefor any given vortex. This method
worked fairly well, but requireda precomputationof jjJ jj .
This is not viable in real simulations,so we developedan
on-linemethodthattracksjjJ jj andcorrectsthemodelwhen
its increasefrom onetimestepto thenext exceedsa certain
thresholdpercentagethat we call J + . Note that the value
chosenfor J + determineshow many correctionsareapplied
to thesimulation.A largervalueof J + neccessitatesalarger
increasein thenormof theJacobian,which occurslessof-
ten.Wecanthuscomparetheperformanceof ourdynamics-
informedmethodto thatof periodiccorrectionby evaluating
the successof eachmethodwhenthe samenumberof cor-
rectionsis performed.

Onesuchcomparisonis shown in Figure6. In part (a)
of the �gure, we reproducethe periodic correctionresults
from Figure5(a).Figure6(b)showstheresultsof dynamics-
informedcorrectionusingthesamedatasets.In this �gure,
we canclearlyseethatour approachis working asdesired.
In the slowly varying region toward the beginning of the
simulation,themodelis doingquitewell andsono correc-
tionsareapplied.Looking at thecircledareawherethepe-
riodic caseincursthebiggesterroris alsoencouraging.The
velocitygradientsarequitelargeatthispoint,wherethevor-
tex is changingdirections. Dynamics-informedcorrection
capturesthis informationandappliesa timely correctionto
keepthevortex from goingoff-track. It mayinitially becon-
fusing to observe that therearealsosomeregionswhereit
appearsthat themodelis doingquitewell, but a correction
is still applied.In theselow-gradientareaswherethetrajec-
tory is fa! irly smooth,onewould expectour approachto



(a) (b)

Figure6: Dynamics-informedassimilation: Theseimages
show thesamevortex (a)correctedperiodicallyat25sinter-
vals and(b) correctedonly whenthe norm of the Jacobian
increasesby 92 percentbetweentimesteps.Notice that the
secondcorrectionin (b) is appliedat preciselythe location
where(a) goes“off track”, resultingin a muchmoreaccu-
ratesimulation.Themean-squarederrorwas1.12in (a)and
0.0491in (b).

forego theassimilation.However, ourapproachis to correct
all vorticeswhenever thevelocitygradientsatany vortex are
increasing.Correctionsin regionswherethe trajectoryap-
pearssmoothareoftendueto high gradientsin thevicinity
of adifferentvortex.

Notethatthesimulationsin Figures6(a)and(b) have the
samecomputationalcost,in termsof thenumberof correc-
tions applied. Recall that we cantailor the numberof cor-
rectionsperformedby the dynamics-informedapproachby
tweakingthethresholdpercentageJ + in thealgorithm(the
percentageincreasein thenormof theJacobianthatwarrants
correction).Choosinga largervaluefor J + resultsin fewer
corrections,while a smallervalueresultsin more-frequent
correction.To producetheresultsshown in Figure6(b),we
have chosena J + valuethat resultsin thesamenumberof
correctionsasin theperiodiccasein (a). This allows us to
comparethe accuracy achieved by the two simulationsfor
thesamecomputationalcost.TheMSEfor theperiodiccor-
rectionapproachwas1.12,while theMSEfor thedynamics-
informedsimulationwas0.0491.This is a23-fold improve-
mentin accuracy for thesamenumberof corrections!

Theseresultsmay not be entirely convincing, sincethey
involve a single vortex from a particularsimulation. We
have performedanensembleof experimentsusingthesym-
metric and von Karman data sets, and the conclusionis
the same: for the samenumberof corrections,dynamics-
informed data assimilation results in much more accu-
rate simulationsthan periodic correction. Figure 7 dis-
plays the resultsfor the von Karmanvortex con�guration;
here, we are plotting the log of the mean-squarederror

for eachexperimentbasedon the numberof corrections
applied1. We investigatedperiodic correctionintervals of
50s;100s;150s; : : : ; 5450s. Note that choosinga 50s cor-
rectioninterval performsacorrectioneverytimestep,which
will result in 0 MSE, while correctingevery 5450s is the
sameasnot correctingthesimulationat all. The top curve
in Figure7 displaysthe resultsof theseperiodiccorrection
experiments.To createthebottomcurve,weransimulations
with Jacobianthresholdpercentagesrangingfrom 0:5% to
300%; the resultingnumberof correctionsin thesesimula-
tionsrangedfrom 1 to 13.

Figure7: Comparisonof dynamics-informedandperiodic
assimilationusingtheinitial conditionsin Figure3(a).Each
point in this �gure representsa singlesimulation;theMSE
is plottedasa function of the numberof corrections.The
uppercurvedisplaystheMSEresultsfor anensembleof pe-
riodic correctionexperiments;the lower curve displaysthe
resultswhenusingthedynamics-informedcorrectionstrat-
egy proposedhere.The lower MSE valuesachievedby the
latterindicatehighersimulationaccuracy.

This �gure bringsout several interestingfeaturesof the
dataassimilationprocessand provides someuseful infor-
mationaboutthevonKarmanvortex con�gurationin partic-
ular. For both periodicanddynamics-informedcorrection,
the MSE decreasesasthe numberof correctionsincreases.
This matchesour intuition about data assimilation,espe-
cially in this context in which the observationsareperfect
(i.e.,noise-free):morecorrectionsshouldgenerallyproduce
amore-accurateresult.Whentheerrorin theobservationsis
signi�cant, however—a commonsituationin thelaboratory
or the�eld—we may�nd thatcorrectingmorefrequentlyis
notalwaysbetter. Wearecurrentlyexploringthishypothesis
in numericalexperimentswith noisyobservations.

Other useful information can also be gleanedfrom the
dynamics-informedcurve in Figure7. Note that the max-
imum numberof correctionsapplied is 13, which occurs
whentheJacobianthresholdpercentageis0:5%. Thismeans
that the Jacobianof the velocity gradientsincreasedby at
least0:5% for only 13 of the 108 time stepsin this simu-
lation. We canconcludethat the velocity gradientsin the

1Eachpoint in the�gure correspondsto asinglesimulation



von Karmanexperimentare very slowly varying. This is
not entirely surprising,sincethe von Karmaninitial condi-
tions werebasedon the stability criteria for a von Karman
vortex street(with any instability resultingfrom the �nite
lengthof the streetin our experiments).Also, the surpris-
ingly low2 MSEof 10� 11 thatresultswhenthese13correc-
tions areappliedstrategically supportsour contentionthat
dynamics-informedassimilationworks very well. In gen-
eral, over all of the experiments,the differencesin errors
betweenthedynamics-informedandperiodicsimulationsis
quitedramatic.This encouragingresultgivesuscon�dence
that this techniquecanalsobe appliedsuccessfullyin real
simulationswith experimentaldata.

It is interestingto comparethe von Karman resultsto
thoseachieved with the symmetricvortex data setsfrom
Figure 4. The MSE for eachof the periodic correction
experimentsis again plotted in the upper curve in Fig-
ure 8(a). Recall that the correctionintervals for theseex-
perimentsrangedfrom 1s to 201s, with the 1s correction
interval resultingin 0 MSE and the 201s correctioninter-
val (uncorrectedsimulation)generatingthelargesterror. For
dynamics-informedcorrection,thethresholdpercentagewas
variedfrom 0:5% to 200%; theseresultsareplottedin the
lower curve in the �gure. Hereagain, we seethat correct-
ing more frequentlyresultsin a moreaccuratesimulation.
However, the decreasein the MSE for dynamics-informed
assimilationdoesnot occurasrapidly asin thevon Karman
simulations. In spiteof this, dynamics-informedassimila-
tion outperformsperiodicassimilationby a factorof 10 to
100in mostof theexperiments.

The chart in Figure8(b) alsorevealssomefurther inter-
estingdifferencesbetweenthe symmetricandvon Karman
experiments.NotethatthereareoftenseveraldifferentMSE
valuesthat can result for a small numberof corrections.
For example,for a 200ssimulation,thereare ten different
periodic correctionintervals that result in 4 corrections—
namely, 41s;42s; : : : ; 50s. Although eachof theseexperi-
mentsperformsthesamenumberof corrections,theresult-
ing MSE valuesare quite different, rangingfrom roughly
10� 1 to 101. We also saw somesimilar variability in the
von Karmanexperiments,but the MSE valuesweremuch
more tightly clusteredfor a given numberof corrections.
This shows thatthearbitrarychoiceof a periodiccorrection
interval canhave a seriousimpacton the simulationaccu-
racy, especiallyin dynamicallysensitive �o ws. Note that
thedynamics-informedalgorithmalsorequiresachoicethat
affects the numbero! f correctionsperformed: the value
of Jacobianthresholdpercentage,J + . Onepossibility is to
dynamicallymodify J + duringthecourseof thesimulation
using an adaptive technique. If the model is signi�cantly
off-track when a correctionis applied,it is likely that the
thresholdpercentageis too high. Conversely, if corrections
to themodelaresmall,wecansavecomputationalresources
by correctinglessfrequently(i.e., increasingJ + ). Keeping

2Thesmallestdouble-precisionvaluerepresentableon thema-
chine on which theseexperimentswere performedwas about
10� 19 , so the MSE valuesin the �gures arewithin the rangeof
precision

(a)

(b)

Figure8: Comparisonof dynamics-informedandperiodic
assimilationusingtheinitial conditionsin Figure3(b). Each
pointin this�gure representsasinglesimulation;theMSEis
plottedasafunctionof thenumberof corrections.Theupper
curve displaystheMSE resultsfor anensembleof periodic
correctionexperiments;thelower curve displaystheresults
whenusingdynamics-informedcorrection. Part (b) of the
�gure zoomsin on the leftmostregion of (a), so resultsfor
smallernumbersof correctionscanbeseenmoreclearly.

trackof thebehavior of thenormof J over eachcorrection
interval will allow usto determinehow muchto increaseor
decreaseour threshold.We arein theprocessof investigat-
ing this.

Conclusion
We have proposedthe useof a data-adaptive point-vortex
modelto overcomethespeedandcomplexity limitationsof
currentdirect approachesto numericalsimulationof com-
plex �uid �o ws. In representingthe�o w only in termsof its
coherentstructures,thepoint-vortex modelignoresall other
dynamics,making it very fast. However, the point-vortex
modelis not nearlyasaccurateasDNS methodsandis thus
of questionablevalue in the context of real-timemodeling
and control applications. If this fault could be overcome,



thepoint-vortex modelcouldbecomea very powerful tool.
Our solution to this problemis to correctthat modelwith
observationsof the �o w, a processknown as dataassimi-
lation. The dataassimilationalgorithmmustbe developed
with care, as an ineffective or computationallyexpensive
approachwould destroy the speedadvantagesof the point-
vortex model.

We have presenteda new correctionmethodology, which
wecall dynamics-informeddataassimilation,thatintegrates
quantitative information—sensordata—intothis qualitative
model. In our method,the correctiontiming is dictatedby
theunderlyingsystemdynamics:datais assimilatedinto the
modelonly whenthedynamicsindicatethatit is needed.In
contrastto the standardperiodic correctionapproach,our
strategy targets dynamically-sensitive regions and avoids
correctionswhen the model is performing well. Results
from our initial experimentson this approacharequite en-
couraging.Thereis a signi�cant increasein theaccuracy of
thesimulationover standardperiodiccorrectiontechniques.
For the samenumberof corrections,therewastypically at
leastanorderof magnitudedecreasein themean-squareder-
ror. Stateddifferently, thedynamics-informedapproachre-
quiresfar fewer correctionsto acheive thesamesimulation
accuracy asperiodiccorrection.This! novel resultcouldal-
low thecomputationalcostof gatheringandprocessingsys-
temobservationsto bedrasticallyreduced.

All of theexperimentspresentedin thispaperarenumeri-
cal simulationswith perfectobservations.Theultimategoal
of ourresearchis to applydynamics-informeddataassimila-
tion to real �uid �o ws. Clearly, measurementsof any phys-
ical systemwill becontaminatedwith noise,whichpresents
many additionalchallengesfor any dataassimilationstrat-
egy. Theseissueswill be exploredin our future work, and
wewill re�ne ourdynamics-informedapproachto ensureits
utility for practicalapplications.
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