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hing CT004-021 Introdu
tionError | that is, how far an answer is from the true value | 
an be measured in twodi�erent ways: as an absolute value, or as a relative value. Absolute error is the di�eren
ebetween the 
omputed (or estimated) answer and the true answer. Relative error is theabsolute error divided by the true answer. Absolute error is measured in regular units:degrees, in
hes, se
onds. Relative error is measured in relative units: per
ent, parts permillion, de
ibels, et
.For example, if the temperature outdoors is 75 degrees but your thermometer is reading96 degrees be
ause it's in the sun, its absolute error isj75� 96j = 21measured in degrees, and its relative error isj75� 96j75 = 0:28or 28%.You 
an also express error in terms of signi�
ant �gures, or digits of a

ura
y; �, forexample, is 3.141592654... If I round it to the fourth pla
e after the de
imal point, I get3.1416. There is another way to approximate a number using fewer de
imal pla
es' worthof spa
e: one 
an \
hop" it (whi
h means simply dis
arding the digits after the one youwant). � 
hopped to the fourth de
imal pla
e, for instan
e, is 3.1415. Note that 
hoppingerror 
an be worse than rounding error!Error 
omes from a variety of sour
es:� Blunders: Software Engineering: Theory and Pra
ti
e (P
eeger; Prenti
e-Hall, 2001)
ites various depressing statisti
s for bug frequen
ies: one bug per...{ 10,000 lines of 
ode in the avioni
s system of the spa
e shuttle1



{ 5,000 lines of 
ode from \leading edge software 
ompanies"{ 700 lines of 
ode in \
riti
al systems"{ 20-200 lines of 
ode in military systemsNote that these are in tested, deployed 
ode. The stu� you write late on mondaynights is probably worse.� Modeling assumptions: the real world is nonlinear and 
ompli
ated, and any mathe-mati
al des
ription of it is almost guaranteed to be wrong. Engineers and s
ientistsnot only realize this, but a
tually take advantage of it. In parti
ular, the idea inmodeling is to 
onstru
t a reasoned, 
ontrolled approximation that serves your pur-poses with minimal 
omplexity. In the �rst month of freshman physi
s, for instan
e,you are taught that a ball dropped from a building a

elerates 
onstantly until it hitsthe ground. In the se
ond month, you are taught that air fri
tion also matters if youwant to des
ribe the ball's traje
tory more pre
isely. The idea is to use as simple amodel as you 
an get away with, where \get away with" means that the di�eren
ebetween the model and the system is below the resolution that your appli
ation de-mands. (It would be foolish, for instan
e, for me to in
lude the e�e
ts of the 
oriolisfor
e indu
ed by the earth's rotation unless I was dropping the ball from a very tallbuilding1.) The upshot of all of this is that any model di�ers from the real systemthat it des
ribes. This di�eren
e may be intentional and useful, but it is still a sour
eof error, and you need to be aware of it.� Sensors: real measurement devi
es always have �nite resolution, are often noisy, andsometimes inje
t time delays. The analog-to-digital 
onverter in one of the standardsignal pro
essing 
hips2 used to pro
ess the audio signals going to and 
oming fromstandard 
onsumer phone lines, for example, uses 10 bits (in
luding a sign bit) to
apture the gradations in the volume of your voi
e, with a �1.5 LSB error. Thismeans that they 
annot resolve subtle sound di�eren
es | those that 
reate a voltagevariation of less than 3 parts (that is, � 1.5 LSB) in 29, whi
h translates to �0:586%error. Sensors 
an also distort the quantities that they are supposed to measure.The Hubble Spa
e Teles
ope mirror, for instan
e, was installed with a 
riti
al washerunderneath it, instead of on top of it. This threw o� the path of every photon thatboun
ed o� the mirror, 
ausing the image that arrived at the teles
ope's lens to bedistorted | and in a 
ompli
ated, nonlinear way that 
ouldn't simply be subtra
tedo� post fa
to. (In
identally, this 
ould have been 
aught with a half-million dollarpre-laun
h test, but the mission was over budget, so they skipped it. Fixing it requireda spa
e shuttle visit, whi
h 
osts hundreds of millions of dollars. Moral: don't skimp| either time or money | on testing.)� Trun
ation: 
omes from the approximation that is inherent in numeri
al algorithms.Consider methods that are based on some kind of series. If you only use the �rst nterms of the series, you have \trun
ated" the series (and the method). The e�e
ts1You'd be surprised, though; this e�e
t 
urls the ball a meter or so sideways for every 500m in height.2The Texas Instruments TMS320 2



of those ignored terms are 
alled trun
ation error. For instan
e, a three-term Taylorseries approximation to f(x) = ex near x = 0, whi
h is p2(x) = 1+x+x2=2, involvesa tru
ation error of x3=6 + x4=24 + :::.� Computer Arithmeti
: 
omputers have �nite-width words, so their pre
ision is �nite.Floating-point numbers 
an only take on dis
rete values; working with 
omputerarithmeti
 is mu
h like walking on a sidewalk and only stepping on the 
ra
ks. More-over, 
omputer arithmeti
 systems have bounds, and you risk over- and under
ow ifyou ex
eed them | e.g., if you evaluate 100! on your po
ket 
al
ulator. Lastly, theexa
t behavior of the error will depend on whether the 
omputer rounds or 
hopsnumbers to get them to �t into its �nite-pre
ision world.These types of errors 
an 
ombine. Imagine that you 
onstru
t a model (that is, anequation) that des
ribes how a ball moves through the air, but you negle
t air fri
tion.Then, you approximate that equation with a two-term Taylor series and evaluate it on a
al
ulator with �ve de
imal pla
es. In this 
ase, you have tru
ation error (the higher-orderterms of the Taylor series that you didn't in
lude), modeling error (that negle
ted fri
tion),and �nite-pre
ision arithmeti
 error (all the digits past the �fth pla
e, whi
h the 
al
ulatorloses).Error 
an also propagate. Numeri
al methods that feed their outputs ba
k to theirinputs are parti
ularly prone to this. The best example I've seen of this is a simulation ofthe solar system by E. Hairer of the University of Geneva. He (she? don't know the �rstname) used a numeri
al algorithm to predi
t the position of ea
h planet at the next timestep. This algorithm simply looked at the positions of the other planets, 
omputed theirgravitational for
e on the planet it was simulating, and then used that for
e to �gure outwhere that planet would go next. That new position then be
ame the jumping-o� pointfor the next step of the simulation, and so on. (We'll do these kinds of algorithms in thelast month of the semester.) The issue here is that the algorithm's answer is used as itsinput on the next round of simulation. If that answer is wrong | if the planet is an in
htoo far to the left | the algorithm will faithfully �gure out where it will go from that(wrong) position. As you 
an imagine, things 
an go rapidly bad from there, mu
h as asnowball a

retes more snow as it rolls downhill, making it bigger, whi
h makes it a

retemore snow, and so on.This phenomenon is known variously as dynami
 error, propagating error, multipli
ativeerror, et
. The amount of error that takes pla
e in ea
h individual step of su
h a pro
essis sometimes 
alled lo
al error; the a

umulated results of those lo
al errors over the wholerun is sometimes 
alled global error. Global, propagating error is di�erent from additiveerror, su
h as the distortion introdu
ed by a badly fo
used lens, whi
h only 
omes in on
e,and is not fed ba
k around into the input of the method. Dynami
 error is mu
h nastierbe
ause of this feedba
k loop. We will 
over this in more detail later in this 
ourse.Algorithm-indu
ed error 
an 
ome from other sour
es as well; these notes give only abrief introdu
tion. Any numeri
al approa
h involves some sort of mathemati
al approxi-mation, and hen
e some error. Implementation matters, too: how you 
hoose to set up thetermination 
ondition on your algorithm will obviously a�e
t the resulting error.3



2 The Next-Term and Next-Step Heuristi
sCal
ulating the error is all very well in theory, when you know the answer and 
an writedown how far o� you are. In pra
ti
e, of 
ourse, things aren't so easy: you invoke somenumeri
al method, you get ba
k an answer (or a series of answers), and you'd like to beable to look at that information and draw some 
on
lusions about how good your answeris. Numeri
al methods pra
titioners use a variety of te
hniques for this. The �rst one thatwe'll dis
uss is based, again, in the notion of a series. If your algorithm uses a series | andmany, many of them do | and you trun
ate that series at some point, then the terms thatyou 
hopped o� are a good estimate of the error. (
f., the dis
ussion of trun
ation error,above.) Furthermore, if that series is a ni
e, 
onverging one, then ea
h su

essive term in itis smaller. Putting those two arguments together yields the next-term rule: that the errorin a numeri
al method that is based on a series is approximately equal to the �rst unusedterm in the series. The reason this is useful is that you know (or 
an look up), for ea
hmethod, what kind of series it uses. That means you know what that next term is, and
an sensibly use it as an estimate of the error. (This is exa
tly the same idea, by the way,as in the derivation of the R(n) in the Taylor series dis
ussion.)A related way to estimate error is to take advantage of how a numeri
al method 
on-verges to an answer. If your iterates are settling down | that is, if the di�eren
e betweensu

essive iterates is getting smaller | intuition suggests that you're getting 
loser to theanswer. The next-step rule formalizes this: it estimates the error at step n as the di�eren
ebetween the answer at step n and the answer at step n + 1. (Note that you have to doone more step's worth of work to 
al
ulate this.) To get the relative error in this 
ase, youdivide the absolute error by the answer at step n. Some authors advo
ate dividing by theanswer at step n+ 1 instead; either way is �ne with me.Of 
ourse, if the problem is pathologi
al, the next term in the series 
ould be biggerthan all previous ones, and the next step of the iteration 
ould diverge from all the stepsthat pre
eded it. The next-term/next-step rules are heuristi
s, not algorithms or theorems.3 Computer Arithmeti
 ErrorFloating-point error is 
ommon and dangerous enough to warrant a bit more dis
ussion.In real-world 
omputers, these errors are small, but their e�e
ts are still important if thenumbers that you're working with are small. Cal
ulations 
an magnify these e�e
ts. Hereis a fun
tion that demonstrates these problems very ni
ely:f(x) = 1� 
os xx2If you evaluate f(x) near x = 0, a bun
h of bad things happen. First and foremost,sin
e x is small, the relative error introdu
ed by the 
omputer's arithmeti
 system will4



be large. Cal
ulating 1=x worsens that e�e
t: it's like a magnifying glass for the error.Squaring a small number that 
ontains a large relative error also magni�es that error, andinverting the quantity (1=x2) makes matters even worse. Lastly, 
os x is 
lose to 1 whenx = 0, so the numerator is also problemati
, in that it involves a subtra
tion of two nearlyidenti
al numbers. The upshot of all of this is that the error in the 
al
ulated answer f(x)will get worse as x! 0. This be
omes painfully obvious if you 
al
ulate the value of f(x)near x = 0 using a 
al
ulator that has only 10 digits of a

ura
y:x f(x): 10 digits f(x): true value0.1 0.4995834700 0.49958347220.01 0.4999960000 0.49999958330.001 0.5000000000 0.49999995830.0001 0.5000000000 0.49999999960.000001 0.0000000000 0.5000000000Sometimes you 
an rearrange a fun
tion like this and make it less sensitive to numeri
alerrors. The tri
k is to look for the pla
es where the \small number e�e
ts" des
ribed abovemight 
reep in, and see if you 
an write that part of the fun
tion in a way that gets aroundit. (This is related to s
aling, whi
h we will talk about in a few weeks, in 
onjun
tion withlinear systems solvers.)The traditional way to think about a 
omputer arithmeti
 system's pre
ision is similarto the notion of a 
al
ulator with a �xed number of de
imal pla
es. In parti
ular, peoplethink about a property 
alled ma
hine �: the smallest number (or di�eren
e between twonumbers) that the 
omputer 
an per
eive. If a 
omputer used 32 bits to represent 
oating-point numbers, for instan
e, and its range were -1000 to 1000, a simplisti
 arithmeti
 systemmight divide up the interval [-1000, 1000℄ into 232 
hunks, and represent a number usingthe binary 
ode identifying the 
hunk into whi
h it falls. The quantization steps in thissystem fall at even gaps of 2000=232 = 4:67� 10�7.This is not, however, the way 
omputers really do arithmeti
. As noted above, a givensize error has a stronger e�e
t on 
al
ulations that involve smaller numbers. For thisreason, 
omputer arithmeti
 systems try to be more pre
ise about smaller numbers. Thismeans that they spread the representable numbers out in a nonuniform way | spe
i�
ally,the smaller the range, the more dense the numbers that 
an be represented. What thismeans is that the notion of a �xed-size ma
hine � is oversimpli�ed, and the quantizationintrodu
ed by 
oating-point arithmeti
 is not uniform. This is well intentioned and useful:it happens be
ause 
omputer arithmeti
 systems are designed to minimize the error e�e
tsdes
ribed above. Nonetheless, arithmeti
 error is still a problem, and it still gets magni�edby 
al
ulations, and you still have to worry about it.All of this is addressed further in Lloyd Fosdi
k's IEEE Arithmeti
 Short Referen
e,whi
h we will 
over next.
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4 Con
lusion and Reality Che
ksUnderstanding where errors 
ome from is not just an a
ademi
 exer
ise. Rather, it allowsyou to �gure out if your 
omputation is right. If you want to know whether the trun
ationerror is an issue, you 
an use one more term in the series and see of your answer 
hanges.If you're worried about 
oating-point arithmeti
 e�e
ts, 
hange from single to double-pre
ision numbers (e.g., from long to double in 
 or 
++) and see if the answer 
hanges. Ifyour algorithm di
es up spa
e or time and you want to know if the quantization is messingthings up, halve the spa
ing and re-run the 
ode. If you don't know whether or not fri
tionmatters, in
lude it and see if things 
hange. And so on and so forth. If you don't knowwhat kind of error you have and you want to �nd out, you 
an make ea
h of those 
hanges,su

essively, and see whi
h one(s) a�e
t your answer.
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