RoBUST MINIMAX PROBABILITY MACHINE REGRESSION

Robust Minimax Probability Machine Regression

Thomas R. Strohmann STROHMAN@CS.COLORADO.EDU
Gregory Z. Grudic GRUDIC@QCS.COLORADO.EDU
Department of Computer Science

University of Colorado

Boulder, C0 80309-0430, USA

Abstract

We formulate regression as maximizing the minimum probability (£2) that the regression
model is within +e of all future observations (i.e. outputs) of the true regression function.
Our framework starts by posing regression as a binary classification problem, such that a
solution to this single classification problem directly solves the original regression problem.
Minimax probability machine classification (Lanckriet et al., 2002a) is used to solve the
binary classification problem, resulting in a direct bound on the minimum probability 2
that the regression model is within 4¢ accurate. This minimax probability machine regres-
sion (MPMR) model assumes only that the mean and covariance matrix of the distribution
which generated the regression data are known; no further assumptions on conditional dis-
tributions are required. Theory is formulated for determining when estimates of mean and
covariance are accurate, thus implying robust estimates of the probability bound 2. Con-
ditions under which the MPMR regression surface is identical to a standard least squares
regression surface are given, allowing direct generalization bounds to be easily calculated
for any least squares regression model (which was previously possible only under very spe-
cific, often unrealistic, distributional assumptions). We further generalize these theoretical
bounds to any superposition of basis functions regression model. Experimental evidence is
given supporting these theoretical results.

Keywords: Minimax Probability Machine, Regression, Robust, Kernel Methods, Bounds,
Distribution free

1. Introduction

We formulate the regression problem as one of maximizing the probability, denoted by €2,
that the predicted output will be within some margin € of all future observations of the true
regression function.! We show how to compute a direct estimate of this probability for any
given margin € > 0. Following the idea of the minimax probability machine for classification
(MPMC) due to Lanckriet et al. (2002a), we make no detailed distributional assumptions,
but obtain a probability €2 that is a lower bound for all possible distributions with a known
mean and covariance matrix. In other words, we maximize the minimum probability of our
regression model being within +e correct on test data for all possible distributions that have

1. Throughout this paper, the phenomenon that generated the training data is referred to as the true
regression function (or surface), while the model that is constructed from the training data is referred
to as the regression model.
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the same mean and covariance matrix as the distribution that generated the training data.
We term this type of regression model as minimax probability machine regression (MPMR)
(see Strohmann and Grudic, 2003).

Current practice for estimating how good a regression model is dictates that one has
to either estimate the underlying distribution of the data or make specific distributional
assumptions (e.g. Gaussian), both of which have their problems. Estimating high dimen-
sional distributions from small samples is a very difficult problem that has not been solved
to satisfaction (see S. J. Raudys, 1991). Gaussian processes obtain regression models within
a Bayesian framework (see Williams and Rasmussen, 1995, Rasmussen, 1996, Gibbs, 1997a,
Mackay, 1997). As the name indicates, they put a prior on the function space that is a gen-
eralization of a Gaussian distribution for (a finite number of) random variables. Instead of
mean and covariance, Gaussian processes use a mean function and a covariance function to
express priors on the function space. By adopting these restrictions it is possible to obtain
confidence intervals for a given regression estimate. In practice, however, the assumption
that data is generated from underlying Gaussians does not always hold; and the Gaus-
sian process confidence intervals can become unrealistic. Similar problems with unrealistic
bounds occur in such algorithms as the relevance vector machine (Tipping, 2000) where ap-
proximations, which may be unrealistic, are made in obtaining these. In contrast—as long
as one can obtain accurate estimates of mean and covariance matrix—the distribution-free
algorithm proposed here will always yield a correct lower bound estimate, no matter what
the underlying distribution is.

Because the accuracy of MPMR directly depends on the accuracy of mean and covariance
estimates, we propose a theoretical framework for determining when theses estimates are
accurate. This in turn determines when the estimate of the bound 2 is accurate. The
general idea is to randomly discard a (small) subset of the training data and measure
how sensitive the estimate of {2 is when we use the remaining data to estimate mean and
covariance matrix.

To solve the regression problem, we reduce it to a binary classification problem by
generating two classes that are obtained by shifting the dependent variable +¢ (see Figure
1). The regression surface is then interpreted as being the boundary that separates the
two classes. Although any classifier can be used to solve the regression problem in this
way, we propose to use MPMC (Lanckriet et al., 2002a), which gives a bound « for the
classification accuracy that can in turn be used to compute the bound €2 for regression. One
result of this is paper is a theorem stating that when MPMC is used to solve the regression
problem as described above, the regression model is identical to the one obtained by standard
least squares regression. The importance of this result is that it is now straightforward to
calculate a generalization bound for the least squares method. This was previously only
possible under strict, often unrealistic, distributional assumptions.

The paper is organized as follows: in section 2 we give a strict mathematical definition
of our approach to the regression problem and describe our hypothesis space of functions for
linear and nonlinear regression surfaces. Section 3 outlines the statistical foundation of the
minimax probability machine, based on a theorem due to Marshall and Olkin (1960) that
was later extended by Popescu and Bertsimas (2001). We then show how any regression
problem can be formulated as a binary classification problem by creating two symmetric
classes (see Figure 1). Following this scheme we conclude the section by deriving the linear
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MPMR from the linear MPMC and showing that, due to the symmetry, it is computationally
easier to find an MPM regression model than it is to find an MPM classifier. Section 3 also
presents an analysis on the tightness of the MPMR bound. In section 4 we describe how
to obtain nonlinear regression surfaces by using any set of nonlinear basis functions, and
then focus on using nonlinear kernel maps as a distance metric on pairs of input vectors.
The problem of overfitting the training data with highly sensitive nonlinear kernel maps is
addressed in section 5. There we propose a sensitivity measure S that reflects how sensitive
our estimate of 2 is with respect to the estimates of mean and covariance (which are the only
estimates MPMR relies upon). We give empirical evidence that the statistical assumptions
S relies upon are valid and that S works well for detecting overfitting and doing model
selection. Section 6 contains the experiments we conducted with our learning algorithm
on toy problems and real world data sets. We start out with a simple toy example and
show that for certain distributions the Gaussian process error estimates fail, while the ones
obtained by MPMR still hold. For the real world data sets we focused on investigating
the accuracy of €2 as a lower bound probability on te-accurate predictions and its relation
to our sensitivity measure S. The last section summarizes the main contributions of this
paper and points out some open research questions concerning the MPMR framework.
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Figure 1: Formulating regression as binary classification. Each regression data point turns into
two training examples — one positive and one negative — for classification. The positive
examples have the output variable shifted by +e and the negative examples have it shifted
by —e.

A Matlab implementation of the MPMR algorithm can be obtained from:
http://csel.cs.colorado.edu/~strohman/papers.html

2. Regression Model

Formally, MPMR addresses the following problem: Let f* : R? — R be some unknown
regression function (i.e., the phenomenon that generated the learning data), let the random
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vector x € R% be generated from some bounded distribution that has mean X and covariance
Yx—which we will write from now on as x ~ (X,Yx)—and let our training data I' =
{(x1,¥1), ---» (XN, yn)} be generated according to:

y=f"(x)+p
where p is a noise term with an expected value of E[p] = p = 0 and some finite variance
Var[p] < co. Given a hypothesis space H of functions from R? to R, we want to find a
model f € H that maximizes the minimum probability of being +¢ accurate symbolized by

Qy. We define:

Qe = inf Pr x)—y| <e 1
P2 o PRIFGO ol <) (1)

where
Z:cov(y, T, X2, ... xd)

In other words, ¥ € R(@+1)*x(d+1) ig the complete covariance matrix of the random vector x
and the random variable y = f*(x)+p (see equation (13) for details). The only assumptions
we make about the first and second moments of the underlying distribution is that X, and
> are finite. No other distributional assumptions are made.

For any function f € H, the model f that we are looking for has to satisfy:
szQf forall feH

For linear models, H contains all the functions that are linear combinations of the input
vector:

d
Fx) =" Bjaj+fo=pB"x+f (where § € R% 3 € R) 2)
j=1

For nonlinear models we consider the general basis function formulation:
k
F) =" Bi®i(x) + o 3)
i=1

In this paper we focus on the commonly used kernel representation K : R? x R — R
(see for example Smola and Scholkopf, 1998) where the hypothesis space consists of all
linear combinations of kernel functions with the training inputs as their first arguments
(i.e. ®;(x) = K(x4,x)):
N
Fx) = BiK (xi,%) + Bo
i=1
where x; € R? denotes the ith input vector of the training set T' = {(x1,y1), ..., (Xn, yn)}.
In the nonlinear formulation we consider the distribution of the random vector of basis
functions ® = (&1, P, ..., D) to formulate the MPMR bound :
Of = inf — Pr{[f(x) -y <¢}
(@y)~(®.0,5e)
where
Eq):cov( y, Py, Do, ... Py )

See equation (13) for details on calculating Y.
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3. Linear Framework

In this section we will develop the linear MPMR algorithm by reducing the regression
problem to a single (specially structured) binary classification problem. We will also show
that the regression estimator of the linear MPMR is equivalent to the one obtained by the
method of least squares. In the following subsection we briefly review MPM classification.

3.1 Minimax Probability Machine Classification (MPMC)

The minimax binary classifier for linear decision boundaries can be formulated as a hyper-
plane that maximizes the minimum probability of correctly classifying data points generated
from two different random vectors (Lanckriet et al., 2002a,b). It assumes that we have a
random vector u (the positive examples), a random vector v (the negative examples) and
that u and v are drawn from two probability distributions characterized by (u,¥y) and
(v,3y). The linear MPMC algorithm then solves the following optimization problem:

max « st inf Pr{alu>b}>a A inf Pr{alv<bd}>a 4)
a,a#0,b u~(,2y) v~ (V,2v)
A theorem due to Marshall and Olkin (1960) that was later extended by Popescu and

Bertsimas (2001) gives a formula for the supremum probability that a random vector lies
on one side of a hyperplane:

Pria’v>b} = —— with 62 = inf (w—v) 'S  (w—v 5
o rfalv 20} = g, wi Al (W =) 5 (w = v) (5)

Note that the infimum on the right side can be computed analytically from the hyperplane
parameters a and b and the estimates v, ¥, (Lanckriet et al., 2002b). This result can be
used to simplify the optimization problem (4) to the following one:

m = (minvalS,a+valSya) st al(i—v)=1 (6)

The offset b of the hyperplane is uniquely determined for any a:

b=alu— 7aT2u a_ alv+ 7aTZV a
m m

(7)
Once a minimum value m is obtained for (6), the probability bound « can be computed as:

1
a=——
14+m?2

3.2 Formulating Regression as Classification

In a linear regression model we want to approximate f* : R* — R with a linear estimator,
i.e. a function of the form:

§=f(x)=p"x+p
To obtain a minimax regression model—i.e. one which maximizes the minimum probability
that future points are predicted within +e correctly—we use the MPMC framework in
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the following way: each training data point (x;,y;) for ¢ = 1,..., N turns into two d + 1
dimensional vectors, one is labelled as class u (and has the y value shifted by +¢). The
other one is labelled as class v (and has the y value shifted by —e, see also Figure 1):

w; = (yi + € i1, Tig, oo, iq) 1 =1,...,N -
Vi = (i — €Ti1, T2y ooy Tig) T=1,...,N

It is interesting to note that we could use any binary classification algorithm to solve this
artificial classification problem. The boundary obtained by the classifier turns directly into
the regression surface one wants to estimate. For example one could even use decision trees
as underlying classifier, determine where the decision tree changes its classification, and use
this boundary as the regression output.

In this paper we focus on the consequences of using MPMC as the underlying classifier for
the problem defined by (8). Once the hyperplane parameters a and b have been determined
by the MPMC, we use the classification boundary a’z = b to predict the output ¢ for a
new input x (let z be defined as z = (9, x1, x2, ..., 2q)):

alz=1b (classification boundary)
& a1y + a1 + azra + ... + agy1T4 =0
& QZ—%$1—%$2—---—%$d+% (a1 #0)

& § = B1x1 + Boxo + ... + Bawg + Po = fTx + By (regression function)
Therefore [y = %,ﬂj = Yt (j =1,...,d) for the regression model defined in (2)

ai

(9)
The symmetric £e shift of the output variable has a number of useful properties. First of all,
we can turn the probability bound « of correct classification into the minimum probability
Q) that future predictions will be within +e accurate. Roughly speaking, if a hyperplane
classifies a point of class u correctly, then the corresponding y value can be at most € below
the hyperplane. Similarly, for points of class v that are classified correctly, the corresponding
y value can be at most € above the hyperplane (see the next section for a rigorous proof).
Second, the artificial classification problem has a much simpler structure than the general
classification problem. In particular, we find that ¥, = ¥y =: ¥ and @ — v = (2¢,0, ..., 0)7.
This allows us to simplify (6) even further; we can minimize 2v/a’’¥ a or equivalently a’ ¥ a
with respect to a. The next section shows how to solve this minimization problem by solving
just one linear system.

3.3 Linear MPMR

Given an estimate ¥ = ¥, = X, € RUETDX(@+1) f the covariance matrix for the random
vector (y,x) that generated the data, we can simplify (6):

minvalYy,a+ ValSya s.t. al(a—v)=1<min2val¥a st al(20,..,07 =1
a a

Since we are only interested in the minimum we can get rid of the square root and the factor
of 2. The goal of the linear MPMR can then be formulated as the solution to the following
constrained optimization problem for a € R*t1:

min al Y a s.t. (2€0,...,0)a=1 (10)

a
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We use Lagrangian multipliers to turn the problem into an unconstrained optimization

problem:
L(a,\) =al'Ya+ A\((2€0,...,0)a— 1)
By setting the derivatives BL(gz’)‘) = 0 and % = (0 we obtain the following system of
linear equations which describe a solution of (10):
2% a + (\2¢,0,...,007 =0 (11)
and
- (12)
@ 2¢
where
Oyy  Oyz1  *°° Oyzy
w— | 5y Tmar 77 Omazg (13)
Ozqy Oxzqz1 " Ozgzq

is the full sample covariance matrix for the training data I' = {(x1,y1), ..., (xn,yn)}. The
entries of ¥ have the following unbiased estimates (Wackerly et al., 2002):

Oyy = NT Z 1 (Wi )2
Oxjy = N% Zz 1(5% Ti)(Yi —Y) = Oya; J= »d
., d;

Ozja, = ﬁ i= 1(5% zj)(wik — k) J—l

k=1,...d

The system (11) has d + 2 equations and d + 2 unknowns: as, as, ..., aq11 and the Lagrange
multiplier A (also note that (12) guarantees the requirement a; # 0 of (9) for an arbitrary
e > 0). For any values aq,as, ..., aq+1, the first equation of (11) can always be solved by
setting the free variable \ appropriately:

= — 2(Xa);

e where (...); denotes the first component of a vector. (14)

We write out the other d equations of (11) and omit the factor of 2. We obtain:

Ozyy Oxiz1 " Oxizg ai
Oxoy Oxzozy """ Omzoxy a2 -0
Oxqy Oxgry " Ozxgzg ad+1

Recall that we are interested in the coefficients §; which can be written as §; = —=2= for
j=1,....,d (see (9)). Therefore we rearrange the system above in terms of 3; (by multiply-
ing out the 0,,,a; terms, bringing them to the other side, and dividing by —a1):

aj+1
a

1021y Oxix1 Oxixe ' Oxizxy ag 0
1029y + Oxoxy Oxoxg  ~ " Oxoxy as _ 0
104y Oxgqr1 Oxzgre " Oxgxy Ad+1 0



STROHMANN AND GRUDIC

becomes
Oxizy Ozize " Oxizyg az —Q10z1y
Oxoxy  Oxoxo " Oxoxy as _ —Q10z5y
Oxgr; Oxgxas " Oxgxy ad+1 —Aa10z,4y

and finally (divide by —a; and substitute 3; = _a%l for j=1,...,d)

Ozyz1 Ozqze " Ozyzy B Oy
Oxoz1 Ozoma " Oxmazmy B2 _ Oxay (15)
Uzd;u O-Idxz e U:ded ﬁd Umdy

One can show (see Appendix A) that this is exactly the same system which appears for
solving linear least squares problems. Consequently, the offset By should also be equivalent
to the offset By = 7 — 1% of the least squares solution. To see why this is true, we start
by looking at the offset b of the hyperplane (see 7):

b — alg_ __ VaTSa
) @%\/E .
= (1276’_2727"'7_inz)(g—i_Qfla”wfd) -3
= 5 (yte —dZizl BiTi) — o
Therefore, we have:
b d
502*25'262.@—25]'}:3}—6%( (16)

From (15) and (16) we obtain our first theorem:

Theorem 1 The linear MPMR algorithm computes the same parameters B, B1, B2, ..., Bd
as the method of least squares.

Proof. Derivation of (15) and (16).
U

We have shown that for the linear case, the regression model we obtain from MPMR is
the same as the one obtained from the method of least squares. The MPMR, approach,
however, allows us to compute a distribution-free lower bound € on the probability that
future data points are predicted within 4¢ correctly. We know of no other formulation that
yields such a bound for commonly used least squares regression. To compute the bound 2,
we estimate the covariance matrix ¥ from the training data and solve (15) for 5. Then, for
any given margin € > 0, we set a1 = i, aj+1 = —pFja1 (j =1,...,d) and calculate the MPM
classification bound « as:

1

_ 17
“T aTyatl (17)

8
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The following theorem establishes that the « calculated in (17) can be used to put a lower
bound 2 on the probability that future predictions are e accurate (provided that we have
perfect estimates for x, 7 and X).

Theorem 2 For any distributions Ax with E[Ax] = X, V[Ax] = Ex and A, with E[A,] =
0,VIA,] < 0o (where X, ¥y are finite) and x = (x1,...,xq) ~ Ax, p~ A, let y = f*(x)+p be
the (noisy) output of the true regression function. Assume perfect knowledge of the statistics
X, 7,5 (where X is defined in (1)). Then the MPMR model f : R — R satisfies:

inf  Pr{|f(x) —y| < e} > maz{2a —1,0} = Q (18)
(xzy)N(S{’ng

Proof. For any d + 1 dimensional vector z = (y, 21, ..., x4) we have:

z is classified as class u < y > f(z)
z is classified as class v < y < f(z)

(this follows directly from the construction of the d + 1 dimensional hyperplane).

Now look at the random variables z.. = (y + €, x) and z_ = (y — €, x). The distri-
bution of z . satisfies z4. ~ ((y+¢€, X), X) which has the same mean and covariance matrix
as our (artificial) class u ~ (@, ¥y). Similarly, we find that z_. ~ (v, %y). The MPM clas-
sifier guarantees that a is a lower bound for correct classification and consequently 1 — «
is an upper bound for misclassification. We note that for regression a prediction is not +e
accurate if at least one of the points z,. or z_. is misclassified:
Pr{|f(x) —y| > ¢} Pr{z,. misclassified V z_, misclassified }

Pr{z. misclassified} +Pr{z_. misclassified }
l-a)+(1—-—a)=2-2«a

IAIA I

Therefore:

Pr{lf(x)—y|<e} < 1-(2-2a)=2a-1

Since all probabilities are > 0, we can write maz{2a — 1,0} as the minimum probability of
making +e correct predictions.

0

We note that the two-sided bound 2 is not tight for all e. This is a direct consequence of
the looseness of the bound (5) given by Marshall and Olkin (1960). We will discuss this
fact in more detail in section 3.4.

One might also think that it might be better to consider Pr{|f(x) — f*(x)| < €} instead
of Pr{|f(x) —y| < €}. The disadvantage of Pr{|f(x) — f*(x)| < €} is that this formulation
only considers noise in the training data, but does not account for the noise in the test data.
The term Pr{|f(x) — y| < €} does account for this because the random variable y is the
noisy observation of the true regression function f*.
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In the following paragraphs we derive the interesting relation that exists between the
distribution-free probability bound §2, the +e interval, and the training error of MPMR (or,
equivalently, least squares). We start by filtering the € out of the expression 4aT¥a. By
plugging in a; = 2% and a;11 = —Bja; for j = 1,...,d it follows that:

1/ 1\7 1
4aTEa:€2<_ﬁ> E<_5> :;652 (19)

T
As indicated above we define the part that is independent of € as v := (_1/6) by (_1ﬁ>. In

the following theorem we show that if the offset b is set to b = § — 5T x, then v is essentially
equivalent to the mean squared training error.?

Lemma (MSE) Let y = Z?Zl Bjxj 4+ b be a linear model with arbitrary coefficients (3;

N )2
and an offset b = §j — fTx. Let MSE' = W denote the “scaled” mean squared
error on the training data. Then v = MSFE'.

Proof.
We first write out v:

_ 1 T ) 1 _ _9 Ed ﬁ + Zd Ed ﬁ ﬁ
v=1\_ —3) = Oyy j=1Pj%yz; j=1 2uk=1PjPkOz;zy,
The “scaled” mean squared error M SE’ is equivalent to:
SN i—g)? S wimX o Bimi =g+, Biw)?
N—1 N N-T .,
i1 (W9 +2(yi—9) Y51 B (@ —wig) + (5o B (@5 —wij))?

N—-1
i) 255 B S ()@ =) | B i BB XL (@ =) (k=)
N N-1

1 N-1
d d d
Oyy — 2 Zj:l Bioya; + Zj=1 2 k=1 5Bz

Next we show that the “scaled” mean squared error v establishes the relation between
Q and e.

Theorem 3 For any linear regression model f(x) = ch:l Bjzj+b with offset b = j—BTx,
we have the following relationships between the distribution-free lower bound probability €2,
the margin size €, and the ”"scaled” mean squared error v:

(1) @ = max (%,0) (20)
(i) € = (Jvitd (21)

Proof. We know from Theorem 2 that @ = 2a — 1 (provided this term is nonnegative).
The MSE Lemma lets us then rewrite:

_ _ 2 _ 2 _ 2=(+v/e) _ 1-p/e
Q—2a—1—m—1—m_1_ 1+v/e2  — 14v/€?

2. With the slight difference that here the sum of the squared errors is divided by N — 1 and not N.

10
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If we solve the equation above for € we obtain part (iz) of Theorem 3.

3.4 Relation to Chebyshev Inequality and Tightness of MPMR Bound

We will analyse the tightness of the MPMR bound for a “family” of worst case distribu-
tions. Assume that the regression variable gy is independent from the input x and has a
distribution with mean § = 0 and variance 02 = 1. It is easy to show that MPMR will
yield a model with f(x) = 0 for any x. Applying the two-sided Chebyshev inequality to
the random variable y, we obtain:

Pr{ly — E[y]| > k\/Var[y]} < 1/k? (€ := ky/Varly] = kvV/1 =k)
Pr{ly—0] > ¢} <1/ (f(x)=0)
Pr{|f(x) —y| <e} >1-1/e* = (e — 1)/

The two-sided MPMR bound {2 relies on two one-sided Chebyshev bounds which come from
the fact that the underlying MPM classifier places one-sided bounds on false positives and
false negatives. For this particular distribution we have:

1 2
:1/62“:9—2@—1 = a1 1=(2-1)/(€+1)

One family of distributions with mean 0, variance 1 that achieves equality for the two-sided
Chebyshev inequality is the following;:

Priy =0} =p, Pr{iy = —/1/(1=p)} = Pr{iy = /1/(1 =p)} = (1 -p)/2 (0<p<1)

It is easy to see that the Chebyshev inequality is tight for e = y/1/(1 — p). The worst case
distribution has Pr{|f(x) — y| < €} = p since only y = 0 has a distance less than e. The
Chebyshev formula yields:

1 P
/(i—p) *

Figure 2 shows how tight the MPMR bound 2 is for various values of €. If € is less than
1, no test point will be within 4e¢ for that particular distribution. Far values ¢ > 1, the
Chebyshev bound is tighter ((¢? — 1)/€?) than the MPMR bound Q = (¢ — 1)/(e? + 1).

Prilf(x) -yl <e}21-1/ =1~

4. Nonlinear Framework

We now extend the concepts of MPMR to nonlinear regression using the basis function

framework:
Z ﬁz z + /60

where the basis functions ®; : R* — R can be arbitrary nonlinear mappings.

11
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Two-sided Chebyshev pqund = @2—1)/£2

\
MPMR bound Q = (€-1)/(®+1)

vise o

).

Pr{f(x

Figure 2: For values of € less than the standard deviation of y neither Chebyshev nor MPMR. can
give a nontrivial bound because all values for y could be exactly one standard deviation
away from the mean. As e increases, the gap between the Chebyshev bound and the
MPMR bound €2 first increases but then decreases as both bounds approach 1.

4.1 Kernel Maps as Features

In this paper we focus our analysis and experiments on Mercer kernels and use the kernel
maps K (xj, ) as basis functions. Instead of d features each input vector is now represented
by N features: the kernel map evaluated at all of the other training inputs (including itself).

N

f(x) =) BiK(x;,x) + Bo

=1

We then solve the regression problem above with the linear MPMR, i.e. we minimize the
following least squares expression:

N N
mﬂin Z(yz - (Z Bjzij + 50))2
=1 i=1

where
Zij = K(Xi,Xj) 1= 1,...,N; j = 1,...,N

A new input x is then evaluated as:
. N
§=f(x)=> BiK(xi,x) + fo
i=1

Commonly used kernel functions include the linear K (s, t) = s”t, the polynomial K (s,t) =
(sTt + 1)? and the Gaussian kernel K(s,t) = exp(—r(s — t)T(s — t)) (see for example

12
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Scholkopf and Smola, 2002). Note that the learning algorithm now has to solve an N-by-N
system instead of a d-by-d system:

Oz121 Oz1z9 ' Ozizy /81 Oz1y
02521 O 2929 e Ozozn 52 — Uzzy (22)
Oznz1 Ozyzo "0 Ozyzy BN Ozny
and setting
N
Bo=9-> 5% (23)
=1
where
— 1 N
Yy - N Z@]\?1 Yi
_ 1 .
Zj = leilezzj ] = 1,...,N
Ozjy =~ N-1 2?1(751‘3‘ —Z)Wi—y) =0y, j=1,..N
Ozizy = ﬁ Zizl(zij — Z_])(Zlk — Z_k) j=1 ..N; k=1,...N

The proof of Theorem 3 generalizes in a straightforward way to the basis function framework:

Corollary to Theorem 3 For any basis function regression model f(x) = sz\;l Bi®i(x)+
Bo we have the relationships (20) and (21) between the distribution-free lower bound proba-
bility 2, the margin size €, and the “scaled” mean squared error v, which is in the nonlinear

case defined by:
T
o= (%) = ()

Proof. Analogous to proof of Theorem 3.

4.2 Regularization

A common issue of kernel estimation is that it can lead to overfitting the training data. One
way around this problem is to use a regularization parameter to bound the magnitude of
the vector . Instead of solving the standard (i.e. unregularized) least squares optimization
one solves the following problem:

Iﬁn/ign Z(Z?;ﬂ + B8 — )+ A3 (24)
Bo =

(where z.; = (214, 224, ..., Zni) L ). Setting the derivative of (24) with respect to 8 and 3y to
0, leads to the following system for solving regularized least squares:

Zz.iz,i—i-)\l Zzz Zin-i

zil . i=1 ﬂn — 121 (25)
zL n Y;

= Bo =7

For A = 0 the system reduces to the unregularized case and it is equivalent to (22) and (23).
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4.3 A Different Approach

In previous work (Strohmann and Grudic, 2003) we proposed a different nonlinear MPMR
formulation which is based on the nonlinear MPM for classification by Lanckriet et al.
(2002a). Instead of using kernel maps as features, this formulation finds a minimax hyper-
plane in an higher dimensional space. Like kernelized support vector machines, one considers
the (implicit) mapping ¢ : R? — R" and its dot products ¢(x;)?¢(x;) =t K(xi,%;). This
MPMR algorithm (we call it kernel-MPMR since it requires Mercer kernels) was also ob-
tained by using the MPM classifier on an artificial data set where the dependent variable,
shifted by e, is added as first component to the input vector (yielding the d+ 1-dimensional
vector (y,x1,...,x24)). The kernel-MPMR, model looks like:

2N
> K (zi,2) + 70 =0 (26)
i=1

where z; = (y; + €, 21, ...,25q) for i = 1,...,N and z; = (yi-Nn — €, Zi—N 1, ..., Ti—N,q4) for
i =N +1,...,2N. Evaluating a new point x amounts to plugging in z = (¢,x) into (26)
and solving the equation for . For an arbitrary kernel this would imply that we have to
deal with a nonlinear equation which is at best computationally expensive and at worst not
solvable at all. Therefore, the kernel is restricted to be output-linear, i.e. we require:

K((Sl, S92y uny Sd+1), (tl,tg, ...,td+1)) = 81751 + K,((SQ, ceey Sd+1), (tg, ceey td+1)) (27)

The theory of positive definite kernels (see for example Scholkopf and Smola, 2002) states
that positive definite kernels are closed under summation, which means that we could use
an arbitrary positive kernel for K’ and obtain a valid kernel K (of course the linear output
kernel is also positive definite). By using a kernel K of the form (27), we can analytically
solve (26) for y and obtain the regression model:

N

y=(=26) | (v + 7irn)E (x1,%)) + 70
=1

If we compare the two different MPM regression algorithms we note that the computational
cost of learning an kernel-MPMR model is higher, because instead of an N x N system
we have to solve an 2N x 2N system to obtain the coefficients v. For MPMR we are not
restricted to Mercer kernels, but can use any set ®; of nonlinear basis functions. It is an
open question as to whether MPMR and kernel-MPMR are equivalent if we use Mercer
kernels for the MPMR, or whether one has a theoretical or practical advantage over the
other.

5. Robust Estimates

The MPMR learning algorithm estimates the covariance matrix from the training data.
Of course these statistical estimates will be different from the true values and thus the
regression surface itself, and the lower bound (2, may be inaccurate. KEspecially for the
nonlinear case the problem of overfitting the training data with highly sensitive kernel

14
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functions arises, so our goal is to find kernels that produce robust estimates. One way of
dealing with the problem of selecting the right kernel is to do cross validation on the training
data and pick the kernel which yields the best result. Cross validation can also be used to
achieve robustness via regularization, i.e. finding a penalty factor A for big coefficients [;
(Scholkopf and Smola, 2002). In this paper we explore a different approach which is tied
to the probability bound €2, and is furthermore computationally more efficient than doing
cross validation.

The idea is to select a fraction « of rows that will be left out when calculating the
covariance matrix (note that we measure the covariance columnwise, i.e. deleting rows
will not affect the dimension of the covariance matrix). If the covariance matrix of the
remaining training data is ”"reasonably close” to the covariance matrix of all the training
data, we consider our model to be robust.

We now define in mathematical terms what ”reasonably close” means. The objective of
the MPMR algorithm is to maximize the lower bound probability €2, which is determined
by the term a’ ¥ a. Therefore, we measure the sensitivity of an MPMR model by looking
at the sensitivity in a’ ¥ a. We call a model MPMR-robust if the relative error for this ex-
pression is < § when leaving a fraction of vy points out for computing the covariance matrix:

Definition
Y. - true covariance matrix a, - minimizes a*TE*a* S.t. ay = 2%
> - cov. matrix of all N examples a - minimizes a’ Y a s.t. a; = %

Y., - cov. matrix of (1 — )N examples a, - minimizes a,?Z]Wa7 st. a1 = 2%

aZE*ayfafZ*a*
T
aj Xiay

A model is MPMR-robust < E| <6

We cannot apply this definition directly since we don’t know the true covariance matrix .
However, we will prove that under the following two assumptions we can obtain a formula
that does not involve X,:
1) E[a’¥.a] < E[al¥.a,]
2) E[ aTEa] > E[a*TZ*a*]

alXa, als,a

(28)

The first assumption states the whole model is more accurate than the model obtained when
we leave out a fraction v of data points. The second assumption says that if we leave out
a small fraction of points, we expect that this model (ay) is closer to the whole model (a),
than the whole model is to the optimal model (a.). In Appendix B we give experimental
evidence that these two assumptions do hold in practice.
Given the above assumptions, the following theorem holds:
aZ;ZayfaTEa
ayXay

Theorem 4 If a model is MPMR-~robust then < 6. In formulas:

T T T T
avE*aV—a*Z*a* a,yEa.y—a Ya

<§=F < 29
a,:CZ*a7 J< [ a,Ty’Z a, J< (29)
Proof. -
T X pIE- W
from 2) E[:%ZZ:W] > [ZTZ;I]
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from 1) Ela’%,a] < E[azz*%] = E[aigl;z*] > [[2eDaan]

= a,Xiay
T AT
a) Yiay—ay E*a*] <5 e E[a*TE*a*] >1-6

from premise) FE| als,a,

T
ay Y.ay

combine inequalities:
E[ aTZa] Z E[afz*a*] 2 E[a*TE*a*] Z 1 _ 6

alYa, al’Y,a al'Y.a,
s Ty al’ya,—alsSa
E[a"T/E;] 21—5@1—E[%Ea‘:] <d& B[2—F—— afzaw | <é
O
We refer to the number
a;FE a, — alySa
S:=F = (30)
aVZJa7

as the sensitivity measure. In our experiments we apply the theorem to show that a model
is not MPMR-robust. A model where we find that S > § will be rejected because of too
much sensitivity in €.

A different approach for constructing a robust minimax probability machine has been
investigated by Lanckriet et al. (2002b) for the task of classification. There the main idea
is to put some error bounds on the plug-in estimates of mean and covariance. Instead of a
single mean, the robust classifier considers an ellipsoid of means which is centered around
the estimated mean and bound in size by an error bound parameter v. Similarly, instead of
a single covariance matrix one looks at a matrix ball, where each matrix is at most p away
(measured in Frobenius norm) from the estimated covariance matrix. When a robust model
is calculated, the lower bound probability « (for correct classification) decreases when either
v or p increase. The model itself is independent of v, but it can depend on p and a small
toy example shows (see Lanckriet et al., 2002b, p. 578) that a robust model (p > 0) can
yield a better performance than a simple one (where p = 0).

From a theoretical point of view the two approaches differ in that our method is output
oriented (it considers the sensitivity of {2 which is the objective that an MPM maximizes),
whereas the other method is more input oriented (it considers the sensitivity of the plug-in
estimates derived from the training data). Both approaches rely on sampling methods to
make robust estimates: we sample a fraction (1 — 7 percent) of examples to determine
the sensitivity of Q; Lanckriet et al. (2002b) use sampling methods to determine reasonable
values for the parameters v and p. Our method, however, has the advantage that it provides
a straightforward way to do model selection: choose the model that has a maximal €2 while
satisfying S < 4. It is not immediately clear how a strategy for model selection can be
implemented with the approach of Lanckriet et al. (2002b). It is an open question as for
which practical applications either approach is preferable over the other.

5.1 Efficiently Estimating S

In order to be a viable approach for finding robust models, the quantity S must be efficiently
computable. In particular, we don’t want to have to build a whole new model when leaving
out a fraction of 7 training points. A recent result of Strohmann et al. (2003) that is based
on the linearity of covariance, states that we can incrementally update an MPM model if
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just one training example is added or removed. The cost for this update is (for nonlinear
kernel models) O(N). Here we use this result to compute “leave one out” estimates for the
sensitivity measure S. We set v = % and estimate S by averaging over all N models that
have one example left out:

N T T
~ a’,Ya_;—a Xa
S = (Z Tya, > /N (31)

=1

Where a_j is the solution of the MPMR when data point i is left out.

This brings the computational cost for estimating S to O(n?) — which is significantly less
than the O(n?) needed to build the initial model.

6. Experimental Results

In section 6.1 we compare the MPMR algorithm to two well known learning methods —
Gaussian processes and support vector machines. In sections 6.2 - 6.4 we evaluate the
accuracy of the MPMR and its probability bound €2 on real world data sets. The Gaussian
kernel K (xi,x;j) = exp (—«[/x; — xj|3) is used to obtain a nonlinear regression surface. We
plot the behavior of 2 and S for a range of kernel parameters k. Regularization is done by
using singular value decomposition with a threshold of 10~ for the singular values. For the
sensitivity measure S we use the heuristic § = v = % for all our experiments. To quantify
how accurate our lower bound estimate €2 is, we compute the fraction of test points that
are within e correct for each test run (we call this Q7). The common behavior in all
data sets is that small values for x (which yield robust models) have a small value for S,
i.e. the corresponding model is accepted and we find that Q7 > Q which means that the
lower bound holds. As « increases, we obtain less robust estimates of the covariance matrix
and therefore less robust MPMR models (with S > §) that will be rejected. The point of
interest is where the sensitivity measure S becomes bigger than § because, this will be the
place where we lose confidence in our model and our €2 bound.

6.1 Relation to other Algorithms

In this section we relate the proposed MPMR algorithm to two well known learning algo-
rithms: Gaussian processes and support vector machines. We show that the error estimates
obtained by gaussian processes can be violated for noise distributions that are non Gaus-
sian. As we will see, the worst case distribution bounds of the MPMR will still hold for
such distributions. To demonstrate the implication of Theorem 3 and its corollary, we build
a model from a support vector machine learning algorithm, calculate its 2 bound, and give
empirical evidence that the bound will be useful and accurate in practice.

6.1.1 COMPARISON TO (GAUSSIAN PROCESSES

In this section we use the sinc function as toy data and add a noise variable p that is not
drawn from a (single) Gaussian distribution. Instead, we generate a distribution from two
separate Gaussians: with probability p; = 0.5, p is drawn from N (u, 1) and with probability
p2 = 0.5, p is drawn from N (—pu, 1) (see Figure 3b). We tested 30 values for p in the range
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pn=0.1,0.2,...,3.0. Both the training and test set had Niyqin = Niest = 100 examples. The

2r 0.2
e Training data
— sinc function
15- _ - MPMR model * ¢

018

a) sinc function with Gaussian noise b) ”Two Gaussian” noise for p = 2

Figure 3:

Gaussian process implementation we used was provided by Gibbs (1997b). We calculated
the error estimates of the Gaussian process for o = one standard deviation. In the MPMR
framework this corresponds to a value of 2 = 0.6829 (i.e. the integral of the Gaussian pdf
over the mean + on standard deviation). By using (21) we computed the MPMR error
bounds for each distribution. As expected, the Gaussian process error estimates egp were
tighter (i.e. more optimistic) than the worst case MPMR error bounds ejrparr (see Figure
4a).

For small values of i, where the noise distribution is still close to a (single) Gaussian, the
Gaussian process error estimates are still accurate, i.e. they match the measured percentage
of +¢ accurate predictions. As u increases and the noise distribution becomes less Gaussian,
the Gaussian process error estimates no longer match the prediction accuracy. The MPMR
error bounds, however, are valid for all possible values of p (see Figure 3):

6.1.2 BOUNDS FOR SVMs

As mentioned earlier (section 4.1), we can take the coefficients of any linear model or basis
function model and use them to compute a lower bound on the probability of making +e
correct predictions. A widely used state of the art method is the support vector machine
regression (Smola and Scholkopf, 1998). For our experiments we used the v-SVM imple-
mentation of Chang and Lin (2003) and computed the probability bound according to (20).
The results were averaged over 50 runs for the Boston Housing Data and are shown in
Figure 5. Notice that the bound holds for all values of e.

6.2 Boston Housing

The first real world data set we experimented with is the Boston Housing data, which
consists of N = 506 examples, each with d = 13 real valued inputs and one real valued
output. We divided the data randomly into a training set of size Ny.qin = 481 and a test
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a) Error bounds b) +e accurate test points

Figure 4: Comparison MPMR with Gaussian processes (GP) on the sinc data with a “two Gaus-
sian” noise. Plot a) shows the error bounds for 2 = 0.6829 which corresponds to 1 stan-
dard deviation of a Gaussian distribution. The worst case bound of MPMR (eyppr) is
looser than the Gaussian process estimate (egp). Plot b) shows the actual percentage
QT of test points within the error bounds given by the MPMR and the GP model. While
the MPMR bound is always valid, the estimate obtained by Gaussian processes does not
hold for the “two Gaussian” noise with a large (.

set of size Nyesr = 25. We tried 50 different values for x, and for each of these we averaged
our results over 100 runs. The results in Figure 6 indicate that the sensitivity measure S is
suitable for figuring out when a model is robust, both in terms of giving a valid lower bound
Q and producing a low mean squared error on the test data. The models that are rejected
because of a high sensitivity measure S have inaccurate bounds and a high (normalized)
mean squared error (see Figure 6).

6.3 Abalone

The Abalone data set contains N = 4177 examples, each with eight inputs and one real
valued output. One of the input features is not a real number but can take on one of three
distinct values. We split up the discrete valued feature into 3 real valued features, setting
one component to 1 and the other two to 0, which increases the input dimension to d = 10.
The data was then divided randomly into Nyyqs,, = 1000 training examples and Nyeg; = 3177
test examples. As in the Boston experiment we went over a range of kernel parameters (here
30) and averaged the results over a number of test runs (here 50) (see Figure 6).
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0 5 10 15 20 25 30 35 40 45

Figure 5: Minimax probability bound (£2) and percentage of test points within +e (Q7) for the v-
SVM on the Boston Housing data set. Observe that the lower probability bound €2 holds
for all possible €. Values for the SVM parameters C' and v and for the kernel function
were obtained by cross-validation.

6.4 Kinematic Data

The KINSNM data set consists of N = 8192 examples, each with eight real valued inputs
and one real valued output. We used the same parameters as in the ABALONE data set:
Nirgin = 1000 training examples, a range of 30 kernel parameters and 50 test runs to average
the results for each kernel parameter (see Figure 7). The sensitivity measure S was again
useful for distinguishing models where the bound holds from models where it does not hold.
In terms of mean squared error we found that there were also some good models that would
have been rejected by the sensitivity measure. One reason for this result might be that the
heuristic § = v that we used is not the optimal choice for all data sets.

7. Conclusion & Future Work

We have presented the MPMR framework as a new approach to address regression prob-
lems where models are represented as nonlinear (or linear) basis function expansions (see
(2) and (3)). The objective of MPMR is to find a model which maximizes the worst case
probability that future data is predicted within +e accurate. Also, we introduced a general
approach to reduce any regression problem to a binary classification problem by shifting the
dependent variable both by +¢e and by —e. In this paper, we use MPMC as the underlying
classifier which gives a distribution-free probability bound, and therefore a regression algo-
rithm that can estimate the probability of making +e correct predictions. We also anaylise
the tightness of the MPMR bound and relate it to the well known two-sided Chebyshev
inequality. Remarkably, the resulting MPMR is equivalent to the method of least squares,
which is a standard technique in statistical analysis. One consequence of our work is that
it is now possible to calculate distribution-free confidence intervals for least squares solu-
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Figure 6: Boston Housing Results. Plot a) shows where our sensitivity measure S crosses

the threshold 0 (which we set to d := v = Ntrla,in in all our experiments). Models on
the left with S < § are considered robust and models on the right are considered
to be too sensitive and to overfit the training data. Plot b) shows that for robust
models Q7 > Q holds on average. Plot c) contains the percentage of models
where the bound did not hold and plot d) shows the normalized mean squared
error on the test data. All results were averaged over 100 runs and the kernels

being used were k(u,v) = exp(—1.251075||u — v||3) for t = 1,2, ..., 50.

tions (formerly this was only feasible under Gaussian or other specific, often unrealistic,
distributional assumptions).

For nonlinear problems, we use Mercer kernels as basis functions for our regression
model. However, our formulation is not limited to Mercer kernels, but works with arbitrary
basis functions. Typically, there are kernel parameters (e.g. the width parameter s of the
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Q' ” $=3 Q<0
NRMMSE
o
S=5
a) bound and test accuracy b) inaccurate ¢) normalized MSE

Figure 7: Abalone Results. The plots are similar to the ones for the Boston housing and
Abalone data: The bound € is accurate for all the models where our sensi-
tivity measure was S < § and becomes inaccurate only when S > 4. All
results were averaged over 50 runs and the kernels being used were k(u,v) =
exp(—2.25'107%ju — v||3) for t = 1,2, ..., 30.

Q'<0
NRMMSE

of o2

S=9

a) bound and test accuracy b) inaccurate 2 ¢) normalized MSE

Figure 8: Kinematic Data Results. The plots are similar to the ones for the Boston housing
data: The bound € is accurate for all the models where our sensitivity measure
was S < §. In plot ¢), we observed that the normalized mean squared error is
low for some (but not all) of the models that would have been rejected by our
sensitivity measure S. All results were averaged over 50 runs and the kernels
being used were k(u,v) = exp(—1.5'107°||u — v||3) for t = 1,2, ..., 30.

Gaussian kernel) that need to be adjusted properly to obtain good regression models. A
common technique to find these parameters is to do N-fold cross validation, which can be
computationally expensive. Our approach, however, does not involve cross validation but is
based on a sensitivity measure S. S is calculated by sampling parts of the training data and
looking at the effect on {2—the objective of MPMR. This is computationally more efficient
for N > 2, since N-fold cross validation builds N models whereas the S approach only
builds two models. Experiments with real world data sets have shown that the assumptions
underlying the sensitivity measure S are valid (see Appendix B) and that S works well for
filtering out models that overfit the data, and consequently violate the property of 2 as a
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true lower bound. Further evidence was given showing that S finds optimal parameters for
nonlinear kernel models, and therefore is suitable for model selection.

The current implementation of MPMR requires solving an N x N linear system of
equations (complexity O(N?)) and therefore is prohibitive for large N (where N is the
number of training examples). As a result we are currently working on sparse versions of
MPMR. The approach we are taken is similar to the one for MPM classification that was
recently published (Strohmann et al., 2004).

Also, it is well known that in real world domains data is often highly structured (e.g. in
forms of clusters). Rather than giving one global bound on the overall probability of being
within e correct we are exploring local MPMR models that have region specific probability
bounds.

Finally, we note that for N — oo MPMR converges to the true €2 (and the optimal
model) since the estimates of the mean and covariance matrix become more and more
accurate as the number of training examples (N) increases. Therefore, one interesting open
question is the rate of convergence for {2 as N increases, which should be directly related
to the rate of convergence for the mean and covariance estimates.

A Matlab implementation of the MPMR algorithm can be obtained from:
http://csel.cs.colorado.edu/~strohman/papers.html
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9. Appendix A

Proof of Theorem 1. The least squares problem can be formulated as the following linear
system (see for example Wackerly et al., 2002, chap. 11):

XTxp=XTy (32)
where
1 z11 -+ 214 Y1
X — 1 zoy -+ T9g v—| »
1 zn1 - Tng YN

If we write out (32) we obtain (from now on all sums are from i = 1 to N):

N > min e > Tid Bo >y
Saa Yah > xiTig B Y Tiyi

diwig o igTi Bj 2. TijYi
Y oTid Y TidTil e > a?, Ba > Tidyi
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Now we write all the sums in terms of means and covariances:

DY = Ny
inj = Nu; j=1,..d
injyi = (N*l)O'xjy+N.’E_jg j= 1,....d
injxik = (N—l)a’szk—i-ijfk j=1..,d; k=1,....d
where the last two lines are obtained by noting that:
Oy = yog (@ — 7)) (@ — )
< Ogjay, = ﬁ (O mijran — Y ®ijTe — ) Tip®y + ) TjTg)
& Oua = 5 @iz — Najay, — Ny, + Nij@y)
=1 (N — 1)O'J;ja;k = waxzk — ij Tk
4 Zl‘zﬂ’zk = (N- 1)Ja:j:rk + Nz 7,

If we plug these expressions into the linear system above we have:

N Ny Ny 0o
Nfl (N — 1)0'951391 + N-fl T T (N - 1)Ux1xd + N-fl Tq ﬁl
(N—l)Um]-a:k‘i‘ijfk
Nay (N—l)dexl-l-Nfdfl (N—l)o‘xdxd-l-Nfdfd B4
Ny
(N —1)0g,y + N1y
(N —1)og,y + Nzgy

If we look at the first equation we retrieve the familiar formula for (y:

Nﬂo—i-z;l:lejﬁj = Ng]
< Bo=19— 2?21 Bi;

Now look at the j + 1th (j = 1,...,d) equation which has z; as the common variable:

N80+ S4_1 Bul(N = 10,0, + Najzg] = (N — 1)og,y + N3y
& Ni(§— S0, Bear) + N0 Bedyay + (N = 1) S0, Brou,ap = (N — 1oy, + Najj

< (N = 1) iy Bioaap, = (N = Doy
<:> Zz:l IBkUCE]Ik - O-IEjy

The last expression matches exactly the jth equation of (15). Since this is true for all
j=1,...,d we have shown that (15) / (16) describe the same system that appears for least
squares problems.

O
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10. Appendix B

In this section we will give experimental evidence that the assumptions stated in (28) do
hold in practice. To test the assumptions we need to “know” the true covariance matrix
>*. We will simulate this knowledge by using all data points of the data set to compute X*
and using only half of the data to compute the covariance matrix . The following plots
illustrate the validity of the assumptions for different kernels and different values for ~:
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Figure 9: Boston Housing data with Gaussian Kernel (s=0.0001 - no overfitting). The left plot
shows lower = Ela” ¥,a] and upper = E[al’¥,a,] for different fractions v of points left

a’Sa
T
aj Ya

als,a,
aly,.a
averaged over 50 runs. In both plots the assumptions are valid (as indicated by the right
aTE*a*

Tyal S E [;%TEE;] holds for

out. The right plot shows lower = E| | and upper = E| ]. All results were

plot we can only expect that the second assumption F]

small).
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Figure 10: The above experiment repeated with a different Gaussian Kernel (s=1 - overfitting).
Due to overfitting the ratios of the right plot are close to zero. But again, both the
assumptions made in (28) hold.

D. Mackay. Gaussian processes — a replacement for supervised neural networks?, 1997.
Lecture notes for a tutorial at NIPS.

A. W. Marshall and I. Olkin. Multivariate chebyshev inequalities. Annals of Mathematical
Statistics, 31(4):1001-1014, 1960.

I. Popescu and D. Bertsimas. Optimal inequalities in probability theory: A convex opti-
mization approach. Technical Report TM62, INSEAD, Dept. Math. O.R., Cambridge,
Mass, 2001.

C. E. Rasmussen. FEvaluation of Gaussian Processes and other Methods for Non-Linear
Regression. PhD thesis, University of Toronto, 1996.

A. K. Jain S. J. Raudys. Small sample size effects in statistical pattern recognition: Recom-
mendations for practicioners. IEEE Trans. Pattern Analysis and Machine Intelligence,
13(3):252-264, 1991.

B. Scholkopf and A. Smola. Learning with Kernels. MIT Press, Cambridge, MA, 2002.

A. Smola and B. Scholkopf. A tutorial on support vector regression. Technical Report
NC2-TR-1998-030, Royal Holloway College, 1998.

T. R. Strohmann, A. Belitski, G. Z. Grudic, and D. DeCoste. Sparse greedy minimax
probability machine classification. In T. G. Dietterich, S. Becker, and Z. Ghahramani,

editors, Advances in Neural Information Processing Systems 16, Cambridge, MA, 2004.
MIT Press.

T. R. Strohmann, Andrei Belitski, G.Z. Grudic, and Dennis DeCoste. Sparse greedy min-
imax probability machine classification. Technical Report CU-CS-956-03, University of
Colorado, Boulder, 2003.

26



RoBUST MINIMAX PROBABILITY MACHINE REGRESSION

T. R. Strohmann and G. Z. Grudic. A formulation for minimax probability machine re-
gression. In T. G. Dietterich, S. Becker, and Z. Ghahramani, editors, Advances in Neural
Information Processing Systems 15, Cambridge, MA, 2003. MIT Press.

M. Tipping. The relevance vector machine. In S.A. Solla, T.K. Leen, and K.-R. Miiller,
editors, Advances in Neural Information Processing Systems 12, Cambridge, MA, 2000.
MIT Press.

D. Wackerly, W. Mendenhall, and R. Scheaffer. Mathematical Statistics with Applications,
Sixth Edition. Duxbury Press, Pacific Grove, CA, 2002.

Christopher K. I. Williams and Carl Edward Rasmussen. Gaussian processes for regression.
In David S. Touretzky, Michael C. Mozer, and Michael E. Hasselmo, editors, Advances
in Neural Information Processing Systems 8, Cambridge, MA, 1995. MIT Press.

27



