MULTIPLICATIVE SCHWARZ METHODS FOR PARABOLIC PROBLEMS
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Abstract. The class of multiplicative Schwarz methods originated from the classical Schwarz
alternating method. It has been shown to be one of the most powerful methods for solving finite
element or finite difference elliptic problems. In this paper, we extend these methods to a class of
singularly perturbed equations, that are encountered when discretizing parabolic equations by implicit
methods such as the backward Euler’s or Crank-Nicolson’s schemes. We discuss several algorithms,
including one-level, two-level and multilevel overlapping methods and study how the convergence
rates depend on the time and space discretization parameters, as well as subspace decomposition
parameters such as the number of subregions and the number of levels to which the finite element space
is decomposed. We show that in the presence of a fine enough coarse mesh space the algorithms are
optimal for both symmetric and nonsymmetric problems, i.e. the convergence rates are independent
of all these parameters in both two and three dimensions. If the coarse mesh space is dropped,
the algorithms are still optimal but only if the time step and the coarse mesh size satisfy certain
relationship.
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1. Introduction. In a pioneer work of Lions [20] on domain decomposition methods, the classi-
cal Schwarz alternating algorithm [25] was extended successfully to a class of parabolic equations. The
basic idea is to divide the region into several overlapping subregions and then to solve the parabolic
problem in each subregion alternatively with boundary information from the neighboring subregions.
In this paper, we further extend this idea to the case of many overlapping subregions, as well as to
many levels of overlapping subregions. In this case, at each time step many independent subproblems
are being created. Thus parallel computers can be used more efficiently.

The focus of this paper is the study of the convergence rates and their dependence on the time
and space discretization parameters, on the subspace decomposition parameters, i.e. the number of
subregions and the number of levels into which the finite element space is decomposed. Most of the
techniques that we shall use in this paper are borrowed from the abstract theory of the additive and
multiplicative Schwarz methods for elliptic equations; see e.g. [3, 7, 8, 12, 13] and references therein.
The additive version of some of the algorithms of this paper have previously been considered by the
author in [4]. With a coarse mesh space, we show that under basically the same assumptions as
for the additive Schwarz methods [4], the multiplicative algorithms converge with optimal rates that
are independent of the time and space discretization parameters, the number of subregions and the
number of levels into which the space is decomposed. In contrast to the Schwarz methods for elliptic
problems, in which the coarse mesh space plays an essential role for the optimality, we prove that
under the assumption that 7/H? is reasonably small, the algorithms remain optimal even if the coarse
mesh space is eliminated. Here 7 is on the order of the time step size and H is the diameter of the
largest substructure.

Some computational aspects of the algorithms have been studied extensively in the context of
solving elliptic problems; see e.g. the recent paper of Cai, Gropp and Keyes [6]. Other domain
decomposition based algorithms that deal with parabolic problems have recently been developed; see

e.g. Bramble, Pasciak and Schatz [2], Dawson and Dupont [9], Dryja [10], Ewing, Lazarov, Pasciak,
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and Vassilevski [16], and Kuznetsov [19] and references therein.

The paper is organized as follows. In the remainder of this section, we present the continuous
and discrete parabolic equations, and some of their basic properties. In section 2, we discuss four
overlapping decompositions of the finite element space, including a one-level decomposition, a two-
level decomposition and two multilevel decompositions, and prove the uniformly boundedness of these
decompositions. Four algorithms are introduced in Section 3 and their convergence rates are also
analyzed. Finally, in section 4, we apply these algorithms to some parabolic problems, including
a time dependent convection-diffusion equation. Throughout this paper, ¢ and C, with or without
subscripts, denote generic, strictly positive constants. Their values may be different at different
occurrences, but are independent of the time and space discretization parameters, as well as the
subspace decomposition parameters, that will be introduced later as we move along.

Let @ C R? be a bounded polygonal region and d = 2, or 3. We are interested in the finite
element solution of the following problem: Find u € Hg(f2), such that

(1) dr(u,¢) = 7b(u, ¢) + (u,¢) = (f,¢),VY$ € Hy ().

Here 7 > 0 is a small number, which will be specified in Section 4 of this paper. The bilinear form
b(-,-) is defined as

d d
Ou Ov Ou
(2) b(u,v) = E /Qaij(x)a—ma—%dx—i— E_l /Qbi(x)axivdx +/Qc(x)uvdx

ij=1

and (-, -) is the usual L?(Q) inner product. We assume that all coefficients are sufficiently smooth and
the matrix {a;;(z)} is symmetric and uniformly positive definite. We also assume that the bilinear
form b(-,-) is bounded and positive definite, though not necessarily self-adjoint, i.e.,

(a) 6, )] < Cllulrs o o3, Y, v € HA(€).

(b) b(ur,u) > ellulys ), Vu € HY(Q).

We use an Hj () equivalent norm, denoted by || - ||o, defined by a(u,v) = 1/2(b(u,v) + b(v,u)). In
addition, we define the bilinear forms a,(u,v) = 1/2(d-(u,v) + d-(v,u)), which is symmetric
positive definite, and n-(u,v) = 1/2(d-(u,v) — d-(v,u)), which is skewsymmetric. It is not difficult
to see that the norm || - o, , defined by a-(-,-), is equivalent to the norm (|| - [|72 g, + 71| - ”ifé(ﬂ))lﬂ'
As an immediate consequence of the above assumptions, we have that the bilinear form d,(-,-) is
bounded and positive definite in the || - ||, norm and that n, (-, -) is bounded: There exists a constant
C, such that

| nr(u,0) 1< Ollull g1 oy 0l p2(), Y, v € Ho(Q).

It can be shown, cf Grisvard [17] and Necas [21], that b(u,v) is H*T*(Q)-regular: For any g € L*(Q),
there exists a unique v € H'T*(Q) N H{(Q) such that

b(v,u) = (g,v), Yv € Hg(Q)
and
| % |g1i+e@)< Cllglle (),

where « is at least 1/2. We note that the convergence rates of some algorithms that are developed in
this paper depend on the value a.
Let V" be the usual piecewise linear conforming finite element subspace of Hg (©2). The standard

Galerkin approximation of (1) can then be defined by the following problem: Find u} € V", such that

(3) dT(u;;aQbh) = (f) ¢h)) V¢h € Vh-
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In the next section, we shall formally introduce the space V" and then decompose it into the sum
of certain subspaces. Related multiplicative Schwarz methods will then be introduced to solve the

equation (3). The main purpose of this paper is the study of the convergence rates of these algorithms.

2. Overlapping Decompositions and the Stability Analysis. In this section, we describe
some uniformly overlapping subspace decompositions previously introduced by Dryja and Widlund
[11, 14] for solving elliptic problems. These are the one-level, two-level and multilevel overlapping
decompositions. We will also show that these decompositions are uniformly, or nearly uniformly,
bounded in the 7 dependent norm || - ||a, . In the multilevel case, the uniformity is also with respect

to the number of levels.

2.1. One- and Two-level Decompositions. Both decompositions have been discussed in [4],
and the boundedness of the one-level decomposition is discussed only for the case d = 2. Here, we
cover both d = 2 and 3.

Let {Q:}X, be a shape regular finite element triangulation, or a coarse mesh, of Q and Q; has
diameter of order H. In our second step, we further divide each substructure 2; into smaller simplices
with diameter of order h. We assume that the resulting elements form a shape regular finite element
subdivision of 2. We call this the fine mesh or the h-level subdivision of {2 with mesh parameter h.
Let us denote by V# < HY(Q) and V" c H(Q) the continuous, piecewise linear function spaces,
with zero trace on 0X2, over the H-level and h-level subdivisions of 2, respectively.

To obtain an overlapping decomposition, we extend each subregion Q; to a larger region Qf**
such that Q; C Q¢*' C Q. Moreover, we assume that distance(9Q5* N Q,00; N Q) > cH, Vi. We
suppose that 9Q5™ does not cut through any h-level elements.

Associated with the decomposition {Q¢*¢}L, we define a undirected graph in which the nodes
represent the extended subdomains and the edges intersections of the extended subdomains. This
graph can be colored, using colors 1,---,J, such that no adjacent nodes have the same color. We
regard the union of all subdomains with the same color as one subdomain (which is of course not
simply connected), and denote them by Qll, s Qf, We also denote QE) = Q which has color 0. It is
important to note that J + 1, the number of colors, can be made to be independent of M, the number
of substructures.

For each Q;-, 1 <j < J, we define V; = {v € V"| v(z) =0, a:éQ;} C Vh. We also use the

subspace Vo = V. It is easy to see that we have two decompositions of VP oie.,

(4) Vi = Vit Vs
and
(5) VP = Vo+ Vit + Vs,

which shall be referred as the one-level and two-level uniformly overlapping decompositions of V", or
as the decomposition without and with the coarse mesh space, respectively.

It was proved in [4] that the two-level decomposition (5) is uniformly bounded in the || ||o, norm
in both two- and three-dimensional spaces.

LEMMA 2.1. There ezxists a constant Co, such that for any v € Vh, there exist v; € Vi, v =
vo+ -+ vy and

J
(6) lvollz, + > llwsllz, < Cillollz,, Yve V™.

i=1

Here the constant Cy is independent of 7, h and H.
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If we drop the coarse mesh space Vp from (5) and vy from the decomposition, the following
estimate holds for both d = 2 and 3. The case d = 2 was concerned in [4].

LEMMA 2.2. There ezists a constant Cr, such that for any v € V", there exist v; € Vi, v =
v+ -+ vy and

T

J
2 2 2 2 h
(7) Zj loilla, < €+ g)llvll, = iz, , Yo e V™,

where C > 0 is independent of T, h and H.

Proof. Let {6;};_; be a partition of unity and 6; belongs to C§° (Q; N Q). It can be chosen so
that |V0;| is bounded by C/H. Let I;, be the piecewise linear interpolation operator which uses the
function values at the h-level nodes. For any v € Vh, we let v; = Iy(f;v) € V;. For each subregion

Q;-, it is well-known, in the sense of equivalent norms, that
(8) il oty = D (Bi0) (@) = (Bi0)(wm)) "R,

where the sum is taken over all adjacent pairs of h-level nodal points in Q; Let K C Q; be a single
h-level triangle and x;, » € K be two of its vertices. Let ;1 = (8i(x1) + 0i(xm))/2. We then have

(6:v) (1) — (6:0) (wm) = (0i(x1) = Gitm)v(@1) — (0i(2m) — Oitm )0 (m) + Gt (v(w1) — v(Tm)) |
which can be bounded from above by

h
c (ﬁ ;ngg{w(z)u) + o(@r) = v(@n)].

By squaring this estimate, using the inequality ab < 1/2(a® +b?), summing over all K C Q; and using
(8), we obtain

vliyeyy < O\ H Y maxdo@P} B+ ol
KCQ|
< C (H_2||/U||§12(Q;) + |U|iIl(Q;)) :
Therefore,
J
©) D illis oty < OO l32 ) + Ioliry o)) < CH[olliy o
i=1

We refer to Cai [4] for the L? estimate, i.e.,

J
(10) > Moill3 ) < Cllvllza o).
i=1

The proof follows immediately from the estimates (9) and (10). O

REMARK 2.1. It is known that in the elliptic case, which corresponds to the use of the || -||o norm
in the estimate, if the coarse mesh space is dropped, a factor of 1/H?> would appear in the estimate
and this makes this decomposition not so useful. However, as shown above, in the parabolic case, only

a factor of T/H? appears in the estimate and T is usually in the order of the time step size.
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2.2. Multilevel Decompositions. Following Dryja and Widlund [14] and Zhang [27], we let
{T'}_, be a nested sequence of triangulations of Q, i.e. T° = {r{’}fV:Ol is the initial coarse triangulation
and 7' = {r{}(I = 1,---, L) is defined by dividing each triangle of 7'~" into several triangles. We
assume that all the triangulations are shape regular. Let h! = diam(7}), h; = max;{h!}, H = max; h{
and h = hr. We also assume that there exists 0 < r < 1, such that h; is proportional to Hr',
for I =0,---,L. Let V' be the usual conforming finite element space of continuous piecewise linear
functions associated with the triangulation 7.

We construct L sets of overlapping subdomains {Qi};]l:pl =1,2,---,L; ie. foreach 1 <1< L,

we have
Q=Ul Q.

Subdomains Qi are defined as follows. Each triangle Tilfl,i =1,---,N,l=1,--- L, is extended to a

larger region i—il_l so that
chi ™t < dist(87 7' nQ, 07 N Q) < ChlTY,

aligning 8@171 with the boundaries of level [ triangles. For each [, we color the ?il*l by using J; colors,
such that all substructures of the same color are disjoint. Here J; is a fixed constant depends only on
the triangulations. On each level I, we group the extended subregions 7“'5_1 by colors, and obtain J;
sets of subregions. We denote by Qi as the union of [-level extended subregions that share the same
color 1 <14 < J;. We denote J = max; J;.

We define V} = {v € V!| v(z) = 0, 2N} c V. Let Jo =1 and V® = V = VZ. Thus, our

finite element space V" = VL can be represented as

L L J,
1) PRI SRR N
=1

=1 i=1

or

L L J
(12) vE=Y V=YW

1=1 =1 i=1
These two decompositions are referred to as the multilevel decomposition with and without a coarse
mesh space, respectively. We note that the main difference between these two decompositions is
that in (11) the coarsest mesh space is not decomposed into local subspaces. This works well if the
degrees of freedoms involved in the coarse mesh problem are few. However, this is not always satisfied,
especially for nonsymmetric problems where the coarse mesh needs to be sufficiently fine. In the latter
case, it is desirable to further decompose the coarse mesh problem and therefore (12) is sometimes
more useful.

It is known that the decomposition with the coarse mesh (11) is uniformly bounded in the || ||o

norm, i.e., for any v € V", there exist v} € V} such that

Moreover, there exists a constant C' > 0, independent of the parameters h, H and L, such that

L J;
1002 + D> etz < Cllollz, Yo e v

=1 i=1



We refer to Bramble and Pasciak[1], Dryja and Widlund [14], Oswald [22] and Zhang [27] for the
analysis and discussions of this bound.

In order to prove that the decomposition (11) is also uniformly bounded in the 7 dependent norm
Il - l|as, we need only to show that the same decomposition is uniformly bounded in the L*(Q) norm.

Let us define Q' as the usual L? projection

(Q'v,0) = (v,9) YveV" ¥peV'
for 1 =0,---,L. For any given v € V", let v° = Q% € V® and v'! = Qv — Q' tv e V! for > 1. It is
easy to verify that

v=0"4+0v' +- 40\

By using the fact that, for any v € V* and [ > 1,

Q" — Q" NvllZ2 () = (1, (@ = Q")

we establish the identity

L
l 1—
(13) 1Q%I17 20y + 3 Q" = Q" Mvll}2iqy = Ivll72(0)-

=1

For each level I > 1, we define a partition of unity {95}{’:1 with 6! € H3(Q) N O3 (4 N Q) such that
> 0! =1,0<6 <1and|V0|<C/hi_1. Now, each v' = (Q' — Q' !)v can be further decomposed

as

Ji
I _ l
v = v;,
i=1

where v} = Iy, (val) € V! and Iy, is the piecewise linear interpolation operator from V" to V. By

using the second part of the proof of Lemma 4 of [4], we have that

Ji
112 12
> iz ) < Cllv 1720

=1
Therefore, by combining the above results, we obtain a decomposition

L J;

L
v=v0+Zvl:vo+Zva,
=1

=1 i=1
which is uniformly bounded in the L?(2) norm, i.e.,

L J;
4 h
1012 @y + D D IviliZag) < Cllvllzagq), Yo e V",

=1 i=1

where the constant C' > 0 is independent of h, H and L. As a consequence, we proved that
LEMMA 2.3. For any v € V", there exist vl € Vi such that



and moreover, there exists a constant CYY, independent of the parameters h, H, L and T, such that

L J;

l M h
1002, + > bz, < (68 Ivllz,, Yo eV,

=1 i=1

We now discuss the case when the coarse mesh space V° is dropped from the decomposition. In
the analysis, we shall use the well-known approximation and boundedness properties of the operators
{Q"}, see e.g. Xu [26], i.e., for any v € V*,

(14) ”(Ql - Ql_l)U”?ﬂ(n) < Ch?a(v,v), I=1,---,L
and
(15) 1Q"|l. < Cllolla, 1=1,--, L.

L g

LEMMA 2.4. For any v € V", there exist vl € Vi such that v = Z va and

=1 i=1

L J
.
(16) oDl <o+ glvlla, = (© Iellz, Vo e v,

=1 i=1

where C > 0 is independent of the parameters h, H, L and T.
Proof. For any given v € V" we construct the multilevel overlapping decomposition as follows.
Let v' = Q'v, v' = (Q' — Q" ")v for I > 2 and v} = Iy, (0'v') for [ = 1,---,L, i = 1,---,J;. These

operators are linear, therefore

We do the H'(Q) norm and L*(Q) norm estimates separately. For the L?(Q) estimate, by using the

same arguments made for (13), we obtain

L
4
(17) D ' e = 0l72(0,

I=1
which, combined with the proof of Lemma 4 of Cai [4], implies that

L J

(18) YO ilize@ < Cllvllzz )

=1 i=1

We next examine the boundedness of the same decomposition described above in the || - ||, norm.
We use the fact that

L
(19) S I < Clollz, Yo ev?,

=1

where the constant C' > 0 is independent of the parameters h, H and L. We refer to Bramble and
Pasciak [1], Oswald [22] and Zhang [27] for the proofs and discussions.
Because of the estimate (6) of Dryja and Widlund [11], at each level I > 2, we have

12 12 —2 12
vl ey < © (|U 1 any + il ||Lz(gé)) :
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Here we used the fact that Qﬁ is the union of substructures of diameters on the order of h;_;. Thus,
by summing over ¢ = 1,---,J;, and by using the approximation property (14), i.e., ”Ul”?ﬂ(n) <
Chl2—1||1)l||¢21, we obtain

Ji
1 1 - 1 1
(20) S Itz < (10'l2 + b 210 172 0)) < Cllv'JlE
i=1
In the case I = 1, the desired estimate is known, see Lemma 8 of Cai [4], i.e.,
J1
(21) > iz < cH 2|2
i=1

Therefore, the || - || estimate is accomplished by first adding (20), for I = 2,---, L, and (21), and then
using (19),

L Jp

L
(22) SN ez < cHTY 'lz < CHT o]z
=1

=1 i=1

The proof of this lemma is completed by combining the results of the L*(2) estimate (18) and the
H'(Q) estimate (22). O

3. Schwarz Algorithms and Convergence Rates Analysis. In this section, we briefly
describe the multiplicative Schwarz algorithms based on the various decompositions of V" discussed
in the previous section. The convergence rate of each algorithm is analyzed with the general Schwarz
theory recently developed by Cai and Widlund [8].

3.1. Multiplicative Schwarz Algorithms. Assuming that we have a set of triplets of {W;, Si, g | i =
1,---,m}, where W; are some subspaces of a normed linear space W, S; some mappings from W to
W; and g; € W;, the multiplicative Schwarz algorithm can be described as follows.

ALGORITHM 3.1 (MULTIPLICATIVE SCHWARZ {W;, Si, gi}).
Given an initial guess u® € W :
Forn=0,1, -, Nmaz,
Forizl,---,'m;

i i—1 i—1
u"tm ="t 4 (g — Siu ).

It is not difficult to see that with the error propagation operator defined by
E=(1-58m)--(I-51),
and
g=T—=Sm) - (I=S2)91+(T—Sm) - (I—S53)g2+ "+ gm,

then «™*t! = Eu™+g. The convergence rate of the multiplicative Schwarz algorithm is thus determined
by the spectral radus of the operator F. In an application, Algorithm 3.1 can also be used as a
preconditioner for another CG-type iterative methods, such as CG for symmetric positive definite
problems, and GMRES [24, 15] or FGMRES [23] for other cases. When it is used as a preconditioner,
the actual systems solved is the transformed system (I — E)u = g. We refer to [5, 6, 7, 8] for discussion

and comments on the numerical implementations.



In the rest of the paper, we take W = V" and W; as one of the V; or V; defined in the previous
section. Operators for subspaces V; are defined as follows: For each v € V", a unique Pv € V; is

defined as the finite element solution of
d-(Pv,¢) = d-(v,¢), V¢ € Vi.

Similarly, we can define P} on V;'. We denote g; = P;u} and g} = P!u}. We note that the g; can be

computed, without knowing the function wuj, itself, by solving the finite element problems

(23) d-(gi,0) = (f,¢), Vo €Vi.

Similarly, g} can also be computed without knowing ;.

ALGORITHM 3.2 (ONE-LEVEL MULTIPLICATIVE SCHWARZ). Run Algorithm 3.1 with an initial
guess u® € V" and {Vi,Pi,g: |i=1,---,J}.

ALGORITHM 3.3 (TWO-LEVEL MULTIPLICATIVE SCHWARZ). Run Algorithm 3.1 with an initial
guess u® € V" and {Vy, P, go, and Vi, Pi,g; |i=1,---,J}.

ALGORITHM 3.4 (MULTILEVEL MULTIPLICATIVE SCHWARZ WITHOUT A COARSE MESH SPACE).
Run Algorithm 8.1 with an initial guess u° € V" and

{‘/il:Pil7g£|l:17"'7L7 12177‘11}

ALGORITHM 3.5 (MULTILEVEL MULTIPLICATIVE SCHWARZ WITH A COARSE MESH SPACE). Run
Algorithm 3.1 with an initial guess u® € V" and

{V07P07907 and‘/il,Pil,g£|l:1,~--7L7 Z:177‘11}

The convergence of these algorithms will be analyzed in the next subsection. We note that
the Algorithm 3.1 is a purely sequential algorithm, however, Algorithms 3.2 - 3.5 can be made highly
parallel. This is due to the fact that each V; (or V), except Vo (or V°), is the sum of several subspaces
that are mutually orthogonal. Therefore the subproblem defined on V; can be regarded as a set of
independent sub-subproblems that can be solved in parallel. In Algorithms 3.2 and 3.4, the bottleneck
step with Vo (or V°) is removed as compared with their counterpart Algorithms 3.3 and 3.5. We show,
in the next subsection, that the removal of the coarse mesh space does not degenerate by much the
convergence rates for the class of parabolic problems under certain circumstances, although this is

known to be not true for elliptic problems.

3.2. Convergence Rates Analysis. Let Eass be the error propagation operator for Algo-
rithm 3.3, etc., we estimate the norm of these operators by using a theorem of Cai and Widlund [8].
The proof of this theorem is technical; interested readers are referred to [8] for details. To apply this
theorem we need only to verify certain properties of the subspaces related to the operator.

THEOREM 3.1 (CAI AND WIDLUND). Let W be a Hilbert space with inner product v(-,-) and

norm || - ||, = v(-,-)*/2. Suppose that W has a decomposition

(24) W =W+ -+ Wn,
9



where Wi, -+, Wy, are subspaces of W. Let the matriz € = {e;;} be defined by the strengthened

Cauchy-Schwarz coefficients, where ;5 is the smallest constant for which
(25) v (wi, wj)| < eijllwillv lwill, ,Yws € Wi ,Yw; € Wy i, =1,---,m,

holds. We assume that there are operators T; : W — W, that satisfy the following assumptions
m

(i) There erists a constant v > 0 and parameters 0; > 0, such that Zéi can be made sufficiently
i=1
small, such that

(26) T+ T — T T; > AT T; — 6;1.

(ii) There exists a constant Co > 0, such that
(27) > 1T > G5t
i=1

Here T is the adjoint operator of T; given by v(T u,v) = v(u, Tiv). Then, we have

(I = Tw) - (I = To)lls < V1 -7C57,

where 7 = C(4(1 +~) €A + (Z(ﬁf +1)7! and C is a positive constant.

i=1

In the remainder of this paper, we shall apply this theorem to the Hilbert space V" equipped
with the inner product a.(-,-), the decompositions (4), (5), (11) and (12) discussed in the previous
section and the operators P; or P!. Our main tasks include the verification of Assumptions (7) and
(4¢), and the estimate of |£];:1 for the four algorithms. The two assumptions required in Theorem 3.1
will be verified through the next two lemmas.

Lemma 3.1. Fori=0,1,---,J,

(28) P+ P — PP, > P'P, — &1

with §; = O(H), fori > 1, and 6o = CH*\/H?/7 4+ 1. Here C > 0 1is independent of h, H and T.
Forl=1,---,Landi=1,---,Jp,

(29) Pl +(P)" —(P))"P > (P))" P} - 8iI

with 8¢ = O(hy).

The proof for Py can be obtained by applying Lemma 6 of [4] and the definition of Py. A similar
approach works for other mapping operators.

REMARK 3.1. If the bilinear form b(-,-) is selfadjoint and positive definite, then 6; = 0, for all
i=0,---,J, and 8 =0, foralll=1,---,L, i=1,---,J;. v=1.0 in all cases.

REMARK 3.2. For the one- and two-level methods, both summations
J J
H?
> 6 <CJH and o+ 0 <C (H%/—+1+JH>
i=1 i=1 T

can made sufficiently small, therefore Assumption (i) is verified. Note that the fact that J is indepen-
dent of H is used here.
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REMARK 3.3. For the two multilevel algorithms, since h; is proportional to Hr', the quantity

L J
szsﬁgclir JH

=1 i=1

can be made sufficiently small if H is small. The extra member for the method with coarse mesh
H“\/m can also be made sufficiently small. Thus, Assumption (i) is verified for the multilevel
algorithms.

We next examine the Assumption (iz) for the four algorithms.

LEMMA 3.2. The following four inequalities hold

J
-2
(30) S PR >C (1 + %) =020,
=1
J
(31) PiP+Y PP >CI=C7"Ch
=1
L L
(32) SIS EYR 20 (1+0) T=0tE
=1 i=1
L Jy
(33) PiPo+ Y Y (PP > 0T =0 (G,

=1 i=1

where Cy satisfies |d-(u,v)| < Cal|t||a, ||v]|a. for any u,v € V.

Proof. The proofs for these four estimates are essentially the same, and we therefore only provide
the proof of the second one. For any v € V", by using the decomposition (4), the definition of mapping
operators P;, Cauchy-Schwarz’s inequality, the uniformly boundedness of the decomposition (6) in the

| - |la, norm and the boundedness of d(-,-), we have

J J
2, < de(v,v) = de(v,0) =Y dr(Piv, ;)
=0 =0
J J
< Cay [ DIl | D llillz,
=0 =0
J
< CaColvlla, | Y_IIPivl3..
=0

Therefore, removing the common term ||v||o, and squaring both sides, we obtain

J
e ol < S Il
i=0
which is the desired proof. 0O

REMARK 3.4. If d.(-,-) is symmetric positive definite, then Cq = 1.

We now discuss the bounds for |€|;1. The cases for one- and two-level methods are simple. |€|;1
is bounded by the maximum number of subregions that any given point in €2 belongs to. For example,
for the box-decomposition of a rectangular region in the two dimensional space, as in Fig. 1, the
subregions can be colored such that |£|; = 5. In general, |1 < J or J + 1 for one- or two-level

methods. In the multilevel cases, we need an estimate of Zhang [27],

a(olt,0'2) < )= ol o2, for 1y # 1o, and Vot € V1,02 € V2
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and the lemma
LEMMA 3.3. For l1 # 12, and any Uﬁl € Vill,vjl-2 € le2,

0?) < 0D TR o o 1072 e,

ar(v;*, i

where C > 0 is independent of h, H, L and T.
Proof. It suffics to show that, for lo > 11,

(34) (Ul'l ”1'2) < C(’"d)1271171||1151||L2(n)||vjl'2||L2(n)-

i Y )=

If the supporting regions Qil and Q? of vfl and U;? do not intersect, then (34) is trivial, otherwise,

we have
Iy 1 1 1
(01 02) < ol iy 105 200,

Let the triangle K'* € 7! have vertices y1,-- -, yat1, and let z1,- - -, &% be all the nodal points of 72
in Q2. We can show that k < CJj, (hi,—1/hi,)?. Since v!' is linear in Q> N K", we have

! d !
o 1o gy, S ChC Y (0 (@0))?)

1<o<k,rs €K1

< Ok hf, max {|v!"(z,)|"}
ro €K
d+1

< Chhi, Yy (v (ye))’
=1

hi, hiy1 ) 1
2 — 2
< Ckﬁ”vil ”LZ(Kll) < c < hzll ) ||Ui1||L2(K11)'
1
By using the assumption that h; is proportional to Hr!, we obtain

112 dyla—ly—1p, 1112
||vi1||L2(ﬁl_anll) <o)zt ||Ui1||L2(Kl1)~
i

Summing over all K'* € 7", we have

o122 g S COD= ol e,
which proves the estimate (34). O
Applying Lemma 3.3 and using the fact that 1+ 7% +72¢ 4 ... < 1/(1 —r?), we see that |1 is
uniformly bounded for both decompositions (11) and (12), independent of the number of levels L.
We now summerize the main convergence results for the four algorithms in the next theorem.
The proof is a simple consequence of Theorem 3.1 and the lemmas of this section. Let J = max; J;.
THEOREM 3.2. (a) For Algorithm 3.2 , there exists constants ¢ > 0 and ¢ = ¢(¢) > 0, such that

if max{H, H*\/H?/T + 1} < ¢ then

Easo)?. <1- —S .
|Easz2lla, < A+ 7)Ce

(b) For Algorithm 8.3, there exist constants Ho > 0 and c(Ho) > 0, such that if H < Hy, then

C
E A ) [P —
|| A3.3||a.,— = (1 J)ZC‘Z

12



Recall that C2 = C(1 + 7/H?);
(c¢) For Algorithm 3.4, there exist constants Ho > 0 and c(Ho) > 0, such that if H < Ho, then

Basal?, <1- ————.
” A3-4||a1— = (1+J)2(CM)2
Recall that (CM)? = C(1 + 7/H?);
(d) For Algorithm 3.5, there ezxists constants ¢ > 0 and ¢ = ¢(€) > 0, such that if max{H, H*\/H? /7 + 1} <

¢ then

Ensslle, S1- g =1~ ) ’
1Basslla. <1 -GG (1+)(Cy")?

where ¢ = J + H*\/1 + 4 + JH.

Here the constants ¢ may be different in different occurrence.

REMARK 3.5. As previously remarked, if the bilinear form b(-,-) is symmetric positive definite,
then the requirement the H be sufficiently small is not necessary, i.e., Hy = 400.

REMARK 3.6. In the nonsymmetric cases, when the coarse mesh size H < Hy, the convergence
is insured, generally, the smaller H is, the faster the algorithm.

REMARK 3.7. These algorithms are often referred as algorithms with ezact solvers, because all the
subproblems defined in extended subregions, and the coarse mesh problem, are obtained by discretizing
the original partial differential operator and then solved exactly by direct method. In practice, this is
sometimes not necessary, a different differential operator can be used instead and the linear systems

need not to be solved exactly; cf., discussions in [6, 7, 8].

4. Applications to Parabolic Problems. In this section, we apply the algorithms developed
in the previous sections to solve the following parabolic convection-diffusion problem: Find u(z,t),
such that

E—}—Lu = f in Qx][0,T],
(35) u(z,t) = 0 on 0Q x [0,T],
uw(z,0) = wo(r) in €

where Q C R?. A weak formulation of equation (35) is: Find u(z,t) € H}(Q), u(z,0) = uo(z) in €,
such that

(32, 6) + b(w9) = (£.6), ¥p € H(©Q), Vi €[0,T),

where the bilinear form b(-,-) is the same as in (2). The existence and uniqueness of the solution
of the weak parabolic convection-diffusion equation present no problems; see e.g. [18]. Two time
discretization schemes are considered, namely, a backward Euler scheme and a Crank-Nicolson scheme.
The space variable is discretized by the piecewise linear finite element method. Let A¢, be the n*
time step, M the number of steps and Zﬁil At, =T. For the backward-Euler-Galerkin scheme,

n _ ,n—1
(M, ¢h> + b(uf, ¢n) = (frdn), Vo € V",

Aty
with uj (z,t) = uo(x) and n = 1,---, M. For the Crank-Nicolson-Galerkin scheme
un _ un—l un +un_1
(Mg o) v o (5 ) = (o, e eV
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with ud(x,t) = uo(z) and n = 1,---, M. Both schemes lead to the following problem: For a given
function g,—1 € H™*(Q), find wy, € V", such that

(36) dr(wn, ¢n) = (wn,én) + T0(Wh, é1) = (gn—1,6n), Yo € V",

where 7 is the time step parameter. The stability of both schemes is well-understood; see e.g. [18].
The algorithms discussed in the previous sections can thus be applied to the solution of (36) at each
time step. An obvious initial guess is the approximate solution obtained at the previous time step.

For the backward-Euler-Galerkin scheme

wh, = up —uz_l,

At
(gn—l;¢h) = T((f: ¢h) - b(uz_lad)h)):

T

and it is known that the truncation error is O(r + h?), therefore it is reasonable to assume that 7 is of
order h? to maintain the balance of the time and space discretization errors. The factor 7/H? is thus
(h/H)? bounded, and thus the algorithms without coarse mesh spaces are optimal. Similarly, for the

Crank-Nicolson-Galerkin scheme,

n _
wp, = wup —uy ,
Aty

2 )

(gn—17¢h) = 7(2(f7 ¢h) - b(uzilﬂbh)):

T

and since the truncation error is O(7> + h?), the factor 7/H? is approximately h/H?. As long as this
h/H2 is kept reasonably small, the methods without coarse mesh spaces should also behave well.

In the rest of this section, we present some numerical results for model problems. We have only
tested the one- and two-level methods; the numerical performance of the multilevel methods will be
studied elsewhere. To specify our model problems, we give only the elliptic part of the parabolic
operator. We consider the following linear second order elliptic operator defined on Q = [0, 1] x [0, 1],

Jd ,. 0u J , Ou ou ou
+a—+ ﬂa—y + yu,

LUZ—%( 8_1')_8_@/(778_@/) B

with the homogenous Dirichlet boundary condition. The right-hand side is chosen so that the exact
solution is u = e sin(wz)sin(mwy). The coefficients are specified as follows.

Example 1. { =1, p=1landa=8=7=0.

Example 2. £ =142 +y>, n=e"Y, a=5(x+y), 3=1/1+2z+y) and vy = 0.

The domain €2 is partitioned with two uniform triangular grids that have sizes h and H, respec-
tively. The actual values of h and H are given in Tables 1 and 2. The overlapping subdomains are
colored by using four colors as in Fig. 1 and the coarse grid has color 0. The differential operator is
discretized by the usual 5-point center finite difference method at both the coarse and fine levels. We

assume that the time step has the form
T=Ah"

where € = 0.25,0.5,1.0,1.25 and 1.5. All algorithms are accelerated by the GMRES method without
restarting. The subdomain problems, as well as the coarse mesh problem, are solved exactly by a
direct method. We present the iteration counts for GMRES that is required to solve equation (36).
The iteration is stopped when the ||r;||2/||7o||l2 < 1073, where r; is the preconditioned residual at the
ith iteration. The initial guess is always zero.

For the two-level method, we test various coarse grid sizes and the iteration numbers are given
in Table 1. As predicted in the theory, the numbers are independent of H and 7( or € ).

14



FiG. 1. The coloring pattern of 16 fine grid overlapped subregions and a coarse grid region. Color
“0” is for the global coarse grid. The extended subregions of the other colors are indicated by the dotted
boundaries.

TABLE 1
Iteration counts for solving the problems given in examples 1 and 2. The two-level method is used
with the fine mesh size uniformly h = 1/128 and the overlap is 1/8 of H.

Example 1 Example 2
H\e | 025 | 05| 1.0 | 1.25 | 1.5 || 0.25 | 0.5 | 1.0 | 1.25 | 1.5
1/4 5 5 4 4 3 5 5 5 4 3
1/8 4 4 4 4 4 4 4 4 4
1/16 3 3 4 4 4 4 4 4 4

If the coarse solve is dropped as in the one-level method, the iteration numbers become more
sensitive to the ratio T/H2 as seen in Table 2, especially for the nonsymmetric problem. We see that
if the ratio 7/H? is relatively small, the results are acceptable as compared with the cases that use a
coarse mesh solve.

Acknowledgement: I would like to thank Professor Olof Widlund for many valuable discussions

and comments on this paper.
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