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Abstract

Fastandaccuratenumericalmodelsarecritical for the mod-
elling, prediction,andcontrol of uid o ws. Direct numer
ical simulation (DNS) methods,thoughaccurate are often
too slow for thesepurposesSo-calledreduced-ordemodels
arefasterbecausehey usefewer statevariablesto approxi-
matethe o w physics. Differenttacticsare usedfor this di-
mensionalreduction. Someapproachesimply coarserthe
numericalgrain of the approximation. Otherstake a more-
qualitatve approach,decomposingthe ow into abstract
features—coheremstructuresik e vortices for instance—and
modellingthe dynamicsof thosefeatures.Regardlessof the
tacticsinvolved, the inherentapproximationgnake reduced-
order modelsinaccurate. The premiseof this paperis that
periodicallycorrectingsucha modelwith obsenationsof the
uid—a processknown asdataassimilation—camproducea
“data-adaptie” modelthat is both fast andaccurate. This
ideahasbeenexploredin depthby thenumericalweatheipre-
diction communityin the context of DNS models. The goal
of this paperis to exploredataassimilationin the context of a
modelthattreatsa uid o w asacollectionof vortices.There
aretwo challengesin assimilatingdatainto sucha model:
correctiondynamicsand computationalcost. The stratgy
describedhere solves both of thoseproblemsusing knowl-
edgeaboutthe o w dynamicgo intelligently selectwhenand
whereto applythecorrection.

Intr oduction

Dueto thecomplity andsensitvity of uid o ws, numeri-
cal modelsthataccuratelytracktheir evolution arecurrently
too slow for mary applications.The ability to modelthese
o wsaccuratelyandquickly is of greatpracticalimportance,
however, asthey arecommonin naturalandman-madesys-
tems. Traditional approacheso numericalmodelling, re-
viewed in the next section,use so-calleddirect numerical
schemedo solve the comple partial differentialequations
thatgovern o w dynamics. While thesetechniquesanbe
highly accuratethey arealsovery slow becaus¢hey model
the dynamicsat all pointson a ne mesh. Our approach
to solving this problemis to use a more-abstracimodel
thattracksonly the coherenstructuresn the o w andself-
correctsusingphysical datameasuredrom that o w. This
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combinatiorof qualitatve modellingandquantitatve obser
vationsresultsin a data-adaptie simulationthatis bothfast
andaccurate.

The point-vortex modeltracksonly thevorticesin a o w,
ignoringall otherdynamics.In comparisorio directnumer
ical simulationtechniquesthis is a reduced-ordemodel
its statevariablesarethe positionsandstrengthsof the vor-
ticesratherthangriddedvelocity elds. This abstractiorof
the o w—asa collectionof interactingcoherenistructures,
ratherthana physicalcontinuumof velocitiesandpressures,
or agriddedapproximatiorthereof—has variety of adwvan-
tages.Reasoningn termsof the vorticesin a o w is much
simpler andhencenumericalmodelsthatencapsulatsuch
reasoningaresigni cantly faster And, this abstracteason-
ing is justi ed from a physical standpointasit is the coher
entregionsina uid o w thatareresponsibldor thequalita-
tive o w behaior(Roshlo 1976).Vortices,in particulay are
goodcoherenstructurego track,as uid physicsenablesis
to computethe velocity at ary pointin the o w if we know
the positionsandstrengthsof its vortices.Vorticesmayalso
beusefulin helpinghumango reasoraboutturbulent o ws
(Yip 1995). The mathematicaldetails of the point-vortex
modelareprovidedin thenext section.

Thereis a dravbackto usingreduced-ordemodels:the
approximationghat make themfastalsointroduceinaccu-
racies.Our solutionto this problemis to correctthe model
variableson the y usingdatafrom the target system.This
processknown asdataassimilationwasdevelopedby me-
teorologistsin the 1950sfor integrating weatherobsena-
tions into numericalpredictionmodels. The thesisof our
work is that correctinga reduced-ordemodel—onethatis
basedupon qualitative featuresof the o w—with quanti-
tative informationis a goodway to improve accurag, and
thatthe resultingdata-adaptie reduced-ordemodelcanbe
both fast andaccurate. Data assimilationpresentdts own
setof challengeshowever, asit canpotentiallydestabilize
an otherwise-stabl&umericalscheme.And, the computa-
tional costsof a naive assimilationstratgyy couldnegatethe
increasan speedobtainedby usingareduced-ordemodel.
The data-assimilatiomommunityhasexploredtheseissues
in greatdepthin regardto DNS models,but therehasbeen
almostno work on how to usedatato correctreduced-order
models,nor hasanyoneinvestigatedthe useof real datain
thiscontet, let aloneaddressethecomputationatostissue



in ary systematiovay.

In this paper we presentan intelligent data-assimilation
stratgyy thatexploits knowledgeaboutthe o w dynamicsto
correctthe point-vortex modelonly whennecessaryThisis
in contrasto traditionaldataassimilatiorapproachesyhich
correctthe modelwheneer obsenrationsare available, ig-
norethe dynamicsof the underlyingsystemandusestatis-
tical approacheto handlenoise.We believe thata thorough
graspof the dynamicsof the systemcan be usednot only
to inform the assimilationprocess,but alsoto understand
the scenariosn which noise—arinescapabléeatureof ary
realapplication—mayenhancer destry its bene ts.

Many of thethemesn this work arefamiliar onesto the
QR community We areinterestedn abstractiorasaway to
simplify simulation(e.qg.,(Clang/ & Kuipers1993)),but we
areworkingwith aspatiotemporallgxtendedsystemwhose
behaior cannotbe ernvisionedor enumerated.In contrast
to (ky RingoLing & Steinbeg 1993), we are not lumping
control volumesto transformthe systeminto an ODE, nor
is our goal diagnosis,asin (Sachenbache% Struss2001;
Struss2002; Yan 2003). To simplify our simulations,we
are using a reduced-ordemodel that tracks the coherent
structuresin a uid. The goalin the currentpaper how-
ever, is notto nd or understandhosestructuregBailey-
Kellog & Zhao 1997; Bailey-Kellog, Zhao, & Yip 1996;
Ordbfiez & Zhao 2000; Nishida 1993; Yip 1995; 1997),
but simply to use data about them to correcta simula-
tion of their dynamics.Like Lundell (Lundell 1994;1995;
1996), we are building a qualitative model of a physical
eld; theform of the modelis very different, though,and
we areusingdataassimilatiornto improve its accurag. Like
Zhao(Zhao1994),we are exploiting knowledgeaboutdy-
namical systemsto improve simulations; our application
area,however, is uid dynamicsasopposedo ordinarydif-
ferentialequationsandour goalis to correctthe simulation
notunderstandhestatespace Lastly, oneof ourfundamen-
talissueds theintegrationof qualitative andquantitatve in-
formation,whichis a prevalentresearchssuein the QR lit-
erature.In the next few sectionswe describethe qualitative
modelwe thatareworkingwith andexplain how dataassim-
ilation canbe usedto incorporatequantitatve obsenations.

The Point-Vortex Method

Real-world uids problemsdo not admit analytical solu-
tions, so one hasto modelthem numerically andtheir in-
herentspatiotemporatompleity makesthisveryhard.The
traditional solution to this, termeddirect numericalsimu-
lation or DNS, involvesdiscretizingthe o w quantitiesus-
ing nite-order approximationf time and space. To get
the o w detailsright in faceof this discretizationthe grids
involved may needto be very ne, which translateso an
extremely large statevector in a simulationof a compli-
cated o w. Thealgorithmicmethodausedin mary codesto
addresghis issue—e.g.sparsematrix solvers—oftenhave
sensitve numericaldynamicsmakingit hardto getthemto
converge. For all of thesereasonsPNS simulationsof even
fairly simple uids problemsrequirehours—oreven days
or weeks—ofCPU time on powerful machineswith large
memories.

If a coarserbut still meaningful representatiorcould
be usedto model the dynamicsof the system,the result-
ing numericalsolver would be simpler and hencemuch
faster than DNS models. There are mary examplesof
suchreduced-orderepresentationgCanutoet al. 1988;
Berkooz, Holmes, & Lumley 1993; Famge, Schneider &
Kevlahan1999; Farge et al. 2003; Germanoet al. 1991;
Lesieur& Metais1996;Moin 1997;Sethiarl991). Many of
theseareobtainedvia variousapproximationso the Navier-
Stokes equationsor a coarseningof the grid employed by
the DNS models. It is importantto note that the majority
of thesesolutionsprovide abstractdescriptionsof the o w,
but no mechanisnfor modelling the dynamicsin termsof
thesedescriptions. The point-vortex model(Sethiarl991),
in contrast,is anabstractiorthatis basedon the qualitative
featuresn the o w. Thismethodis inherentlygrid-free,and
thestatevariablesaremeaningful o w quantities—positions
andstrengthof vortices—thatarehelpful in understanding
its dynamics. The resultis a hugereductionin the number
of statevariablesrequiredin the simulation.

The point-vortex model’s dynamicsare straightforvard.
It tracksthe vorticesin a ow, assumingthatthat ow is
inviscid. Vorticity is a eld vectorquantityde ned asthe
curl of thevelocity; it representshe angularmomentumof
the uid. A vortex is alocal peakor concentratiorin the
vorticity; circulationis theintegral of vorticity over anarea.
In the pointvortex model, all vorticity is idealizedas be-
ing containedat speci ¢ points,which areassumedo move
with the ow eld. As mentionedabore, statevariablesin
the point-vortex modelarethepositions(x; y) andstrengths

of theseidealizedpoint vortices. This model's dynam-
icsarethe uid-mechanicalanalogof pointmassegvolving
underthe mutualinteractionof Newtonian gravity: a vor-
tex is treatedasgeneratinga swirling velocity eld around
itself, andotherentities—wrtices passie tracerparticles—
move or “advect” with thatvelocity. The magnitudeof the
inducedvelocity falls off as1=r? with the distancer from
the correspondingrortex core. The point-vortex equations
usesuperpositiorto combinethe effects of multiple point
vortices. In schematidorm, the equationgfor the evolution
of the stateof theitg pointvortex are:

X - (X5 8i) 1

N A (1)
whereX; = (x;;¥i)", the 2D position of the ith vortex,
andf~is avectorvaluedfunctionwhose th componentom-
putesthedistancegjX;  Xjjj» fromtheith vortex to each
of thej otherscomputegheirin uence atthatdistancgvia
the 1=r2 law, scaledby the strength ;), rotatesto the tan-
gentialdirection,anddoesa vectorsumof the results.One
cansolve thesystem(1) with ary ordinarydifferentialequa-
tion (ODE) solwer.

The point-vortex modelis highly idealized. Thatis what
malkes it fast, but idealizationalso introducesinaccurag.
Real vortices are not concentratedat a single point, and
only higherReynoldsnumber o ws canbetreatedasinvis-
cid. More typically, vorticity is distributed throughoutthe
ow, andit is createdand destryed asthe ow evolves.



Nonethelessthe point-vortex method works remarkably
well (Boyland, Stremler & Aref 2003)if the o w is dom-
inated by isolatedregions of high vorticity, the uid sur
roundingthoseregionsis basicallyirrotational,andviscos-
ity is small—assumptionthatarevalid for mary engineer
ing ows. Therearemary waysto extendthe point-vortex
modelto handlecasesvheretheseassumptionarenotvalid
(Airapetor 1990;Basu,Narasimha& Prabhul995;Chava-
nis2001;CortelezziChen,& Changl997;Funaloshi1995;
Huber& Alstrom 1993; Riccardi& Piva 2000). Theseim-
provementswill not play rolesin our researchsincethe
solver itself is not our focus. Our goalis to gure out how
to usedataassimilationto improve theaccurag of the orig-
inal point-vortex algorithm and presenta proof-of-concept
examplethatit works.

Data Assimilation Overview

In orderto combatthe small- and large-scaleerrorsintro-
ducedby the point-vortex approximation,we correctthe
solver with experimentalmeasurementef the uid under
investigation—a processknown as data assimilation(see
(Daley 1991; Tarantola1987) for an overview). Figure 1
shavs a schematicof the correctionprocess,and depicts
what is typically referredto as a dataassimilationcycle.
The stepsin the processare as follows. In the rst cy-
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Figure 1: Dataassimilationcycle. A numericalmodelis
usedto generatea forecastor “backgroundstate” from a
best-guesinitial condition. Dataassimilationis thenused
to combinethe backgroundstatewith the available obser
vations,eachweightedaccordingto its expectedaccurag.
Theresultis an“analysisstatéd;, which is usedastheinitial
conditionfor the next assimilationcycle.

Analysis

cle, one must specify the initial conditionsfor the model
integration—thisis known asthe initialization problemin
the dataassimilationcommunity Onceinitial conditions
have beenspeci ed, the modelis run for a speci ed time
interval (cycle length)to producea forecastor background
state.Thisforecaststepis representetly

x'(tivr) = MiX"(t)];

whereM; is the modeldynamicsoperatorandxf(t;) is its
statevectorattimet;. Finally, obsenationsof thedynamical
systemarecombinedwith this backgroundstateto produce

a nev model stateknown asthe analysis Dependingon
the analysisalgorithmandthe model, it may be necessary
to apply initialization techniquego the analysisto ensure
thatit satis escertaindynamicbalanceconditions.Thean-
alyzed/initializedstateis thenusedastheinitial conditionto
startthe modelforecasffor the next dataassimilationcycle.

This seeminglysimpledataassimilationcycleis rich with
interestingandchallengingoroblems.Much of theresearch
in this eld is devotedto the analysisstep,i.e., determin-
ing whatalgorithmshouldbe usedto updatethe modelvari-
ables,basedon the available obsenrations. One naive ap-
proachto this is to simply throw out the simulatedvariable
valuesandreplaceghemwith themeasurednes(wherethey
exist). We will referto this methodas“direct replacemerit.
Thereare a variety of major problemswith this. To begin
with, it can deliver a numericalshockto the solver, and
numerical algorithms are notoriously sensitve and prone
to diverge when subjectedto this kind of insult. Simple
control-theoretiddeascan softenthis shock. The meteo-
rology communityhasbeenusingthe obvious proportional
control stratgy to do sofor thirty years(thoughthey term
it “Newtonian nudging” (Davies & Turner1977)). Direct
techniquedik e thisareall verywell if thedataareplentiful,
noise-free,and an exact matchto the variablesusedin the
simulator but thatis rarelythe casen practice andthebulk
of the dataassimilationliteratureis devotedto techniques
for dealingwith the sparsenessioise,andheterogeneityf
realdata.

Atmosphericand oceanicassimilationsystemstypically
dealwith theseissuesby working with an obseration grid
anda modelgrid andinterpolatingsimulatedandmeasured
databackandforth betweerthetwo in orderto performthe
correction.Thisinterpolation,n thefaceof noiseandsparse
data,is the mainchallengeof dataassimilation.Early solu-
tions usedsimplelinear methodsto solwe this problem,but
thesedid not take into accountthat noiseand signi cance
levels differ acrossdatasets. The next generatiorof data-
assimilationapproachesisedstatisticalinterpolationtech-
niguesinvolving covariancematricesto transformbetween
the two grids in a mannerthat weights different obsena-
tionsappropriatelyDaley 1991,chapterd). Kalman lters,
a conceptuallyneaterbut much more computationallyex-
pensve way to solve this problem, cameinto usein this
communityin the 1990s,along with an ensemblenethod
thatusesMonte Carlotechniquego estimatethe sensitvity
of the modelto differentkinds of correctionsandthentai-
lorsits actionsaccordingly(Andersor2003;Evenserl994).
Anotherelegant approachusestechniquedrom variational
calculusto nd themodeltrajectorythatmostclosely ts the
obserations(Dimet & Talagrandl986). Note that noneof
thesetechniquesiseknowledgeaboutthe dynamicsof the
systemto guidethe designof the correctionstratgy. And,
no one hasthoroughlyexaminedhow the succesof these
statisticalstratgjies might dependon the stateof that sys-
tem.

All of the aforementionedlata assimilationtechniques
have beendevelopedin the context of DNS simulationsof
large-scaleatmospheri@andoceanicsystemsgataassimila-
tion into point-vortex modelshasreceived muchlessatten-



tion. Kayo Ide etal. (Ide & Ghil 1997;Ide, Kuznets®, &
Jones2002) have donesomeinterestingwork in this eld.
This algorithm deducesthe vortex positionsby inverting
the velocity superpositiormmgumentsthat are built into the
point-wortex equationsand then assimilatesthat datainto
point-vortex modelsusingKalman lters. They have tested
this stratgyy extensiely in numericakimulations.They also
developedahybrid assimilatiormethodthatassimilateslata
aboutboth the positionsand strengthsof vortices andthe
pathsthattracerparticlestake througha o w. Thebasicidea
is to augmentthe point-vortex equations(1) with a set of
traceradwectionequationghat modelthe dynamicsof par
ticle movement(lde,Kuznets®, & Jones2002). The key
hereis thatthe fundamentalink betweenvelocity andvor-
ticity couplestheseequations so correctionsmadeto one
will “percolate” into the other That is, one can assimi-
late tracerparticledatainto the adwectionequationsandthe
cross-couplingterm will naturally carry thosecorrections
into the point-vortex equations.lde et al. have studiedthis
approachin simulationsput it hasnotyetbeenimplemented
with experimentaldata.

Dynamics-Informed Assimilation: Methods
and Results

Our goal, andthe novelty of our work, is to develop effec-
tive strat@ies for timing the assimilationof datainto the
point vortex model. We are usingthe dynamicsof the sys-
tem to determinewhen and where model correctionswill
have the mostimpact,enablingusto decidewhetheror not
the computationakostof gatheringand processingsystem
obsenationsis worth the effort. This paperpresentsa se-
ries of numericalexperimentghat provide a solid proof-of-
conceptdemonstratiorof our strategy, which is basedon
the obsenation that solvers make mistales whenthe spa-
tial gradientsof the equationghatthey aresolvingarehigh.
Our ultimategoal, of course|s to applythis to areal-world
uid ow: alaboratoryair jet thatis describedn the fol-
lowing paragraph.While this is a much simpler o w that
thosethatgeoplysicistswork with, it calls mary of theim-
portantquestions—noisesomputationatost,etc.—thatare
ignoredby all of the existing assimilatiorwork on reduced-
ordermodels. The laboratorysettingalsodistinguisheur
work from the bulk of the dataassimilationliterature:it lets
useffectively isolate,explore,andunderstandheassociated
researchissuedn afashionthatis simply not possiblewhen
oneis working with a systemthatis ascomplex andhardto
obserne—Iletalonecontrol—astheweather
Themotivatingexamplefor thiswork, andthetestbedor
thestageghatwill follow this paperis a planarair jet (Pea-
cocketal. 2004). Usingactuatorsat the baseof the jet, we
canforcethe o w to assumeneof its two unstablemodes.
A pictureof thejetin its antisymmetrianodeis displayedn
Figure2(a). Vorticesarewell-de ned in boththe symmet-
ric andantisymmetrianodeswhich makestheforcedjet a
good candidatefor point-vortex modelling. We also have
a mechanisnfor gatheringvelocity datafrom this o w—
particleimagevelocimetry (PIV). A PIV systemworks as
follows: (1) aerosolparticlesinjectedinto the uid areil-

(@) (b)

Figure2: (a) A planarair jet. Re  70. Vorticesareclearly
visible in this photographof the jet. Our goalis to track
thesecoherentstructureswith a point-vortex model, cor
rectedwith experimentaldatato maintainaccurag. (b) is
a sampleof theraw velocity eld dataobtainedfrom a par
ticle imagevelocimetry(PIV) system.

luminatedby a laserlight sheet,(2) a camerasituatedper

pendicularto the light sheettakestwo photographof the
o w in quick successiorand(3) the photographarecross-
correlatedto determinedisplacementsf the aerosolparti-

cles,which canbe usedto infer the velocity at eachparticle
position.Figure2(b) shavsasamplevelocity eld of thejet,

obtainedvia PIV. Our ultimategoalis to usethis laboratory
setupto investigatesomeof thetraditionaldataassimilation
methodslescribedn theprevioussectionrandcomparghem
with our dynamics-informecatorrectionapproachwhich is

describedn therestof this section.

As a rst steptoward this goal, we have devised a set
of numericalsimulationgthatcomprisea meaningfultestof
our approach.The basicideais commonin the numerical
computingcommunity: usea ne-grainedsimulationasan
ansatzfor the “true” behaior of the system. In our case,
thisamountgo usinga high-resolutiorsimulationto correct
acoarseone. This effectively isolatesthe data-assimilation
researchquestionstreatedin this paperfrom the compli-
cationsof real data,and provides a controlledscenarioin
whichto gain experiencewith thesetechniques.

To make theansatzascloseaspossible we choosanitial
conditionsfor our modelthatresemblehoseobseredin the
laboratory Figure 3 displaystwo initial vortex con gura-
tionsthatmimic the symmetricandantisymmetrianodesof
thejet. Thevortex con gurationdisplayedin Figure3(a)is
derivedfrom thewell-known von Karmanvortex street.\Von
Karmanproved (Lamb 1945)thattwo in nitely long paral-
lel rows of vorticeswill remainstableif two conditionsare
satis ed: (1) the strengthof eachvortex is identical, with
vorticesin the left column having oppositevorticity from
thosein theright columnand(2) the spacingbetweenvor-
ticessatis esa=b= 0:281, wherea andb arelabelledin
Figure3(a). Clearly, in our numericalexperimentswe can-
not useanin nitely long vortex street;but, evenwith a -
nite numberof vortices,this arrangementvill resultin rel-
atively stabledynamics.In contrastthe symmetricpattern



(a) (b)

Figure3: Vortex con gurations. Initial conditionsin (a) are
derived from the stability conditionfor a von Karmanvor-

tex street.VorticesarespacedL unit apartin thex-direction
anda=b= 1=0:281 3:6 unitsapartin they-direction. A

similar vertical spacingof 3:6 units andhorizontalspacing
of 1 unitwasusecto obtainthesymmetriccon gurationdis-
playedin (b). In both casesthevorticesin theleft column
have strength-1 (counterclockwiserotation),andthosein

theright columnhave strengthl (clockwiserotation).

displayedn Figure3(b), which correspondso the symmet-
ric modeof thejet, is highly unstable Thus,thesewo vortex
con gurationsprovide two very differentcontexts—bothof
which are physically realistic—inwhich to study dataas-
similationmethodologies.

Startingfrom theseinitial conditions,we rst ranahigh-
resolution point-vortex model simulationto representhe
“truth.” This simulation—a4™ -orderRunge-Kittasolution
of the point-vortex equations(1) with a small timestep—
providesa relatively accuratepictureof the dynamicalevo-
lution of the system,so it makessenseo useit asa stand-
in for the experimentaldata. The vortex trajectoriesn this
simulationare depictedin Figure4(a). We thenrana sim-
ilar simulation, shavn in Figure 4(b), with a much larger
time step—ondarge enoughto causehesolutionto diverge
from thetruevalue. Thisis ausefulansatZor whathappens
whenasimulationdivergesfrom reality, as oating-point er
ror and physical noisehave mary of the sameeffects. The

nal stepin theevaluationof ourdata-assimilatiostrateies
wasto usethe“truth” simulationto correctthe“model” one.
Eventually of course we will beworking with realdataas
the “truth” anda higherresolutionmodel of the planarair
jetasthe“model”

We rst attempteda direct, continuousassimilationap-
proach, simply replacing the simulated variablesin the
“model” runwith the“true” valuesatvariousintervals. This
is the standard‘periodic correction”approachusedin most
of the dataassimilationresearchthat was reviewed in the
previous section. Figure5 shavs a point-vortex simulation

—

(@)

(b)

Figure 4. Full trajectoriesof (a) “truth” and (b) “model”
simulationsstartingfrom initial conditionsin Figure 3(b).
Note that theseplots are not to scale;we have zoomedin
on the x-rangeto male it easierto seethe interestingdy-
namics. (a) is a 200 secondsimulationof Equationl from
theinitial conditionsof Figure 3(a) usingRK4 anda 0.005
secondtimestep. (b) is a 200 secondsimulationwith a 1
secondimestep.In our numericalexperimentswe usethe
more-accuratérajectoriefrom (a) to correctthevorticesin

(b).

correctedusingthis technique. As outlined above, we are
usinga simulationwith a very ne integrationtimestepas
the referenceor “true” simulation. The solid pathin Fig-
ure 5(b) displaysthe full trajectoryof one vortex in this
simulation. We use obsenationsfrom this referencesim-
ulationto correcta coarsetimestepsimulation(represented
by the+ + ++ pathin the gure). The correctionsoccur
at the locationsindicatedby the black squares.Notice that
toward the beginning of the simulation,the vortex is mov-
ing quite slowly, asindicatedby the smalldistancebetween
+s. Thetrajectoryis alsofairly smooth,indicatingthatthe
vortex doesnot encountetarge velocity gradientsn thisre-
gion. Notethatthe modeltrajectorydoesnot diverge from
the “true” simulation, so the rst two correctionsapplied



provide very little informationandwastecomputationate-
sources.The middle sectionof the gure, wherethe model
goesastray is alsointeresting. After this split occurs,the
obsenationthatrestoreghe+ + ++ pathto its “true” value
is information-rich.However, the simulationhasincurreda

signi cant error by the time this obsenationis assimilated.

If we coulddetectthe divergencepointindicatedby the cir-
cle in the gure andapply the correctionthere,we could
greatlyimprove theaccurag of the simulation.

(@) (b)

Figure5: Assimilatingdatainto thepoint-vortex model: The
numericalresultsof Figure4(b) areusedto correctthe vor-
ticesin the simulationof Figure4(c). Thesolid line andthe
+ + + + + patharethetrue andcorrectedtrajectories re-
spectvely; the data-assimilatiorschemecorrectsthe latter

to the former at the pointsindicatedby the black squares.

(a) displaystheresultswhenno correctionis appliedto the
+ + + + + path and (b) displaysthe resultsof periodi-
cally correctingthe“model” simulationat 25sintervals. The
mean-squaredrrorwas61.7in (a)and1.12in (b).

Theseobserationsled us to develop a new schemefor
timing vortex corrections,termed dynamics-informecdas-
similation, that attemptsto identify dynamically sensitve
regions. Thegoalis to correctthemodelonly whenthe sys-
temdynamicdndicatethatacorrectiorwill beuseful. When
the modelis highly accuratetheinformationcontentin the
obsenrationsis fairly low—i.e., theassimilatedbbsenrations
do notimpartasigni cant changeto our prior knowledgeof
the system. In contrastwhenthe modelis failing to track
the true dynamics the obsenationscandrasticallyimprove
thesimulation.If we candetectwhenthemodelmightbedi-
verging from reality, thenwe canintelligently selectwhento

correctit. Thoughthis appearohvious,it is adif cult task,
aswe do not know the “true” stateof the systemin practi-
cal dataassimilationapplications.Fortunately we do know
thatsolverstypically make mistalesin regionswhereveloc-
ity gradientsarelarge. Trackingthesegradientsthen,pro-
videsinformationaboutthe probability of modeldivergence
atagiventimein the simulationandis thusa usefulindica-
tor of correctionimportance.By correctingthe modelonly
whenthe gradientsare large, we cantarget regions where
correctionis mostbene cial, saving the computationatost
of gatheringandprocessingbsenationswhenthey arenot
required.

Ourapproachs asfollows. At eachtimestepwe compute
the component®f the Jacobiarof the velocity eld at the

locationof eachvortex usingdivided differences—thaits,
I

e Q@
e ep

whereu andv arethe velocitiesin the x andy directions,
respectiely. TheL; normis thenusedto measurghe size
of thesegradients.

The ideabehinddynamics-informedlataassimilationis
to correctthe vorticesonly whenjjJjj is high. To put this
into practice we hadto developa methocdto determinavhat
valuesshouldbe consideredhigh.” Our rst approachwas
to run the simulationtwice: on the rst run, we recorded
therangeof jjJjj for eachvortex. We thenran the experi-
mentagain, correctingthe modelwhenijjJjj wasin thetop,
say 20%, of its rangefor ary given vortex. This method
worked fairly well, but requireda precomputatiorof jjJjj.
This is not viable in real simulations,so we developedan
on-linemethodthattracksjjJ jj andcorrectehemodelwhen
its increaseérom onetimestepto the next exceedsa certain
thresholdpercentagehat we call J* . Note that the value
choserfor J* determineiow mary correctionsareapplied
to thesimulation.A largervalueof J* neccessitateslarger
increasdn the norm of the Jacobianwhich occurslessof-
ten. We canthuscomparehe performancef our dynamics-
informedmethodto thatof periodiccorrectionby evaluating
the succes®f eachmethodwhenthe samenumberof cor
rectionsis performed.

One suchcomparisonis shovn in Figure 6. In part (a)
of the gure, we reproducethe periodic correctionresults
from Figure5(a). Figure6(b) shavstheresultsof dynamics-
informedcorrectionusingthe samedatasetsin this gure,
we canclearly seethat our approachs working asdesired.
In the slowly varying region toward the beginning of the
simulation,the modelis doing quite well andso no correc-
tionsareapplied. Looking at the circled areawherethe pe-
riodic caseincursthebiggesterroris alsoencouragingThe
velocity gradientsarequitelargeatthis point, wherethevor-
tex is changingdirections. Dynamics-informedcorrection
captureghis informationandappliesa timely correctionto
keepthevortex from goingoff-track. It mayinitially becon-
fusing to obsere that thereare alsosomeregionswhereit
appearghatthe modelis doing quite well, but a correction
is still applied.In theselow-gradientareaswvherethetrajec-
tory is fa! irly smooth,onewould expectour approacho
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Figure 6: Dynamics-informedassimilation: Theseimages
shav the samevortex (a) correctedperiodicallyat 25sinter-
vals and(b) correctedonly whenthe norm of the Jacobian
increasedy 92 percentbetweertimesteps.Notice thatthe
secondcorrectionin (b) is appliedat preciselythe location
where(a) goes“off track”, resultingin a muchmoreaccu-
ratesimulation.Themean-squaredrrorwas1.12in (a) and
0.0491in (b).

forego theassimilation.However, our approachs to correct
all vorticeswheneverthevelocity gradientsat ary vortex are
increasing.Correctionsin regionswherethe trajectoryap-
pearssmoothare often dueto high gradientsn the vicinity

of adifferentvortex.

Notethatthe simulationsin Figures6(a) and(b) have the
samecomputationatost,in termsof the numberof correc-
tions applied. Recallthat we cantailor the numberof cor-
rectionsperformedby the dynamics-informedapproachby
tweakingthe thresholdpercentagd * in the algorithm(the
percentagncreasen thenormof theJacobiarthatwarrants
correction).Choosinga largervaluefor J* resultsin fewer
correctionswhile a smallervalue resultsin more-frequent
correction.To producethe resultsshavn in Figure6(b), we
have chosema J* valuethatresultsin the samenumberof
correctionsasin the periodiccasein (a). This allows usto
comparethe accuray achiezed by the two simulationsfor
thesamecomputationatost. The MSE for the periodiccor-
rectionapproactwasl.12,while theMSE for thedynamics-
informedsimulationwas0.0491.This is a 23-foldimprove-
mentin accuray for the samenumberof corrections!

Theseresultsmay not be entirely corvincing, sincethey
involve a single vortex from a particular simulation. We
have performedanensemblef experimentausingthe sym-
metric and von Karman data sets, and the conclusionis
the same: for the samenumberof corrections,dynamics-
informed data assimilation results in much more accu-
rate simulationsthan periodic correction. Figure 7 dis-
playsthe resultsfor the von Karmanvortex con guration;
here, we are plotting the log of the mean-squareetrror

for eachexperimentbasedon the numberof corrections
applied. We investicated periodic correctionintervals of

rectioninterval performsacorrectionevery time step,which
will resultin 0 MSE, while correctingevery 545G is the
sameasnot correctingthe simulationat all. Thetop curve
in Figure7 displaysthe resultsof theseperiodiccorrection
experiments.To createhebottomcurve, we ransimulations
with Jacobiarthresholdpercentagesangingfrom 0:5% to
300% theresultingnumberof correctionsn thesesimula-
tionsrangedfrom 1 to 13.

Figure 7: Comparisornof dynamics-informedand periodic
assimilatiorusingtheinitial conditionsin Figure3(a). Each
pointin this gure representa singlesimulation;the MSE
is plotted asa function of the numberof corrections. The
uppercurve displaysthe MSE resultsfor anensemblef pe-
riodic correctionexperiments;ithe lower curve displaysthe
resultswhenusingthe dynamics-informecorrectionstrat-
egy proposechere. The lower MSE valuesachiezed by the
latterindicatehighersimulationaccurag.

This gure brings out several interestingfeaturesof the
dataassimilationprocessand provides someuseful infor-
mationaboutthevon Karmanvortex con gurationin partic-
ular. For both periodicand dynamics-informedorrection,
the MSE decreaseasthe numberof correctionsincreases.
This matchesour intuition about data assimilation,espe-
cially in this context in which the obsenationsare perfect
(i.e.,noise-free)morecorrectionshouldgenerallyproduce
amore-accurateesult. Whentheerrorin theobsenationsis
signi cant, however—a commonsituationin the laboratory
or the eld—we may nd thatcorrectingmorefrequentlyis
notalwaysbetter We arecurrentlyexploring this hypothesis
in numericalexperimentswith noisy obsenations.

Other useful information can also be gleanedfrom the
dynamics-informecturve in Figure 7. Note that the max-
imum numberof correctionsappliedis 13, which occurs
whentheJacobianhresholdercentagés 0:5%. Thismeans
that the Jacobianof the velocity gradientsincreasedy at
least0:5% for only 13 of the 108 time stepsin this simu-
lation. We can concludethat the velocity gradientsin the

'Eachpointin the gure correspondso asinglesimulation



von Karmanexperimentare very slowly varying. This is
not entirely surprising,sincethe von Karmaninitial condi-
tions were basedon the stability criteria for a von Karman
vortex street(with ary instability resultingfrom the nite
lengthof the streetin our experiments).Also, the surpris-
ingly low? MSE of 10 ! thatresultswhenthesel3 correc-
tions are appliedstratgically supportsour contentionthat
dynamics-informedassimilationworks very well. In gen-
eral, over all of the experiments,the differencesin errors
betweerthe dynamics-informedndperiodicsimulationsis
quitedramatic.This encouragingesultgivesuscon dence
that this techniquecan also be appliedsuccessfullyin real
simulationswith experimentaldata.

It is interestingto comparethe von Karman resultsto
thoseachiered with the symmetricvortex data setsfrom
Figure 4. The MSE for eachof the periodic correction
experimentsis again plotted in the upper curve in Fig-
ure 8(a). Recallthatthe correctionintenals for theseex-
perimentsrangedfrom 1s to 201s, with the 1s correction
interval resultingin 0 MSE andthe 201s correctioninter-
val (uncorrectegimulation)generatinghelargesterror. For
dynamics-informedorrectionthethresholdercentagavas
variedfrom 0:5% to 200% theseresultsare plottedin the
lower cune in the gure. Hereagain, we seethat correct-
ing more frequentlyresultsin a more accuratesimulation.
However, the decreasén the MSE for dynamics-informed
assimilationdoesnot occurasrapidly asin thevon Karman
simulations. In spite of this, dynamics-informedassimila-
tion outperformsperiodic assimilationby a factorof 10 to
100in mostof the experiments.

The chartin Figure 8(b) alsorevealssomefurtherinter-
estingdifferencesbetweernthe symmetricandvon Karman
experiments NotethatthereareoftenseveraldifferentMSE
valuesthat can result for a small numberof corrections.
For example,for a 200ssimulation,thereareten different
periodic correctionintervals that resultin 4 corrections—

mentsperformsthe samenumberof correctionsthe result-
ing MSE valuesare quite different, rangingfrom roughly
10 ! to 10'. We alsosav somesimilar variability in the
von Karmanexperiments,but the MSE valueswere much
more tightly clusteredfor a given numberof corrections.
This shavs thatthe arbitrarychoiceof a periodiccorrection
interval canhave a seriousimpacton the simulationaccu-
ragy, especiallyin dynamicallysensitve ows. Note that
thedynamics-informedlgorithmalsorequiresachoicethat
affectsthe numbero! f correctionsperformed: the value
of Jacobiarthresholdpercentage] * . Onepossibilityis to
dynamicallymodify J* duringthe courseof the simulation
using an adaptve technique. If the modelis signi cantly
off-track whena correctionis applied, it is likely that the
thresholdpercentagés too high. Corversely if corrections
to themodelaresmall,we cansase computationatesources
by correctinglessfrequently(i.e.,increasingl * ). Keeping

2The smallestdouble-precisiovaluerepresentablen the ma-
chine on which these experimentswere performedwas about
10 !®, sothe MSE valuesin the gures arewithin the rangeof
precision

(@)

(b)

Figure 8: Comparisonof dynamics-informedand periodic
assimilatiorusingtheinitial conditionsin Figure3(b). Each
pointin this gure representasinglesimulation;theMSEis
plottedasafunctionof thenumberof corrections Theupper
curve displaysthe MSE resultsfor anensemblef periodic
correctionexperimentsthelower curve displaysthe results
when using dynamics-informectorrection. Part (b) of the
gure zoomsin on the leftmostregion of (a), soresultsfor
smallernumber=f correctionscanbe seemmoreclearly

track of the behaior of the normof J over eachcorrection
interval will allow usto determinehow muchto increaseor
decreaseur threshold.We arein the procesof investicat-
ing this.

Conclusion

We have proposedthe use of a data-adaptie point-vortex
modelto overcomethe speedandcompleity limitations of
currentdirect approacheso numericalsimulationof com-
plex uid ows.Inrepresentinghe o w onlyin termsof its
coherenstructuresthe point-vortex modelignoresall other
dynamics,makingit very fast. However, the point-vortex
modelis not nearlyasaccurateasDNS methodsandis thus
of questionablevaluein the contet of real-timemodeling
and control applications. If this fault could be overcome,



the point-vortex modelcould becomea very powerful tool.
Our solutionto this problemis to correctthat model with
obsenationsof the ow, a processknown as dataassimi-
lation. The dataassimilationalgorithm mustbe developed
with care, as an ineffective or computationallyexpensve
approachwould destry the speedadvantagef the point-
vortex model.

We have presented new correctionmethodologywhich
we call dynamics-informediataassimilationthatintegrates
guantitatve information—sensodata—intothis qualitatve
model. In our method,the correctiontiming is dictatedby
theunderlyingsystendynamics:datais assimilatednto the
modelonly whenthe dynamicsindicatethatit is neededIn
contrastto the standardperiodic correctionapproach,our
stratgy tamgets dynamically-sensitie regions and avoids
correctionswhen the model is performingwell. Results
from our initial experimentson this approachare quite en-
couraging.Thereis a signi cant increasen theaccurag of
the simulationover standargeriodiccorrectiontechniqgues.
For the samenumberof corrections therewastypically at
leastanorderof magnitudedecreasé themean-squareer
ror. Stateddifferently, the dynamics-informedpproactre-
quiresfar fewer correctionsto acheve the samesimulation
accurag asperiodiccorrection.This! novel resultcouldal-
low the computationatostof gatheringandprocessingys-
temobsenationsto bedrasticallyreduced.

All of theexperimentgresentedh this paperarenumeri-
cal simulationswith perfectobserations.Theultimategoal
of ourresearchis to applydynamics-informediataassimila-
tiontoreal uid ows. Clearly measurementsf ary phys-
ical systemwill becontaminatedvith noise,which presents
mary additionalchallengedor ary dataassimilationstrat-
egy. Theseissueswill be exploredin our future work, and
wewill re ne ourdynamics-informe@pproacho ensurdts
utility for practicalapplications.
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