
DRAFT COPY: Topological Mapping with Multiple
Visual Manifolds

Greg Grudic and Jane Mulligan
Department of Computer Science
University of Colorado at Boulder

Boulder, CO, 80309-0430
Email: < grudic | janem>@cs.colorado.edu

Abstract— We address the problem of building topological
maps in visual space for robot navigation. The nodes of our
topological maps consist of clusters in manifold space, and we
propose an unsupervised learning algorithm that automatically
constructs these manifolds - the user need only specify the
desired number of clusters and the minimum number of images
per cluster. This spectral clustering like framework allows each
cluster to optimize a separate set of clustering parameters, and
we demonstrate empirically that this flexibility can significantly
improve clustering results. We further propose a framework for
servoing the robot in our manifold space, which would allow the
robot to navigate from any point on one manifold (topological
node) to any specified point on a second manifold. Finally,
we present experimental results on indoor and outdoor image
sequences demonstrating the efficacy of the proposed algorithm.

I. I NTRODUCTION

Acquiring and exploiting environment maps is a key func-
tion for autonomous agents. Turning internal and external
sensor readings into a map suitable for navigation, has become
a topic of intense interest [1]. Mapping techniques can be
loosely divided into topological and geometric approaches.
Topological approaches can be thought of as robot-centric,
or representations in sensor space rather than in some world
coordinate frame [2]. Essentially certain distinguished places
and the transitions between them are identified.

Numerous image-based approaches to topological mapping
have been described in the past 10 years [3], [4], [5], [6].
Ideally an agent passes through the environment recording
sequential sensor data, and uses this to automatically gen-
erate the places and transitions which provide a topological
description of the space. In this paper we will describe our
approach to clustering regions of the sensor sequence (in our
case images) using proximity on low dimensional manifolds
in sensor space. Our goal is to develop techniques to navigate
on the manifold of clustered sensor sequences. We will not
address mapping of images or landmarks to metric pose [3],
[7].

Sensor traces such as video sequences for any useful traver-
sal of the environment may involve hundreds or thousands
of samples. Many appearance-based mapping approaches use
PCA representations, but these inherently map an image to
a point in the eigenspace. If the world exhibits perceptual
aliasing, where several distinct positions in the sequence look

similar, then there is not enough information encoded in the
representation to disambiguate them. The obvious solution is
to consider information about neighbouring views in space and
time. This can be achieved by tracking (as is generally the case
in landmark-based systems) or by exploiting spatial continuity
in the learning data.

Maeda et al. [8] propose precomputing active vision strate-
gies for regions of the manifold which are close in eigenspace.
By acquiring additional images they can disambiguate where
the current pose falls. Similarly Kröse and Bunschoten [4]
acquire additional images by rotating in place, in order distin-
guish positions with similar appearance. Kelly [9] composes
extended image sequences into globally consistent mosaics
and then tracks motion over the mosaic to estimate the current
pose. Matsumoto et al. [10] navigate in a sequence of images,
assuming that the robot makes transitions in order from one
memorized image to the next. The method depends on a
difference metric which increases monotonically allowing the
robot to determine which neighbour in the sequence is closer.

Recent developments in learning in manifold space have
lead to algorithms that can effectively find low dimensional
structures in image sequences that lie on a single manifold
[11]. However, such algorithms require and assume that a
single manifold is sufficient to describe the visual data and, in
general, do not function well when this is not true. In this paper
we address the problem of identifying image clusters from
a wide variety of image sequences. We propose a clustering
algorithm that takes as input a user specified number of
clusters, and a minimum number of images (or data points)
per cluster. Given these inputs, the algorithm uses a spectral
clustering [12], [13], [14] like framework to directly specify
separate clustering parameters for each cluster. This property
makes the algorithm significantly different from other spectral
clustering algorithms that use the same clustering parameters
for all clusters [12], [13], [14], and that generally require the
user to specify these parameters. This property allows us to
distinguish such common navigational features as branching
paths, and correctly identify which manifold the robot is on.
The method also provides a probability measure as to whether
the current image view lies on a particular manifold.

We propose the following scenario. The robot moves (either
via teleoperation or using some autonomous search strategy)
throughout the environment it is intended to work in. The



sensor data that it observes is recorded and projected into
manifold space. The data is then clustered in manifold space
using unsupervised learning. Each cluster manifold in sensor
space corresponds to node in a topological map. We further
propose a framework by which a robot can servo in this
manifold space starting from any position one one manifold,
to any position on another manifold.

In Section II we develop the method for semi-supervised
clustering on the manifold. Section II-G describes its ap-
plication to robot navigation. We present results for indoor
and outdoor image sequences in Section III and sum up in
Section IV.

II. A LGORITHM DEVELOPMENT

A. Semi-Supervised Learning

Zhou et.al. [15] introduced the consistency method, a semi-
supervised learning technique upon which our algorithm is
based. We present a brief description of this algorithm below.

Given a set of pointsX ∈ Rn×m and labelsL = {1, · · · , c}.
Let xi denote theith example. Without loss of generality the
first l points (1 · · · l) are labeled and the remaining points (l+
1 · · ·n) unlabeled. DefineY ∈ Nn×c with Yij = 1 if point
xi has labelj and0 otherwise. LetF ⊂ Rn×c denote all the
matrices with nonnegative entries. A matrixF ∈ F is a matrix
that labels all pointsxi with a label yi = arg maxj≤c Fij .
Define the seriesF (t+1) = αSF (t)+(1−α)Y with F (0) =
Y, α ∈ (0, 1).

Given these definitions, the recursive version of semi-
supervised algorithm is defined as follows:

1) Form the affinity matrix Wij = exp(−‖xi −
xj‖2/(2σ2)) if i 6= j and 0 otherwise.

2) ComputeS = D−1/2WD−1/2 with Dii =
∑n

j=1 Wij

andDij = 0, i 6= j.
3) Compute the limit of serieslimt→∞ F (t) = F ∗ = (I −

αS)−1Y . Label each pointxi asarg maxj≤c F ∗ij .

A regularization framework for this algorithm can be spec-
ified as follows. The cost function associated with matrixF
and regularization parameterµ > 0 has the following form

Q (F ) = 1
2

(
n∑

i,j=1

Wij

∥∥∥∥ 1√
Dii

Fi − 1√
Djj

Fj

∥∥∥∥ +

µ
n∑

i=1

‖Fi − Yi‖2
) (1)

The first term is the smoothness constraint that associates
a cost with change between nearby points. The second term,
weighted byµ, is the fitting constraint that associates a cost for
change from the initial assignments. The classifying function
is defined asF ∗ = arg minF∈F Q(F ). Defineα = 1

1+µ and
β = µ

1+µ (note thatα + β = 1 and the matrix(I − αS) is
non-singular) one can obtain

F ∗ = β (I − αS)−1
Y (2)

This constitutes a closed form expression for the (iterative)
semi-supervised algorithm defined above (see [15] for details).

It is easy to see that each columni of the matrix(I−αS)−1

constitutes an ordering of distances, along a manifold, from
training examplexi to all other training examplesxj , for i, j =
1, 2, ..., n. It is this property that we will exploit for clustering
in manifold space [16]. More specifically, we will look for
columns of(I − αS)−1 that define clusters by finding points
that are at the center of large manifolds.

A further observation of this algorithm that is pertinent to
our clustering algorithm is that bothσ andα are user specified.
However, in the clustering formulation proposed in this paper,
σ and α are byproducts of the optimization procedure, and
are automatically chosen for each cluster (i.e. each cluster
many have different values ofσ and α). This makes the
proposed algorithm more flexible and more automated then
other spectral clustering implementations [14].

B. Clustering with Local and Global Consistency

From equation (2), it is evident that the solution to the semi-
supervised learning problem only depends on the labels after
the the matrix(I − αS) has been inverted. This matrix only
contains the training data inputs,{x1, ..., xn}, and it is this
property that we exploit to derive our clustering algorithm.
We define a matrixU as:

U = β (I − αS)−1 =
[
uT

1 , ..., uT
n

]
(3)

and note thatU defines a graph or diffusion kernel as described
in [17], [18]. In addition, the columns ofU , denoted byuT

i , de-
fine distances between training points on these graphs, which
can be interpreted as distances along a manifold [16]. The
ordering of these distances along each manifold is maintained
independent of scaling. FromU , we create a new matrixV ,
by scaling the columns ofU to have unit length (which we
exploit below to efficiently calculate clusters). We define this
V matrix as:

V =

[
uT

1∥∥uT
1

∥∥ , ...,
uT

n∥∥uT
1

∥∥

]
=

[
vT
1 , ..., vT

n

]
(4)

Note that, by definition,||vi|| = 1. Finally, we define a
distance (along a manifold specified byU ) between points
xi andxj to be:

dM (xi, xj) = 1− viv
T
j (5)

Thus if two points identically rank the relative distances
to all other points on a manifold, our framework considers
them identical. If this is the case for pointsxi and xj , then
dM (xi, xj) = 0. Conversely, if the pointxi has completely
different distances alongU to other points in the training data
than pointxj , thendM (xi, xj) will approach 1. This leads to
our definition of a distance matrix:

DM = 1−




v1v
T
1 . . . v1v

T
n

...
. ..

...
vnvT

1 · · · vnvT
n




=




dM (x1, x1) . . . dM (x1, xn)
...

. ..
...

dM (xn, x1) · · · dM (xn, xn)




(6)



Therefore the(i, j) element ofDM defines a distance between
two pointsxi and xj , which ranges between0 and 1 - 0; 0
meaning that the points are identical, and1 that they are the
furthest apart from each other.

This allows us to set up the following optimization problem
from clustering. In clustering, we want to pick clusters of
points that are most similar to one another, while at the
same time most different to points in other clusters. We start
by assuming there arec clusters and that each cluster is
characterized by a single point. Thus, forc clusters, we have
xl1 , ..., xlc points, wherexli ∈ {x1, ..., xn} is a point in the
training data, andxli 6= xlj for i 6= j. These pointsxl1 , ..., xlc

are used to define clusters as follows. We define an by c
matrix F ∗V by taking thel1, ..., lc columns ofV (see equation
(4)):

F ∗V =
[
vT

l1 , ..., v
T
lc

]
(7)

Then, as with semi-supervised learning, we assign a pointxi

to a cluster:
yi = arg max

j≤c
F ∗V ij (8)

whereF ∗V ij is the entry ofF ∗V given by rowi and columnj.
In the next section we define an optimization framework for

picking pointsxl1 , ..., xlc given thatc is specified.

C. Model Selection For Clustering

Next, let pj be the set of points that belong to clusterj.
Using matrixDM we can define the mean distance between
points in clusterj as:

D
jj

M = E [DM (pj ,pj)]

whereDM (pj ,pj) denotes all entries ofDM corresponding
to columns and rows of pointspj andE[·] is the average value
of these entries. Similarly, the mean distance between points
in clusterj and points in clusterk is given by:

D
jk

M = E [DM (pj ,pk)]

Given that our goal is to find clusters that maximize the
distances between points in different clusters, while minimiz-
ing the distances between points in the same cluster, we can
state the following optimization problem: findσ, α, c, and
xl1 , ..., xlc to maximize the following

Ω(c) = max
α,σ,c


E

[
D

jj

M

]
{j=1,...,c}

− E
[
D

jk

M

]{
k=1,...,c
j=1,...,c
i 6=j

}



However, there are two problems with this approach. First,
the optimizing over allσ, α, c can be computationally ex-
pensive. Second, and more importantly for the current paper,
every cluster will contain the sameσ. As is demonstrated by
both synthetic and real data in Section III, this can lead to
significant degradation in clustering performance when points
in different clusters are not equally spaced. To avoid these
difficulties, we take a recursive clustering approach, where the

dataset is split into two partitions at each step of the algorithm.
The criteria used to determine this split is

Ω(2) = max
α,σ

[
min(|p1|,|p2|)
|p1|+|p2|

(
E

[
D

jj

M

]
{j=1}

−

E
[
D

jk

M

]
{

k=1
j=2

}
)] (9)

where |pj | is the number of points in clusterj. This opti-
mization encourages points to be split into two partitions of
approximately equal size. In addition,σ andα are chosen such
that the first cluster of points consists of points that are tightly
clustered on one manifold, while the second cluster includes
points which are far away from the first, but need not be on
a single manifold. Thusσ and α are always optimized with
respect to the first manifold.

This type of recursive partitioning continues until clusters
have a minimum number of points (which is user specified by
Q). This produces a set ofC clusters. The user also must also
specify the desired number of clustersK. The constraint on
K andQ is thatK > C. TheC clusters are finally combined
to give the bestK clusters that each have maximal values of
Ω(2) in equation (9).

In the next two sections, the description of the proposed
algorithm is completed by first defining the concept of cluster
outliers in manifold space, and then showing how this is used
to define point clusters.

D. Outlier Detection

We define a cluster independent outlier point to be one that
is, on average, furthest away from all other points. This can be
directly calculated from equation (6) by taking the average of
the columns ofDM as follows and defining a outlier cluster
independent vectorOd as follows:

Od =
1
n

[∑
DT

M1, ...,
∑

DT
Mn

]
= [Od1, ..., Odn] (10)

where the elementOdi is the average distance (in manifold
space) between pointxi and all the other points andDM =[
DT

M1, ..., D
T
Mn

]
. Thus by ordering the values ofOdi in

increasing order, we order the points from furthest to closest,
and the points appearing first in the list constitute the outliers.

Similarly, we can find outliers within a clusterj by looking
at theDjj

M = DM (pj ,pj) matrix defined above. Specifically,
we obtain an outlierOj

d vector for clusterj as follows:

Oj
d =

1
n

[∑
DjjT

M1 , ...,
∑

DjjT
Mn

]
=

[
Oj

d1, ..., O
j
dn

]
(11)

whereOj
di is the mean distance ofxj to all other points in

its cluster. Thus the point which has maximumOj
di is the one

which is most outsidethe cluster (i.e. the greatest outlier),
while the point that has minimumOj

di is most insideof the
cluster.



E. Finding Points That Define a Cluster

As outlined above, the pointsxl1 , xl2 are used to specify
clustersΩ(2) in equation (9). These points can be identified
by looking at the cluster independent outlier vectorOd defined
above. In this paper we use the following greedy heuristic to
identify xl1 , ..., xlc . First we assignxl1 to the point that is
closest to all other points, which is defined by the point that
has the smallest valueOdi. To find xl2 , we multiply each
element ofOd by the corresponding element in the column
vector DT

Ml1
, to obtain an new, re-weighted vector ofO2

d as
follows:

O2
d =

[
O1

d1D
T
Ml1 (1) , ..., O1

dnDT
Ml1 (n)

]
=

[
O2

d1, ..., O
2
dn

]
(12)

whereO1
di = Odi. The pointxl2 then corresponds to the point

which has minimumO2
di.

F. Assigning New Points to Clusters

Let pj be the set of points in clusterj, let σj be the
associated Gaussian kernel parameter, and letxlj be the
point which defines the center of the cluster (as defined
above). Symbolize the new point being classified into one
of the clusters asx, and p∗j = pj

⋃
x be the set of points

that includes points in clusterj and the new pointx being
classified. These points are used to calculate an affinity matrix
W j (usingσj) and correspondingSj . Finally, we can calculate

F j = β
(
I − αSj

)−1
Y j (13)

Whereα = 0.99 (set arbitrarily), andY j is a vector of the
same length asp∗j , containing zeros everywhere except at the
position associated with the center of clusterj, namelyxlj .
If the index of the new pointx is k, then the value ofF j(k)
defines how close this new point is to the center of clusterj
- the largerF j(k) is, the closer this point is to the center of
the cluster. Therefore, we assign pointx to clustery using:

y = arg max
j

F j (k)

G. A formulation for Servoing on Visual Manifolds

Our formulation of servoing on the manifold is based on
the formulation given in the previous section. Assume that
Y j is a vector of the same length asp∗j , containing zeros
everywhere except at the position associated with the robot’s
desired position on the manifold of clusterj. If the index of
the robot’s current position (i.e. what the robot currently sees)
x is k, then the value ofF j(k) defines how close this new
point is to the desired manifold position. Therefor, we propose
to servo the robot to maximize the signalF j(k) until it reaches
the desired manifold location.

This framework allows the robot to establish any position
and any visual manifold that it has previously encountered. It
also allows traversal from the end of one manifold to the start
of another.

H. Implementation Details

A Matlab implementation of the proposed algorithm can
be obtained from(web page withheld for anonymous review).
The optimization problem in equation (9) is solved using
the matlab functionfmincon. This gives a two dimensional
optimization formulation inσ andα space to maximizeΩ(2)
in equation (9).

III. E XPERIMENTAL RESULTS

All data and matlab code used in the experimental results
presented in this paper can be downloaded from(web page
withheld for anonymous review).

A. Synthetic Data

Four synthetic data sets, shown in Figure 1, were used to
illustrate the functioning of the proposed algorithm. The first
three show points along paths in 2 dimensional space, and the
last shows points sampled from paths in 3 dimensional space.

For all the synthetic data sets, the number of clusters was
set to K = 3, and minimum number of points per cluster
was set toQ = 20. In order to illustrate the properties of the
proposed algorithm, we compared it to the Normalized Cuts
algorithm [12] on four synthetic data sets.
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Fig. 2. Line Data Results.

The first synthetic data set consists points sampled from
three parallel lines 2D (see Figure 1a). The points are equally
spaced for each line. Figure 2b shows the results obtained
with algorithm proposed in this paper. The Y axis shows the
clusters and the X axis shows the point indices. The red stars
indicate the true labels and blue squares indicate the predicted
labels. Similarly, Figure 2c shows the results obtained with
Normalized Cuts algorithm withσ = 0.085. Note that both
algorithms successfully clustered this data set.
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Fig. 3. Synthetic Line Data (Variable Spacing).
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Fig. 1. Synthetic datasets.

In contrast the second data set contains points sampled at
different intervals from each of three lines (see Figure 1b). Fig-
ure 3a shows the results obtained with algorithm proposed in
this paper. The Y axis shows the clusters and the X axis shows
the point indices. The red stars indicate the true labels and
blue squares indicate the predicted labels. Similarly, Figure
3b shows the results obtained with Normalized Cuts algorithm
with σ = 0.075. This value for sigma constitutes the lowest
clustering error (see [14] for a definition of clustering error)
for the Normalized Cuts algorithm. Note that the proposed
algorithm was able to successfully cluster this data, while
the Normalized Cuts algorithm was not. This is because the
algorithm proposed in this paper selected a different sigma for
each cluster, while the Normalized Cuts algorithm was limited
to a single sigma for all three clusters.
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Fig. 4. Synthetic Path Data.

The third data set contains points sampled at different
intervals from each of three paths that that converge at a
single point (see Figure 1c). Figure 4a shows the results
obtained with algorithm proposed in this paper. The Y axis
shows the clusters and the X axis shows the point indices.
The red stars indicate the true labels and blue squares indicate
the predicted labels. Similarly, Figure 4b shows the results
obtained with Normalized Cuts algorithm withσ = 0.079.
This value for sigma constitutes the lowest clustering error (see
[14] for a definition of clustering error) for the Normalized
Cuts algorithm. As with the second data set, the proposed
algorithm was able to successfully cluster this data, while the
Normalized Cuts algorithm was not. Once more, this is the
algorithm proposed in this paper selected a different sigma
for each cluster, while the Normalized Cuts algorithm was
limited to a single sigma for all three clusters.
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Fig. 5. Synthetic Spiral Data.

The final data set contains points sampled at different
intervals from each of three spirals in 3D space (see Figure
1d). Figure 5b shows the results obtained with algorithm
proposed in this paper. The Y axis shows the clusters and
the X axis shows the point indices. The red stars indicate
the true labels and blue squares indicate the predicted labels.
Similarly, Figure 5c shows the results obtained with Normal-
ized Cuts algorithm withσ = 0.051. This value for sigma
constitutes the lowest clustering error (see [14] for a definition
of clustering error) for the Normalized Cuts algorithm. As with
the previous two data sets, the proposed algorithm was able
to successfully cluster this data, while the Normalized Cuts
algorithm was not. Once more, this is the algorithm proposed
in this paper selected a different sigma for each cluster, while
the Normalized Cuts algorithm was limited to a single sigma
for all three clusters.

These synthetic sets show that the Normalized Cuts algo-
rithm is very sensitive to sampling intervals within cluster
points.

The running times of the proposed algorithm (matlab im-
plementation) on these datasets ranged from a few seconds to
a few minutes (on a 1.8 GHz Pentium 4 running Windows
XP).

B. Indoor and Outdoor Image Data

The real world data sets consists of 6 sets of 320 by 240
RGB images (therefore each image is defined by 3x320x240
pixels). Each sequence contains 150 images, for a total of
900 images. These images are summarized in Figure 6. Each
row in Figure 6 shows one of 8 clusters. The first cluster
(in the first row) shows images down an indoor hallway. The



second cluster (in the second row) shows images obtained after
exiting the hallway and turning left. The third cluster (in the
third row) shows images obtained after exiting the hallway
and continuing straight. The fourth cluster (in the fourth row)
shows images obtained after exiting the hallway and turning
right.

The last 4 rows show outdoor scenes. The fifth cluster (in
the fifth row) shows images obtained while walking on a
lawn towards a driveway. The sixth cluster (in the sixth row)
shows images obtained after leaving the lawn and turning left.
The seventh set of images (in the seventh row) shows images
obtained after leaving the lawn and continuing straight. Finally,
the eighth cluster (in the eighth row) shows images obtained
after leaving the lawn and turning right.

75 images from each sequence were used to construct the
manifolds and the remaining 75 images (every second one)
were used to test the localization on each manifold. The results
on the test data for the algorithm proposed in Section II-F
are given in Figure 7a (we setK = 8 clusters andQ = 35
minimum points per cluster). The 8 clusters are defined on
the Y axis. The red stars indicate the true labels and blue
squares indicate the predicted labels. The clustering error of
the proposed algorithm on the test data is 2.89%.

The results obtained for the randomized cuts algorithm with
a single sigma set to 186.5 (experimentation indicated that
this sigma resulted in the best clustering error) are given
in Figure 7b. The test data was classified using the out-of-
sample algorithm derived in [19]. The clustering error for this
algorithm in the test data was 34.4%.

Thus the algorithm proposed in this paper gave a 92%
improvement in clustering error over the Normalized Cuts
algorithm by allowing each cluster to individually optimized
for sigma.

The running time of the proposed algorithm on these real
datasets (matlab implementation) was 16 minutes on a 1.8
GHz Pentium 4 running Windows XP.

IV. SUMMARY AND CONCLUSIONS

We proposed a formulation for autonomously building topo-
logical maps in a robot’s visual space. Each node in the
topological map consists of the cluster in manifold space.
The algorithm presented allows each cluster to independently
optimize it’s own affinity matrix parameters. This results in a
spectral clustering like procedure that can significantly outper-
form the clustering performance of algorithms which constrain
all clusters to have the same affinity matrix parameters. The
proposed algorithm requires the user to specify the desired
number of clusters and the minimum number of points per
cluster - the affinity matrix parameters are completely defined
by these two parameters.

This paper suggests a number of open research questions.
First, the optimization procedure posed was solved using an
off the shelf optimization algorithm (matlab optimization in
2D). Reanalyzing the theory behind this optimization may
allow a more direct solution to this optimization problem.
Second, we outlined a procedure for servoing the robot along

the manifolds it has previously encountered, but we have not
yet evaluated this formulation on a real robot. This constitutes
the most important experimental next step in our overall
formulation. It will allow the robot to traverse from any
point on one manifold, to any point on another manifold.
Third, the user is required to specify the number of desired
clusters. The framework developed here may allow the number
of clusters to be directly optimized for. Finally, the initial
results presented appear promising and further experimental
investigation appears warranted.
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Fig. 6. Images along 8 manifolds in indoor and outdoor environments.
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Fig. 7. Results on Image Data.


