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Abstract

Function Approximation (FA) representa-
tions of the state-action value function @
have been proposed in order to reduce vari-
ance in performance gradients estimates, and
thereby improve performance of Policy Gra-
dient (PG) reinforcement learning in large
continuous domains (e.g., the PIFA algo-
rithm of Sutton et al. (in press)). We
show empirically that although PIFA con-
verges significantly faster than traditional
PG algorithms such as REINFORCE which
directly sample @ (without using FA), FA
representations of () are not necessary to re-
duce variance in performance gradient esti-
mates, and PG algorithms which use selec-
tive direct samples of ) can converge orders
of magnitude faster than PIFA. We present a
new PG algorithm, called Action Transition
Policy Gradient (ATPG), which uses direct
samples of Q and restricts estimates of the
gradient to coincide with action transitions,
thus obtaining relative value estimates of ex-
ecuting actions, without using FA represen-
tations of . We prove that ATPG gives an
unbiased estimate of the performance gradi-
ent, and converges to an optimal policy un-
der piece-wise continuity conditions on the
policy and the state-action value function.
Further, in an experimental comparison with
PIFA and REINFORCE, ATPG always out-
performs both algorithms, taking orders of
magnitude fewer iterations to converge on all
but very simple problems.

1. Introduction

A number of recent papers have re-addressed the
Policy Gradient (PG) formulation of Reinforcement
Learning (RL) (Baird & Moore, 1999; Baxter &

Bartlett, 1999; Sutton et al., in press; Konda & Tsit-
siklis, in press). The reason for this renewed interest
is threefold. First, the PG formulation uses a function
approximation (FA) representation (e.g. Neural Net-
works, decision trees, etc.) of the agent’s policy (i.e.
mapping between state and action), which directly ad-
dresses the need for generalization in RL problems that
have large continuous state spaces (Kaelbling et al.,
1996). Second, PG algorithms learn by estimating the
gradient of the agent’s reward function with respect to
the parameterization of the FA representation of the
policy. The computational cost of this estimate is lin-
ear in the number of parameters describing the policy,
which is in stark contrast to the exponential growth
associated with traditional RL algorithms (Kaelbling
et al., 1996), and makes the PG formulation very at-
tractive for high dimensional problems (Grudic & Un-
gar, in press).

The third reason for renewed interest in PG algorithms
is that they are provably convergent. Specifically, RE-
INFORCE (Williams, 1992), which is one of the ear-
liest examples of PG RL, as well as more resent ex-
amples (Sutton et al., in press; Konda & Tsitsiklis, in
press), are all theoretically guaranteed of converging
to locally optimal policies. Further, although PG al-
gorithms such as VAPS (Baird & Moore, 1999) do not
in general guarantee convergence to a local optimum
policy, they nevertheless guarantee convergence of the
algorithm to some (perhaps suboptimal) policy.

The PG formulation of RL represents the agent’s pol-
icy as m(s,a;6), which denotes the probability that
the agent chooses action a in state s. The parameter
vector 6 represents all of the modifiable parameters
of the chosen function approximation representation
(e.g. the weights which are adjusted during learning
in a Neural Network FA representation). A reward
function p(@) is then defined and learning is done by
estimating the performance gradient 0p/06, which is
used to modify the policy in a direction that increases



reward. Thus, the agent learns by first estimating this
gradient dp/900 for the current policy 7, and then up-
dating the policy parameters 6 as follows:

—~

dp

0,5_;,.1 :6t+0é69

(1)
where « is a small positive step size. In practice 5;)/ 00
is calculated from estimates of the state action value
function Q™ (s, a), which is the value of executing ac-
tion a in state s, under the current policy .

Given equation (1), it is not difficult to observe that
the efficiency of any specific PG algorithm is directly
related to how effectively it can estimate the per-
formance gradient dp/90. In fact, although REIN-
FORCE is known to give an unbiased estimate of
0p/00, the variance in this estimate is typically very
large and as a result REINFORCE converges very
slowly (Baird & Moore, 1999; Sutton et al., in press).
This observation is further supported by the exper-
imental results presented in th/ig paper. The reason
for this high variance is that dp/00 is calculated in
REINFORCE using one Q™(s,a) estimate per state
visited and, as noted by Sutton et al. (in press), the
key requirement of the PG formulation is that rela-
tive estimates of the value of executing two or more
actions in each state are necessary for PG algorithms
to converge. Therefore, an agent using REINFORCE
must pass through the same set of states many times,
and hope that its stochastic policy executes a sufficient
number of different actions in each state to give a good
estimate of the relative value of executing each action
in each state, and thus obtain a good dp/06 estimate.

Function approximation representations of Q7(s,a)
have recently been proposed as one way of decreasing
the variance in estimating dp/d0, and thus improv-
ing the rate of convergence of PG algorithms (Sutton
et al., in press; Konda & Tsitsiklis, in press). The
basic concept is to build function approximation rep-
resentations f(s,a) &~ Q™(s,a), and then use these ap-
proximations instead of direct samples of Q7 (s,a) to
estimate 5;/ 00. In this way, the relative values of ex-
ecuting each action in each state visited by the agent
can be used to update the gradient. In (Sutton et al.,
in press; Konda & Tsitsiklis, in press) it is shown that
if f(s,a) is restricted to be of a certain form defined
by the chosen FA representation for 7 (s, a; ), then the
resulting PG algorithm is guaranteed to converge to a
locally optimal policy.

If PG algorithms which use FA estimates of Q™ (s, a)
are to converge faster than those which do not, then
the following condition must be satisfied: the number
of samples of Q”(s,a) required to get sufficiently ac-
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curate approximation f(s,a) must be smaller than the
number required to get a sufficiently accurate 5\p/ 00
from direct sampling of Q™ (s,a). Further, this condi-
tion must be satisfied more often than not. If, as the
policy is changed via updates of its parameters 6 (1),
the actual function Q7 (s,a) changes very little, then
there is a good chance that the number of samples of
Q”(s, a) required to update f (s, a) will be small. How-
ever, this continuity condition of Q7 (s, a) with respect
to # can not always be guaranteed. In practice small
changes in policy () can lead to large discontinuous
changes in the value function. For example, consider
the case where after updating its policy the agent col-
lides with an obstacle for the first time, receiving a
negative reward in an region of the state space where
its current estimate f(s,a) previously only assumed
positive rewards (see Section 7.2 for a simple example
of such an environment). In such cases, many samples
Q’r(s, a) may be required to update the approximation
f(s,a), and in fact the convergence of the algorithm
may be much slower than the convergence of an algo-
rithm which does not build a FA estimate of Q™ (s, a).

This paper shows that there exist PG algorithms that
construct estimates of 5;)/ 90 directly from samples of
Q™ (s,a) which converge significantly faster than meth-
ods that first learn FA estimates of Q™(s,a) and then
use these to estimate 5;/89.

2. The Proposed ATPG Algorithm

In this paper we present a new PG algorithm, the Ac-
tion Transition Policy Gradient (ATPG), which has
the unique property that it estimates the performance
gradient using estimates of the relative value of each
action with respect to the average value of all the ac-
tions. The ATPG performance gradient estimate is:

5 = X T or (60 (@ (.0 - T76) - @)

where g, (s,a) is analytically derived from the policy,

and V7 (s) is an estimate of V7 (s) which is the average
value of all actions; for a policy of M possible actions,
the exact expression for V™ (s) is defined by:

. 1 M
VT (s) = i Z Q" (s,a ) (3)
j=1

The intuition behind the ATPG estimation is as fol-
lows. If the execution in state s of action a; has better
than average reward under 7, then the policy gradient
in (2) will update the parameters 6 such that the prob-
ability of executing a; in s is increased. Conversely, if



the execution in state s of action a; has worse than av-
erage reward under 7, then the policy gradient in (2)
will update the parameters 6 such that the probability
of executing a; in s is decreased.

The ATPG algorithm is further unique in that the
term Q™ (s,a) — V7 (s) in (2) is estimated by directly
sampling @r (s,a) only when the agent changes ac-
tions. The ATPG gradient estimate is made by com-
paring the values of Q™(st,a:) and Q™ (St41,at41)
whenever a; # asy1. This property makes ATPG
significantly different from other PG algorithms such
as VAPS (Baird & Moore, 1999) and REINFORCE
(Williams, 1992), which also use direct samples of

S~

Q7 (s,a), but which update the gradient estimate at
every state the agent visits. The result of this indis-
criminant sampling is a large variance in the gradi-
ent estimate. The selective sampling used by ATPG
both reduces variance in the gradient estimate and
saves computation because no change is made until
a; # aip1. The motivation behind this strategy is
that when two different actions are executed in close
proximity in state space (i.e. st41 & s¢), their relative
values in this region can be directly estimated, and
therefore the gradient estimate in this region will be
in the direction of the more valuable of the two actions.
Further, if all different possible action transitions oc-
cur near one another in state space, then the sum of
the PG estimates made after each transition gives a
gradient estimate in the direction of the most valuable
action. Formal proof of this requires both Q7 (s, a) and
m(s,a;0) to be locally continuous in s in all regions of
s € S where action transitions occur. However, one
key to the fast convergence property of the ATPG al-
gorithm is that Q™ (s, a) need not be continuous with
respect to #, making it insensitive to discontinuities in
the value function as the policy changes.

In this paper, we prove that the ATPG algorithm con-
verges to a locally optimal policy under appropriate
piece-wise continuity conditions on the policy 7 (s, a; )
and the state-action value function Q7 (s,a). Further,
we present theory showing that ATPG gives an unbi-
ased estimate of the performance gradient dp/96 based
on the relative value of each action with respect to
the average value of all actions. These theoretical re-
sults are supported by an experimental comparison of
the ATPG algorithm with REINFORCE and with the
Policy Iteration and Function Approximation PIFA al-
gorithm proposed by Sutton et al. (in press). Our
experiments indicate that the ATPG consistently out
performs PIFA, giving an order of magnitude faster
convergence when the value function is highly nonlin-
ear or discontinuous. Furthermore, PIFA consistently
out performed REINFORCE by at least an order of
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magnitude in all experiments.

3. Policy Gradient RL Formulation

The Policy Gradient formulation used in this paper
is based on the Policy Gradient Theorem of Sutton
et al. (in press). We model the RL problem as a
Markov Decision Process (MDP). Let the agent’s state
at time ¢t € {1,2,...} be given by s; € S, S C RV. At
each time step the agent chooses from one of M > 1
discrete actions a; € A and receives a reward r; € R.
The dynamics of the environment are characterized
by transition probabilities P:s' = Pr{si41 = s'|5t =
s,ar = a} and expected rewards R? = E{rii1lsy =
s,a; = a}, Vs,sl € S,a € A. The policy followed
by the agent is characterized by a parameter vector
6 € RP, and is defined by the probability distribution
m(s,a;0) = Pr{a; = a|s; = s;0}, Vs € S,a € A. We
assume that 7 (s, a;0) is differentiable with respect to

6.

The Policy Gradient Theorem is valid for both the
average and discount reward formulations. Here we
limit our discussion to the discount reward formula-
tion, however, all the theory presented is valid for both.
The discounted reward function starting from state sg

is given by:
o0
p(m)=E {th‘lm swr}
t=1

Finally, the weighting of states visited is:

(4)

d™(s) = ZytPr {st =s|s0,7} (5)
t=0

Given these definitions, the exact expression of the
policy gradient expression is given by:

) or (s,a;0
82:2&(3)2( )

00
a
As discussed in Sutton et al. (in press), we can equiv-
alently write this as:

B)
52:232&@)2

a

Q" (s,a)  (6)

or (s, a;0)

90 (Qﬂ— (S7a) _W(S)

)

(7)
where, V7 (s) is the average value of a state under 7 as
defined in (3). The reason that (7) is a valid estimate
of the performance gradient is that the key to estimat-
ing it is in determining the relative value of actions in
any given state, not the absolute. Therefore, as long
as a constant value (which in the case of (7) is V7(s)))
is subtracted from each Q7 (s,a) at each state s, the



gradient is valid. In this paper, the performance gradi-
ent defined in (7) is used because it is easily calculated
within the ATPG framework described next.

4. Action Transition Policy Gradient
4.1 ATPG Approximation

Whenever the agent changes the action being executed
(i.e. a; # at11), we update the policy gradient using
the following approximation:
o (s¢, a3 0
( ty Ut )qt +
00

where, for M possible actions:

_ < ) @T (s¢,a¢) - Q¢
o (86,43 0) T (St41, ar41;0)
(3

Q™ (8141, a141) — Q¢
T (St,at;0) T (5¢41, a41;0)

and Qﬁs\, a) is an unbiased estimate of Q7 (s,a), and
@: is the average of the state-action value functions:
1~ _

Qt = 3 (Q” (¢, a1) + Q7 (se41, at+1)> (11)
The motivation behind the PG approximation defined
by (8) through (11) is as follows. First, we are only in-

terested in estimating the PG after an action transition
(hence equation (8)). Second, we care only about the

on (8t+1,at+1§9)
00

b= [ a1 (8)

1
M

(9)

1
M

(10)

relative magnitude of C/ﬁ (s¢,a) and C/fr (Sta1, Agr1)-
Therefore we subtract the average value from each
such that ¢ = —qiy1; the result of this shifting of
the @ values is that the gradient estimate will move
towards increasing the probability of executing exe-
cuting the more valuable action. Third, normalizing
by M and 7 (s¢,as;6) m (8g41,a141;60) in (9) and (10)
accounts for the averaging over M possible actions
and the probability of executing a; and then a;11 in a
MDP.

We assume an unbiased estimate of the state action
value function Q™ at the end of each episode is given
by:

T

—t

—

Q™ (s¢,a¢) =

k—1
Y Tt+k

1
where H is the number of time steps executed by the
agent during the episode (i.e. t =1,..., H), and r; are
the rewards received by the agent.

(12)

>
Il

Given the PG approximation in (8), the estimate of
the policy gradient after a single episode [ is given by:

5; - H
2| =2
l t=1

(13)
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where )
_ Pt if a¢ 7é 41
e 0 otherwise

If the estimate of the policy gradient is based on L
episodes, then, the following ATPG Approximation is

used:
] l

To prove that the ATPG approximation gives an un-
biased estimate of the state action value function, we
make the following piece-wise Lipschitz smoothness as-
sumption on Q™:

Vse S, SCRY, ac A
I(ky >0, k1 €R), I(0 € RY), e e R, e>0), st
V| <e—s+deSA
Q™ (s,a) = Q" (s + d,a)] < k1 [|d]]

(14)

L

>

=1

i
00

ap 1

00 L (15)

16)

In addition, we assume that 7 (s, a; 0) is piece-wise con-
tinuous with respect to s. Formally, this is defined as
follows:

Vs S,SCRN,ac A
(ko >0, ke €R), I(0 € RY),I(e e R, e>0), st
V|6l <e—s+deSA
| (s,a;0) — (s +6,a;0)| < ka2 ||

We now state the following theorem.

Theorem: ATPG Approximation At each timet,
let the step the agent takes be bounded by (si—s¢11) < &
for 5,6 € RN. Assume that QT satisfies the Lipschitz
smoothness condition (16), that Q™ is an unbiased esti-
mate of Q™, and that 7 satisfies (17) and is continuous
w.r.t. 0. Assume also that the frequency of states vis-
ited under m is governed by d™(s). Then, as L becomes
large in (15), and as ||6]] — 0:

dp

00

dp
_,or

E
00

(18)

Proof: Consider any state s € S which the agent vis-
its under the current policy 7. In this state the agent
takes an action a; with probability 7(s,a;;0). The
agent then takes a step ¢ and executes action a; with
probability 7(s + ¢, a;;6). Therefore, given that the
process is Markov, the probability of executing action
a; and then a; is given by 7 (s, a;;0)m(s+6,a;;0). Let
the contribution to the policy gradient approximation
in (8) from executing the two actions a; and then a;
(for a; # a;) be symbolized by pg,; (s). As L becomes
large and the agent visits state s many times its ex-
pected value is:

E [@ij (s)] = Py (s)m(s,a:;0)m(s +6,a;;0)  (19)



where “P;(s) is derived from (8) and has the form:

|

and, because F [6/27’ (s,a)} = Q" (s,a), Vs € S,Va €

or (s,a;;0)
06

n o (s+96,a,;0)

(s) = i 20 q;| (20)

A:
_ 1 Q" (5, ai) - QT
4= (M) w(s,ai;9)7r(8+5731j;0) (21)
_ (1 Q" (s +0,a5) = Qi
o= <M) 7 (s,a:;0) (Sj—l— d, aj]; 6) (22)
QTJ:%(Q” (s,ai) + Q" (s + 6, a;)) (23)

Let pg(s) represent the policy gradient estimate at
state s made using (15) as L becomes large, given
that all possible combinations of a; and a; (i.e. 4,5 €
{1,...,M},i # j) can occur at state s. As L becomes
large the expected value of pg (s) is therefore given by:

Epg(s)l=)_ > E b (s)]

(24)
i=1 j=1
J#i
Substituting (19) and cancelling
7 (s,a;;0) 7 (s+0,a;;0) gives:
M M
E[pg ()] =Y > ' (s) (25)
=
where
ZQ (8) _ or(s,a;;0) (Q"(s,ai)fQiij) +
J 20 M (26)

s+0,a5)—Qij
M

dm(s+8,a;30) (Q“(
00

)

From assumptions (16) and (17), we know that as
[16] — 0, so do Q(s + d,a;) — Q(s,a;) and (s +
d,a5;0) — m(s,a;;0). Therefore,

9 (s) Ot (g
O (s,a;;0) (Qﬂ(svaj)_Qiq‘,j) (27)
20 M
and )
Qij — 5 (Q7 (s,a:) + Q7 (s,a5)) (28)

2
Summing (25) over j = {1,...., M},j # i, collecting
all terms w, i ={1,..., M}, and using (27) and
(28), we get:

M ]
Bl ) 3 T g ) (a)
i=1
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where setting by definition @, Q7 (s,a,),Vn €
{1, ..., M}, and noting that 7 and j are symmetric in

(25) (hence the 2 in front),

M
U, = HF|(M-1)Q;—3 (M_l)Qi+;Qj
i
_ 2 |M _lM
- M QQl 2];1Q]
M
= Q1_ﬁZQ3
__J=1
- Qi*VﬂF(S
(30)

where V7 (s) is define in (3).

The entire policy gradient is obtained by summing
pg (s) over all states s visited under 7 as scaled by
d™(s) as follows (i.e. equation (15) given the frequency
of states visited defined by d™(s)):

dp S
Elogl — > d" (s) E [pg(s)] (31)
Finally, substituting (29) we get:
o
E [ag] -
M or(s,a;;0)
> d7 (s) ; =5 Q7 (s,a;) = V7 (s))
O
4.2 Episodic ATPG Algorithm
The ATPG Algorithm is:
STEP 1: FEstimate Policy Gradient: After L

episodes, use (15) to estimate the Policy Gradient.

STEP 2: Update Policy Parameters: Update the
policy parameters 6 as follows:

p

9n+1 = Hn (32)

GO TO STEP 1.

This algorithm has three learning parameters: L which
defines the number of episodes the agent uses to esti-
mate the PG; « which is the gradient step size; and
0 which is the step size taken by the agent. In the-
ory, both a and § must be small for the ATPG algo-
rithm to converge to a local minimum. In the exper-
imental presented in Section 7, we simply fix these at
small positive values. However, the theory presented



in the previous section also states that L should be
large. Therefore, one of the goals of this paper is to
experimentally determine how large L needs to be in
practice. We do this by observing the total number
of episodes required for ATPG to converge as L is in-
creased.

5. Episodic REINFORCE Algorithm

Our Episodic REINFORCE (Williams, 1992) imple-
mentation follows that of the ATPG implementation
described above, with the exception that the estimate
of the performance gradient in STEP 1 is made using

D

seSL

1

o _ 1
7 (s,as;0)

o0

om (s, as;0) ~
(TS)QN (S, as)
where the sum is over all the states Sy, visited by the
agent during the L episodes, and ay is the action exe-
cuted in state s. This version of REINFORCE follows
that suggested by Sutton et al. (in press).

6. Episodic PIFA Algorithm

Our implementation of the Episodic PIFA algorithm
is defined as follows:

STEP 1: Approximate the State-Action Value
Function: Sample the state-action value function for
L episodes and use gradient descent as described in
(Sutton et al., in press) to update the weights of

fuw(s,a).

STEP 2: Estimate Policy Gradient: Estimate the
performance gradient using

5;) Z on (57ai;0)
9= 22 g Tl

seSr i=1

where the outside sum is over all the states Sy, visited
by the agent during the L episodes.

STEP 3: Update Policy Parameters: Update the
policy parameters 6 using (32). GOTO STEP 1.

There are two important details to note about our im-
plementation of PIFA. The results reported here do
not use a separate function approximation represen-
tation for the value function which Sutton et al. (in
press) suggest could improve convergence results. We
were unable to find a single representation for the value
function which consistently improved convergence on
our examples. Second, the algorithm converged ex-
tremely slowly unless we initially set all the weights of
f™(s,a) to zero.
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Figure 1. Initial and typical final policy after learning in
the smooth value function simulation.

Our implementation of PIFA has four learning param-
eters. The first three it has in common with the ATPG
algorithm: L , «, and §. The additional learning pa-
rameter is the gradient parameter oy which is used to
updates the weights of f™(s,a). As with the ATPG
implementation, we simply fix a, § and oy to small
positive values.

Finally, Sutton et al. (in press) give conditions under
which f™(s,a) has converged given the current policy
(see their equation (3)). Although this condition can-
not be directly observed, theory implies that as L be-
comes large, the condition will be satisfied, much as the
ATPG algorithm requires that L be large. Therefore,
in experimentally comparing ATPG, PIFA and RE-
INFORCE, we compare the number of episodes each
takes to converge for different values of L.

7. Experimental Evaluation

We have simulated an agent executing a policy in a
continuous two dimensional state space. The agent’s
policy is defined by Gaussians and the environment
consists of obstacles, starting positions and a goal po-
sition. The agent receives a reward of 41 if the goal is
reached, and a negative reinforcement of -1 each time
it hits a obstacle. The agent’s learning objective is
thus to modify its policy such that it avoids hitting
obstacles while minimizing the time it takes to reach
the goal. The agent uses a discount reward formula-
tion.

The agent can execute two types of actions: move away
from the center of a Gaussian or move towards the cen-
ter of a Gaussian. Thus the total number of actions
is defined by the number of Gaussians in the agent’s
policy. There are four parameters per Gaussian: two
defining its position (X,Y’) is state space, and two
defining its width (S;,Sy) (these make up the 6 pa-
rameters in the policy 7(s,a;0)). At each location in
state space, the agent chooses actions stochastically



based on the relative magnitude of each Gaussian.

Figure 1 depicts typical paths followed by the agent
before and after learning as it moves along the dot-
ted line from a starting point on the left hand side
to the goal (small circle) on the right, while avoiding
the obstacles (shaded ellipsoid region). The agent’s
policy is defined by three Gaussians (i.e. 12 6 param-
eters define the policy 7(s,a;0)). The location and
width of two of the Gaussians is symbolized by re-
gions enclosed by black elliptical curves, which repre-
sent areas of the state space where the action asso-
ciated with the Gaussian has the greatest probability
of being executed. The black ellipses symbolize the
“move away from” the Gaussian center actions. The
final Gaussian is centered at the goal position (the far
right lightly shaded circle) and represents the “move
towards” Gaussian center (i.e. goal position) action.
The “move towards” goal action is most probably ev-
erywhere except within the black ellipse regions.

We compare the ATPG, PIFA and REINFORCE al-
gorithms on two types of simulated environments: one
depicted in Figure 1 which has a continuous value func-
tion with respect to changes in the policy (i.e. the
function Q7 (s, a) changes smoothly as the parameters
6 of the policy change), and one depicted in Figure 2
which has a discontinuous value function with respect
to changes in the policy.

7.1 Smooth Value Function Simulation

Figure 1 depicts the initial and learned policies of
an agent in an environment where it never collides
with an obstacle. Therefore as learning progresses
and the policy 7(s,a;6) is changed, the value func-
tion Q7 (s,a) changes continuously with respect to 6.
The left graphic in Figure 1 shows a typical path given
an initial policy specification, and the right graphic in
Figure 1 shows a typical path taken under the learned
policy after either the ATPG or PIFA algorithms have
converged. Note that both algorithms converge to a
policy which takes the agent from the initial position
to the final position in the shortest number of steps.

The ATPG and PIFA algorithms were compared for
L =1,3,5,7, and 10. The average number of episodes
over ten runs for the ATPG algorithm to converge
ranged from 120 (standard deviation 10) for L = 1,
to 1300 (standard deviation 150) for L = 10. For the
PIFA algorithm the number of episodes to converge
ranged from 300 (standard deviation 20) for L = 1, to
5700 (standard deviation 980) for L = 10. Both algo-
rithms obtained fastest convergence when the policy
gradient was updated after each episode (i.e. L = 1).
Therefore, for this smooth value function example, the

349

Policy Gradient Reinforcement Leaming

Policy Gradient Reinforcement Leaming

Figure 2. Initial and typical final policy after learning in
the discontinuous value function simulation.

PIFA algorithm required on average about twice as
many episodes to converge as the ATPG algorithm.
Convergence of the REINFORCE algorithm over 10
consecutive trails was first observed for L = 94, on
average taking 710,000 episodes (s. d. 60,000).

7.2 Discontinuous Value Function Simulation

The initial policy of the discontinuous value function
(with respect to changes in the policy parameterization
0) simulation is shown in the left graphic of Figure
2. The policy is defined by four Gaussians (i.e. a
total of 16 parameters) and the agent has five possible
starting positions (shown as dots on the outside of the
workspace) and one goal (shown as a shaded circle
in the center). Note that each of the paths initially
collide with obstacles, which implies that the value
function will become discontinuous with respect to the
parameterization of the policy when the agent learns
to avoid the obstacles. A typical policy after either the
ATPG or PIFA algorithms has converged is shown in
right graphic of Figure 2. Note that this learned policy
typically has no paths which collide with obstacles.

The ATPG and PIFA algorithms were compared for
L=1,3,5,7, and 10. The average number of episodes
over ten runs for the ATPG algorithm to converge
ranged from 230 (standard deviation 30) for L = 1,
to 2000 (standard deviation 290) for L = 10. For
the PIFA algorithm the number of episodes to con-
verge ranged from 2400 (standard deviation 340) for
L =1, to 13000 (standard deviation 3000) for L = 10.
Both algorithms obtained fastest convergence when
the policy gradient was updated after each episode (i.e.
L = 1). Therefore, for this discontinuous value func-
tion example, the PIFA algorithm required on average
about ten times as many episodes to converge as the
ATPG algorithm. We did not observe convergence of
the REINFORCE algorithm for this simulation. Our
simulations were stopped at L = 200 and 1,000,000
episodes.



8. Discussion and Conclusion

We have presented a new policy gradient algorithm for
reinforcement learning, Action Transition Policy Gra-
dient (ATPG), which is unique in that it directly esti-
mates the relative value of executing actions in a given
state without using a function approximation repre-
sentation of the value function. ATPG differs from
other algorithms in that the gradient is updated only
when an estimate of the relative value of two actions is
observable, which happens whenever the agent changes
actions. We have proven that ATPG is guaranteed to
converge to a locally optimal policy under appropriate
piece-wise continuity conditions on the policy and the
state-action value function with respect to state.

An experimental comparison of the ATPG algorithm
with the Policy Iteration for Function Approximation
(PIFA) algorithm of Sutton et al. (in press) shows
that on a simple learning scenario which has a value
function that is smooth with respect to small policy
changes, the PIFA algorithm took twice the number
of episodes to converge as compared to the ATPG
algorithm. In a slightly more complicated scenario
which has a value function that is discontinuous with
respect to small changes in the policy, the PIFA algo-
rithm took ten times the number of episodes to con-
verge as the ATPG algorithm. Further, in many more
complicated scenarios (not reported here) where the
ATPG algorithm typically converged in less than 300
episodes, the PIFA algorithm had still not converged
after learning was stopped at 100,000 episodes. In fact,
in all the simulated scenarios we have studied, ATPG
converged in at most half the number of episodes for
simple problems, and for more complicated problems
typically converge in many orders of magnitude fewer
episodes. It is also of note that when REINFORCE
is applied to these same problems, it consistently re-
quires at least 10 times more iterations than either
ATPG or PIFA to converge.

We have applied the ATPG algorithm to many com-
plicated reinforcement learning scenarios of the type
presented above. In all cases we observed convergence
in a reasonable number of episodes, even when the
value function was highly discontinuous with respect
to small changes in the policy. The fact that the rate
of convergence of the ATPG algorithm is not depen-
dent on the state-action value function being continu-
ous with respect to the parameters of the policy is key
to these fast convergence results. The scenarios we
have studied are typical of robotics problems where
small changes in policy can cause a robot to collide
with an obstacle for the first time, thus resulting in a
discontinuous change in the value function.
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Our results have broader implications. In the pol-
icy gradient formulation of reinforcement learning, the
knowledge the agent uses to make decisions is directly
coded in the parameterized policy function. The key
to getting effective learning within this framework lies
in the agent’s ability to obtain good estimates of the
performance gradient with respect to the policy pa-
rameters. If there exists a direct sampling method
for obtaining fast accurate estimates of this gradient
without using function approximation (e.g., like the
ATPG algorithm presented here), then using function
approximation for the state-action value function is
unnecessary, and in fact may be detrimental.
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