The Minimax Probability Machine Regression (MPMR)
Algorithm

1 Building the MPMR Model

We assume the following Training data:

11 X12 ZTid Y1
T21 X222 ... T2d Y2 1)
N1 IN2 ... INd YN

This data is assumed to be generated randomly from an unknown and possibly noisy
function:
Yi = f(@i1, o, Tia) + p 2

fori =1,..., N and wherep is a random variable with mean 0 and finite variance. For
regression problems we assumes R and for classification problems we assume a
binary problem wherg € {—1,+1}.

The MPMR Learning Algorithm learns an approximatigpnr= f(:z:l, ., zq) from
the training data. This approximation is constructed by projecting the training data
inputs into a Kernel function space. Lettingv € ¢, three commonly used Kernel
functions are:

1. Linear Kernel:K (u,v) = uv’
2. Polynomial Kernel:K (u,v) = (1 +uv®)?, wherep = 1,2, ...
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3. Gaussian KernelK (u,v) = exp(’( , Wheres > 0.

The model (i.e. hypothesis) constructed by MPMR has the following form:
R N
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wherex = (z1,...,x4) iS SOMe new input vectoy, is the approximated outpug,; =
(241, ..., ;4) IS training instance, and the coefficients, ..., 5 and offset are de-
rived as follows.

First, choosing one of the above Kernel functions, we project the training data
inputs into kernel function space by defining the variahjeas:

zij = K(xi,%;) (4)

wherex; = (z;1,...,2;q) iS training instance andx; = (xj1,...,2;4) iS training
instancej, for all i, j € {1,..., N}. ComputingK (x;, x;) for all N? pairs gives us the
Gram Matrix:
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For the MPMR algorithm we interpret the columag of this matrix as random
variables and calculate the covariances between them as well as the covariances to the
output columry of the training data:
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The same formula is used to calculate the covariangesfor: =1, ..., N:
N
Uyz., = Z Yk _7 Zk:j _Z) (7)
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Given these covariances, we solve the following linear system to obtain the coeffi-
cientsgy, ..., Bn:

Oz12.4 Oz12.9 cee Oz12.n ﬁl Uyz.l
02052, Oz.52.9 cee Ozozn 52 _ Oyz.o
Oz Nz Oz nzo oo Oz nzn ﬁN Oyz. N
We can solve fofy, ..., Bn:
-1
ﬁl Oz12.1 Oz12.9 LR Oz1z.n Oyz.
62 _ Oz02.1 Oz.0z2.9 e Oz02z.N Oyz.o
/6N Oz Nz Oz Nz oo Oz nzN Oyz.n

In practice this linear system has an infinite number of solutions, hence methods like
singular value decomposition are required to solve the system.

The g;’s are the coefficients of aiv-dimensional hyperplane, the offset can be calcu-
lated ash = 5 — SN | Biz;

2 How Good is the MPMR Model?

The MPMR algorithm also computes a lower bound on the probaléilitiyat the pre-
dicted output will be within ate margin accurate:
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By doing some transformations we can obtain an equivalent formul@:for

0= L (12)

N
(Oyy = D im1 Bioy=,)/e2 + 1

Computing the confidence in our model and our estimafe @#e. detecting overfitting

of the training data) can be done in the following way:

Given a fractionn of rows to be taken out of the Gram matrix and the output vector,
we compute the new covariance matry (which is still of size(N + 1)2). From the
newX, we calculate?, anda,. The confidence in our model and in darestimate is
then defined as the ratio:
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R= aa_ Ya, . (13)
aTsa.—atza  Otherwise

If R > 1we are confident in our model. R < 1 we reject it.



