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ien
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2002lizb�
s.
olorado.eduResear
h Report on Curri
ula and Tea
hing CU-CS-CT005-02Note: these notes are meant to supplement (and mostly repla
e) appendix A of theCSCI3656 textbook, Applied Numeri
al Analysis, by Gerald and Wheatley.1 Introdu
tionOne way to deal with a nasty, analyti
ally intra
table fun
tion like tan(log� x37:3) is toapproximate it with a benign one. There are lots of ways to do this, almost all of whi
h1de�ne \benign" as \polynomial." The reason for this is that polynomials are easy to workwith: to write down, to take derivatives, to make more or less 
omplex, et
. In general,polynomials look like this:Pn(x) = a0 + a1x+ a2x2 + : : :+ an+1xn = n+1Xi=0 aixiwhere n is the \degree" of the polynomial: that is, the highest power of x that appears in it.(Polynomials 
an be in other variables besides x, of 
ourse, or even in multiple variables.)At the top of the following page is a simple pi
torial example of how one 
ould use twosimple polynomials | a line and a parabola | to approximate another, more-
ompli
atedfun
tion f(x) in the region near a spe
i�
 point a. Note that both of these �tting fun
tionsare 
lose to f(x) near the point a, that the quality of their �t to f(x) degrades as onemoves away from a, and that the higher-degree polynomial (the parabola) appears to do a1One notable ex
eption is Fourier de
omposition, whi
h uses 
ombinations of sinusoids to approximatefun
tions that are periodi
 in time.
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better job a
ross a wider range.

xa

f(x)

A Taylor series is a spe
i�
 mathemati
al re
ipe for 
onstru
ting a polynomial Pn(x)of degree n that approximates a given fun
tion f(x) near a point a. Here is the formula:Pn(x) = f(a) + (x� a)f 0(a) + (x� a)22! f 00(a) + (x� a)33! f 000(a) + : : :+ (x� a)nn! f (n)(a)where f 0(x); f 00(x) : : : f (n)(x) are the �rst, se
ond, ... nth derivatives of the fun
tion f(x)with respe
t to x. This formula is on the CSCI 3656 formula sheet.As an example, 
onsider f(x) = ex. We 
ould �t a line to this fun
tion near some pointx = a by building a degree-one Taylor series like so:P1(x) = f(a) + (x� a)f 0(a) = ea + (x� a)ea(This makes use of the fa
t that the derivative of ekx with respe
t to x is kekx.) If wewanted the line that �ts ex near a = 0, then, we'd simply plug in that value:P1(x) = e0 + (x� 0)e0 = 1 + x(Please draw a rough plot of ex and 1+x so this makes sense to you.) If we wanted to �t aline to a di�erent region of ex instead | say, near a = 1 | we'd simply plug that a-valuein: P1(x) = e1 + (x� 1)e1 = 2:718 + 2:718(x� 1) = 2:718x(Again, please draw a pi
ture of this for yourself.) If we wanted to �t a parabola to ex neara = 0, we'd have to use one more term in the Taylor series:P2(x) = e0 + (x� 0)e0 + (x� 0)22! e0 = 1 + x + x222



2 Why BotherThere are several reasons why you need to understand Taylor series and know how to buildthem:� Be
ause many, many numeri
al 
omputation methods are based on these kinds ofseries.� If you have a table of values of a fun
tion (e.g., ex for x = 0:1; 0:2; : : : ; 0:9), you 
anuse Taylor series to 
al
ulate its value at some in-between point (e.g., e0:21).� If working with a fun
tion would unne
essarily 
ompli
ate your life and you 
an getaway with something simpler, a Taylor series is often a good thing to try. In manygraphi
s appli
ations, for instan
e, the true e�e
ts of light falling on a 
ompli
atedsurfa
e are both horrendously expensive to 
ompute and e�e
tively invisible to thehuman eye, so pra
titioners approximate those surfa
es with simple 
urves instead.� The notion of a series whose \goodness" in
reases with su

essive terms will help youunderstand error in numeri
al methods.3 Taylor Series and ErrorA Taylor-series approximation, in general, is good near the point where you built it. If Iuse P2(x) = 1 + x + x2=2 to obtain an estimate for e0, for instan
e, my answer is perfe
t.(Thought question: is this always true?) As I move away from 0, the approximation getsworse: e0 = 1 P2(0) = 1e0:1 = 1:1052 P2(0:1) = 1:1050e0:5 = 1:6487 P2(0:5) = 1:6250e2 = 7:389 P2(2) = 5e5 = 148:4 P2(5) = 18:5The inherent error in a Taylor-series approximation is also related to the mat
h betweenthe 
omplexity of the approximation and the 
omplexity of the underlying fun
tion. If f(x)is a line and you �t a degree-one Taylor polynomial P1(x) to it, your answer will be exa
t| and not only at the point where you built the polynomial, but everywhere. If f(x) isa parabola, you'll need a degree-two Taylor polynomial for a perfe
t global �t. (If f(x)is a line and you try to �t a degree-two Taylor polynomial to it, what do you think willhappen? Please try this and see.) In general, you need the degree n of Pn(x) to be at leastas large as the \degree" of f(x) in order to get a perfe
t global �t, and the error in yourresults will depend on how mu
h smaller n is than the \degree" of f(x).3



The quotes above are important; the word \degree" only makes sense for polynomials,and if f(x) were a polynomial, we wouldn't be bothering with Taylor series at all. Nonethe-less, the generalized notion of the degree of a fun
tion as a way to assess (and 
ompare)
omplexity is useful in developing intuition about how all of this works. We'll talk moreabout this later and make the asso
iated ideas more 
lear.Here is a formula that en
odes all of those 
on
epts. The error in an nth degree Taylor-series polynomial approximation to a fun
tion f(x) isRn(x) = f(x)� Pn(x) � (x� a)n+1(n + 1)! f (n+1)(
x)This formula is also on the CSCI 3656 formula sheet. With the ex
eption of the 
x term| whi
h is 
onfusing and to whi
h we'll 
ome ba
k to below | this is pretty easy to pi
kapart and understand. The �rst pie
e of that formula ((x � a)n+1=(n + 1)!) 
aptures the\the �t is perfe
t 
lose to a and degrades as you move away from a" idea. The se
ond pie
e| the n+1st derivative of f | 
aptures the \the degree of Pn(x) has to be at least as largeas the \degree" of f(x)" argument. (Thought experiment: what is the n+1st derivative ofa degree-n polynomial?) And the whole thing looks suspi
iously like the next term you'dhave added to the series to get Pn+1(x). This is a 
ommon heuristi
 in numeri
al methods:you 
an estimate the error in your results using the next term that you would have added tomake things better. This is treated in more depth in the CSCI 3656 Error Notes (Resear
hReport on Curri
ula and Tea
hing CU-CS-CT004-02).Consider the task of �tting this fun
tion with a Taylor series:

a

f(x)

xIf I wrote down a degree-two Taylor-series approximation to this fun
tion near the pointa, the resulting P2(x) would be a good �t to f(x) in some regions and a bad �t in others| spe
i�
ally, in the wavy region near the right identi�ed with the dashed line. Moreover,error estimates must always be pessimisti
, so any 
al
ulations of the error in my P2(x)must be done using the worst possible 
onditions. That means that the Rn(x) equationshould be evaluated at the worst possible point { that is, the x that makes it largest.The 
x term in the Rn(x) formula 
aptures these ideas. It is a \worst 
ase" fa
tor | apla
eholder that means \�nd the x that makes this worst and plug it in." For example, the4



Taylor-series �ts to ex near x = 0 that are given on the previous pages have the followingerror: Rn(x) = (x� 0)n+1(n + 1)! e
xThese �ts were 
onstru
ted at a = 0, but they are used at some other x, so in order toevaluate the error that they may 
ontain, we need to �nd the \worst-
ase" value in theinterval [0; x℄. In this 
ase, the Rn(x) fun
tion is monotoni
 upwards a
ross this intervaland the answer is relatively easy: the error is biggest at the right-hand end of the interval,so 
x = x and Rn(x) = (x� 0)n+1(n + 1)! exIn general, it's not always easy to look at an Rn(x) fun
tion and see what x makes itbiggest; a good general strategy is to evaluate it at the endpoints of the interval, 
he
k(using derivatives) to see if there's a maximum inside the interval and, if so, evaluate theRn(x) fun
tion there too, then take the largest value of the whole lot.Of 
ourse, all of this is somewhat of an a
ademi
 exer
ise, sin
e these 
al
ulationspresuppose that we know a fair bit about our answer. Nonetheless, this formula does havesome pra
ti
al utility. For instan
e, if we want to know how many terms to put into theTaylor series to obtain a parti
ular level of a

ura
y, the Rn(x) formula 
an help. If Iwanted to build a Taylor series for ex around x = 0 that was a

urate to two de
imalpla
es out to x = 1, for instan
e, I would have to use enough terms for this to be true:Rn(1) = 2:718(n + 1)! � 0:01whi
h translates, in this 
ase, to n � 5.

All of the material in this se
tion is 
overed in mu
h more detail in any 
al
ulus text.5


